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Abstract 


Detection  and  identification  of  targets  buried  within  layers  of  vegetation  or  geo¬ 
physical  media  such  as  snow,  ice,  or  soil,  continues  to  be  an  area  of  substantial  interest 
and  active  research.  Analysis  of  electromagnetic  sensor  systems  for  apphcations  of  this 
type  share  the  common  difficulty  that  the  natural  environment  surrounding  the  buried 
target  can  not  easily  be  characterized  in  a  deterministic  manner,  and  a  statistical  de¬ 
scription  of  the  media  and  the  resulting  electromagnetic  propagation  and  scattering 
must  be  employed.  Coupling  between  the  deterministic  target  and  its  random  sur¬ 
roundings  modifies  the  signature  of  the  target  and  lends  an  incoherent  component  to 
the  signal  measured  by  the  sensing  system.  Prediction  of  these  physical  effects  of  the 
random  environment  is  necessary  before  the  performance  of  individual  sensing  mecha¬ 
nisms  may  be  analyzed,  however,  little  theoretical  modeling  has  previously  been  done 
to  support  this  prediction. 

Hence,  to  provide  greater  physical  insight  into  the  effects  of  a  random  environ¬ 
ment  on  the  scattering  characteristics  of  a  buried  target,  several  entirely  new  models 
are  developed  for  the  fields  scattered  from  targets  beneath  or  within  layered  regions 
of  continuous  random  media.  In  the  simplest  case,  the  deterministic  scatterer  is  taken 
as  a  point  target,  located  beneath  a  slab  of  isotropic  random  media,  characterized  by 
a  spherically  symmetric  correlation  function.  Strong  fluctuation  theory  is  applied  to 
determine  the  effective  mean  permittivity  of  the  random  region,  and  the  first  order 
distorted  Born  approximation  is  utihzed  in  computing  the  incoherent  field  scattered  by 
the  random  media.  The  total  field  is  shown  to  be  composed  of  a  target  return,  char¬ 
acteristic  of  scattering  in  the  presence  of  the  mean  permittivity  alone,  a  clutter  return 
representing  direct  scattering  by  the  random  media,  and  two  interaction  terms  describ¬ 
ing  the  multi-path  scattering  between  the  target  and  random  layer.  The  statistics  of 
these  scattered  fields  are  computed,  including  the  variance  and  the  correlations  for  var¬ 
ied  azimuth  angle  and  frequency,  and  results  are  shown  to  illustrate  the  dependance 
of  the  statistics  on  several  geometrical  and  physical  parameters.  An  alternate  repre- 


sentation  is  introduced  in  which  the  total  return  is  expressed  as  the  freespace  return 
modified  by  a  complex  phase  term,  where  the  real  part  embodies  the  random  phase 
fluctuations  of  the  scattered  field,  and  where  the  imaginary  part  gives  the  amplitude 
fluctuations  and  mean  attenuation.  For  the  case  of  a  small  phase  error,  expressions  are 
derived  for  the  variance  and  correlation  of  the  phase  fluctuations,  and  the  dependance 
on  geometrical  and  physical  parameters  is  again  shown.  To  treat  more  complex  phys¬ 
ical  environments,  the  model  is  extended  to  include  multiple  layers  of  random  rnedia, 
described  by  non-isotropic,  azimuthally  symmetric  correlation  functions  and  uniaxial 
ejffective  permittivities,  and  the  effects  of  the  additional  layers,  non-spherical  scatterers, 
and  uniaxial  permittivities  on  the  scattered  field  statistics  are  illustrated. 

To  allow  analysis  of  the  interaction  of  more  complex  targets  with  a  random  envi¬ 
ronment,  two  additional  models  are  developed.  For  electrically  small  targets,  a  Method 
of  Moments  approach  is  utilized  in  calculating  the  scattered  field  of  the  target.  An  in¬ 
tegral  equation  is  derived  for  the  current  induced  on  the  perfectly  conducting  surface, 
and  this  current  is  expanded  as  a  weighted  series  of  basis  function  terms.  The  integral 
equation  is  tested  to  produce  a  linear  system  in  the  unknown  current  weights,  allowing 
solution  for  the  current  and  integration  to  determine  the  scattered  field.  For  electrically 
large  targets,  a  Physical  Optics  approach  is  applied  in  calculating  the  target  scattered 
field,  and  the  induced  surface  current  is  given  by  the  tangent  plane  approximation.  In 
both  frequency  regimes,  the  scattering  from  the  random  media  is  calculated  using  the 
first  order  distorted  Born  approximation.  Results  are  shown  to  illustrate  the  effects 
of  target  size,  shape,  and  orientation  on  the  variance  and  correlation  statistics  of  the 
scattered  field,  and  these  results  are  compared  to  those  for  the  point  target. 

To  illustrate  the  effect  of  the  random  media  on  the  detection  and  classification 
capability  of  an  imaging  sensor,  the  models  are  applied  to  the  analysis  of  a  synthetic 
aperture  radar  (SAR)  system.  A  simple  SAR  processing  scheme  is  adopted,  and  the 
random  media  induced  degradation  is  seen  to  depend  on  both  the  variance  and  cor¬ 
relation  of  the  incoherent  target  return.  Range-cross  range  images  are  formed  for  a 
point  target  beneath  a  random  slab,  and  these  are  compared  with  the  ideal  freespace 
response.  Effects  of  the  obscuring  layer  are  shown  to  include  a  mean  attenuation,  a 
range  bias,  and  a  blurring  of  both  range  and  cross  range  responses.  The  extent  of  the 
blurring  is  seen  to  vary  with  the  polarization,  bandwidth,  and  integration  angle  of  the 
SAR  system. 
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weightings  were  used  over  the  integration  aperture  and  frequency  bandwidth. 


7.18  Total  (solid)  and  incoherent  (dash)  SAR  responses  in  cross  range  of  a  point 

target  5m  below  a  10m  slab  of  random  media  for  the  HH  polarization,  and  for 
an  integration  angle  of  approximately  2°  .  Shown  is  the  effect  of  the  processing 
bandwidth  on  the  cross  range  response.  Rectangular  weightings  were  used  over 
the  integration  aperture  and  frequency  bandwidth . 475 

7.19  Total  (solid)  and  incoherent  (dash)  SAR  responses  in  range  of  a  point  target 

5m  below  a  10m  slab  of  random  media  for  the  HH  polarization,  and  for  a 
bandwidth  of  40  MHz.  Shown  is  the  effect  of  the  integration  aperture  on 
the  range  response.  Rectangular  weightings  were  used  over  the  integration 
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Introduction 


Detection  and  identification  of  targets  buried  within  layers  of  vegetation  or  geo¬ 
physical  media  such  as  snow,  ice,  or  soil,  continues  to  be  an  area  of  substantial  interest 
and  active  research  [1-3].  Analysis  of  electromagnetic  sensor  systems  for  applications 
of  this  type  share  the  common  difficulty  that  the  natural  environment  surrounding  the 
buried  target  can  not  be  easily  characterized  in  a  deterministic  manner,  and  a  statistical 
description  of  the  media  and  the  resulting  electromagnetic  propagation  and  scattering 
must  be  employed.  Coupling  between  the  deterministic  target  and  its  random  sur¬ 
roundings  modifies  the  signature  of  the  target,  and  lends  an  incoherent  component 
to  the  signed  measured  by  the  sensing  system.  Prediction  of  these  physical  effects  of 
the  random  environment  is  necessary,  therefore,  before  the  performance  of  individual 
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sensing  mechanisms  may  be  analyzed. 

One  such  sensing  mechanism  recently  considered  for  these  applications  is  the  use 
of  low  frequency,  synthetic  aperture  radar  (SAR)  with  the  potential  of  penetrating  geo¬ 
physical  layers,  and  providing  high  resolution  images  of  the  structures  beneath  [1-6]. 
Synthetic  aperture  radar  obtains  an  azimuth  or  cross-range  resolution  which  is  much 
sharper  than  that  realizable  with  a  conventional  antenna  and  radar  processor.  The  im¬ 
proved  performance  is  achieved  by  exploiting  the  presence  of  a  Doppler  shift  in  the  field 
scattered  by  points  located  to  the  side  of  the  track  of  the  airborne  or  spaceborne  radar 
platform  motion.  Frequency  analysis  of  the  signal  received  as  a  function  of  position 
along  the  flight  track  allows  identification  of  the  cross-range  positions  of  the  scatterers 
with  resolution  which  is  finer  than  the  real  antenna  beamwidth  of  the  radar.  This 
processing  of  the  signal  is  analogous  to  coherently  integrating  the  received  field  over  a 
synthetic  aperture  which  is  typically  much  longer  than  the  physical  antenna  dimension. 
High  resolution  in  range  is  also  achieved,  either  by  transmitting  a  chirped  pulse  and 
compressing  the  received  signal,  or  by  stepping  the  radar  frequency  over  a  specified 
bandwidth  and  coherently  integrating  the  return  at  each  frequency  to  synthesize  the 
response  of  a  narrow  pulse.  The  high  resolution  achievable  with  SAR  provides  improved 
performance  in  identification  applications  by  allowing  higher  quality  imaging  of  ground 
structures  than  with  conventional  radar,  and  in  detection  applications  allows  greater 
accuracy  through  the  higher  signal-to-clutter  ratios  obtainable  with  smaller  resolution 
cells.  Consequently,  design  and  analysis  of  SAR  systems  has  received  considerable 
attention  [1-17]. 

Propagation  and  scattering  in  a  random  geophysical  environment  introduces  two 
effects,  however,  which  degrade  the  performance  of  SAR  systems  in  both  detection  and 
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Figure  1.1.  An  example  of  the  use  of  penetrating  synthetic  aper¬ 
ture  radar  is  in  the  detection  and  imaging  of  struc¬ 
tures  buried  beneath  forest  foHage. 

imaging  of  buried  structures.  The  first  effect  is  the  attenuation  of  the  incident  and 
scattered  waves,  resulting  from  both  absorption  and  scattering  in  the  random  layers. 
This  attenuation  reduces  the  signal-to-clutter  ratio,  and  causes  an  associated  loss  of 
detection  accuracy.  The  second  effect  is  a  random  phase  fluctuation  in  the  scattered 
field,  caused  by  contributions  to  the  total  field,  which  arise  from  multi-path  scatter¬ 
ing  in  the  propagation  to  and  from  the  target,  and  which  possess  random  ampHtudes 
and  varying  phase  delays.  These  multi-path  contributions  are  generated  by  interac¬ 
tions  between  the  target  and  random  environmental  scatterers,  and  summing  these 
contributions  leads  to  a  total  return  which  not  only  has  a  random  component  to  its 
amplitude,  but  a  random  phase  variation  as  well.  This  random  phase,  which  changes 
with  the  azimuth  of  the  sensor,  limits  the  abihty  of  the  SAR  processing  to  focus  over 
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synthetic  apertures  which  are  comparable  to  or  larger  than  the  correlation  length  of 
the  phase  variation,  and  leads  to  a  reduction  in  cross-range  resolution.  Similarly,  the 
fluctuations  limit  coherency  between  measurements  at  distinct  frequencies,  and  reduce 
the  ability  to  synthesize  narrow  pulses,  and  to  obtain  high  resolution  in  range.  To 
determine  the  overall  performance  degradation  which  arises  from  the  presence  of  the 
obscuring  foliage,  the  effects  of  both  attenuation  and  random  phase  incoherence  on  the 
SAR  system  must  be  considered. 

While  the  problems  of  scattering  from  deterministic  targets  and  random  media 
have  both  been  treated  separately  in  the  past,  little  theoretical  modeling  has  been 
considered  for  the  problem  of  the  interaction  between  a  deterministic  target  and  a 
random  surrounding  environment.  Hence  to  provide  previously  unavailable  physical 
insight  into  this  issue,  this  thesis  addresses  the  problem  of  scattering  from  deterministic 
targets  buried  in  regions  of  layered  random  media.  Models  for  the  electromagnetic 
interaction  between  the  target  and  random  media  are  developed,  and  these  models 
are  used  to  derive  the  statistics  of  the  incoherent  fields  scattered  by  the  target.  To 
facilitate  the  analysis  of  SAR  and  other  sensor  systems,  not  only  the  power  scattered 
by  the  target  and  media,  but  also  the  correlations  of  the  target  signature  in  aspect 
angle  and  frequency  are  determined.  Finally,  the  results  of  these  physical  models  are 
applied  with  a  simple  model  of  a  SAR  processor,  and  range-cross  range  images  are 
formed  to  illustrate  the  effect  of  the  random  media  on  the  detection  and  imaging  of 
microwave  targets. 
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Analysis  of  these  random  media  effects  can  be  separated  into  two  distinctly  dif¬ 
ferent  issues,  the  problem  of  firstly  determining  the  extent  of  the  attenuation  and 
fluctuations  induced  by  the  target  environment,  and  the  problem  of  secondly  determin¬ 
ing  the  degradation  these  levels  of  signal  loss  and  fluctuation  produce  in  the  output 
of  the  sensing  system  signal  processor.  The  first  step  of  this  analysis  is  physical  in 
nature,  and  requires  development  of  a  theoretical  model,  which  describes  the  electro¬ 
magnetic  interactions  between  target,  and  random  media,  and  which  allows  prediction 
of  the  total  scattered  field  of  the  buried  target,  and  modeling  of  the  signal  received  by 
the  sensing  system.  In  contrast,  the  second  step  is  a  signal  processing  issue,  requir¬ 
ing  analysis  of  a  chosen  receiver  model  to  determine  the  effect  of  the  degradation  of 
the  received  signal  on  performance  measures,  such  as  resolution  or  detection  accuracy. 
This  later  step  is  not  specific  to  an  understanding  of  the  environmental  effects,  but  is 
common  to  the  prediction  of  performance  under  other  sources  of  degradation,  and  for 
this  reason  has  received  more  previous  attention.  In  the  following,  both  facets  of  this 
problem  are  addressed  in  the  context  of  a  specific  sensor  and  specific  geophysical  envi¬ 
ronment  obscuring  the  target.  Previous  analysis  of  the  signal  processing  issues  related 
to  degradation  of  a  synthetic  aperture  radar  system  are  reviewed  first,  and  a  discussion 
of  relevant  results  relating  to  propagation  and  scattering  in  a  forest  environment  are 
presented  thereafter. 
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1.1.1.  SAR  Signal  Processing 

The  primary  effect  of  the  attenuation  experienced  in  propagation  through  geo¬ 
physical  layers  is  a  reduction  of  the  signal-to- clutter  and  signal-to-noise  ratios,  for  fixed 
levels  of  clutter  power  and  receiver  noise.  Since  detection  accuracy  is  primarily  deter¬ 
mined  by  the  contrast  between  the  signal  or  target  portion  of  the  response,  and  those 
portions  of  the  SAR  output  due  to  noise  sources,  the  attenuation  of  the  target  return 
will  cause  a  loss  in  detection  accuracy.  The  receiver  operating  characteristics,  express¬ 
ing  tradeoffs  between  detection  accuracy  and  false  alarm  rate,  show  a  dependance  on 
signal-to-noise  ratio  which  has  been  extensively  studied,  and  is  known  for  a  variety  of 
detection  algorithms  [18-20]. 

The  mean  level  of  received  power  is  also  affected  by  the  presence  of  a  multi- 
path  component  in  the  scattered  field  at  the  SAR  receiver.  The  interfaces  between 
the  stratification  layers  in  the  media  surrounding  the  target  redirect  power  in  the 
direction  of  the  receiver,  which  would  otherwise  be  lost  for  a  target  located  in  free 
space.  Typically,  these  multi-path  returns  are  composed  of  a  mean  coherent  part,  and 
a  fluctuating  or  incoherent  part,  where  the  later  incoherent  portion  will  always  increase 
the  total,  mean  received  power,  but  where  the  coherent  portion  will  interfere  with  the 
direct  return,  and  may  either  increase  or  decrease  the  effective  target  signature.  Hence, 
these  scattering  mechanisms  will  either  improve  or  diminish  the  signal-to- clutter  ratio, 
and  will  have  a  corresponding  effect  on  target  detectability.  More  significantly,  however, 
the  incoherent  portion  of  the  multi-path  return  arises  from  the  same  random  media  or 
rough  surface  which  give  rise  to  the  backscattered  clutter  return,  and  consequently, 
this  portion  of  the  signal  may  be  correlated  with  the  clutter  return.  For  noise  sources 
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which  arc  correlated,  with  the  signal  to  be  detected,  a  matched  filter  is  no  longer  the 
optimal  detection  processor,  and  as  previously  shown,  a  mis-matched  filter  will  provide 
improved  detection  accuracy  [21]. 

Another  potential  eflfect  of  the  multi-path  portion  of  the  received  signal  is  to 
introduce  either  blurring  or  false  targets  in  the  processed  SAR  image.  Multiple  reflec¬ 
tions  between  the  target  and  the  layered  media  boundaries  will  produce  return  signals 
with  time  delays  greater  than  that  of  the  direct  return  from  the  target.  Consequently 
these  reflections  may  cause  either  blurring  of  the  SAR  image  in  the  range  direction, 
or  if  resolved,  false  target  images,  spaced  in  range.  A  similar  effect  has  been  observed 
previously  in  the  detection  of  airborne  targets  with  other  types  of  airborne  radar  [22]. 

The  fluctuations  of  amplitude  and  phase  present  in  the  incoherent  portion  of  the 
multi-path  return  also  lead  to  degradation  of  the  resolution  achievable  in  imaging  target 
structures.  If  perfectly  correlated  across  the  coherent  integration  angle  and  frequency 
bandwidth  of  the  SAR  processor,  this  contribution  would  lead  only  to  a  stronger  re¬ 
sponse  in  the  processed  output.  However,  when  this  portion  becomes  decorrelated  over 
the  spatial  or  frequency  extents  of  the  processing,  the  resulting  phase  errors  lead  to  a 
response  blurred  in  range  and  cross-range.  Summing  this  incoherent  response  with  the 
output  due  to  the  coherent  portion  of  the  received  signal,  tends  to  degrade  the  overall 
resolution. 

This  phase  fluctuation  effect  on  SAR  performance  has  been  previously  inves¬ 
tigated  in  the  context  of  fluctuations  arising  from  atmospheric  propagation,  uncom¬ 
pensated  platform  motion,  and  instabilities  of  the  transmitter/receiver  local  oscillator 
[6,10-13].  Greene  and  MoUer  [10]  examine  the  effect  of  Normally  distributed  random 
phase  errors  on  synthetic  array  gain  patterns,  and  employ  both  analytical  and  Monte 
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Carlo  approaches  to  evaluate  degradations,  which  include  rms  beam  canting,  beam 
spread,  peak  gain  reduction,  and  sidelobe  level  increase.  Under  the  assumption  of 
small  fluctuation  variance,  the  main-lobe  to  sidelobe  power  was  seen  to  be  the  per¬ 
formance  measure  most  sensitive  to  phase  errors.  Brown  and  Palermo  [11]  consider 
the  effect  of  phase  errors  on  resolution  by  examining  the  spread  of  the  Fourier  trans¬ 
form  of  a  function  modified  by  a  multiplicative  factor  of  random  phase,  and  obtain 
simple  expressions  for  the  rms  tilting  and  radius  of  gyration  of  the  pattern.  Zelenka 
and  Falk  [12]  similarly  describe  the  effect  on  SAR  image  quality,  but  for  damped,  non¬ 
stationary  phase  and  amplitude  errors  characteristic  of  damped  mechanical  vibrations 
of  the  sensor  platform.  Both  wide-band  and  narrow-band  errors  were  seen  to  increase 
the  sidelobe  to  main-lobe  energy  ratio,  and,  consequently,  decrease  the  signal-to-noise 
ratio  of  the  system.  In  addition,  for  the  narrow-band  case,  where  the  phase  error  was 
manifested  as  a  damped  sinusoidal  function,  paired  echoes  were  introduced,  leading  to 
high  sidelobes  which  could  be  misinterpreted  as  false  targets  positioned  symmetrically 
about  the  real  target. 

For  the  small  bandwidth  case,  Harger  [6]  approximates  the  phase  error  using  the 
first  few  terms  of  its  Taylor  series.  The  linear  term  is  seen  to  produce  beam  canting,  but 
introduces  no  loss  of  resolution  or  change  in  sidelobe  level.  In  contrast,  quadratic  errors 
are  found  to  cause  a  loss  in  resolution,  a  decrease  in  the  amplitude  of  the  maximum  of 
the  response,  and  an  increase  in  sidelobe  level.  In  each  case,  the  degradation  becomes 
worse  as  the  variance  of  the  phase  error  is  increased.  When  compared  to  quadratic 
errors,  cubic  errors  are  seen  to  cause  a  more  dramatic  increase  in  sidelobe  level  and 
a  beam  canting  of  the  peak,  but  show  less  effect  on  resolution  or  peak  gain.  Harger 
also  examines  the  effect  of  bandwidth  on  the  above  degradations,  and  shows  that. 
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for  fixed  variance,  all  of  the  performance  measures  degrade  further  as  the  correlation 
length  of  the  phase  error  is  reduced.  For  correlation  lengths  large  in  comparison  to  the 
synthetic  aperture,  the  phase  error  becomes  essentially  constant,  and  a  large  variance 
may  be  tolerated.  In  contrast,  for  fluctuations  correlated  over  distances  smaller  than 
the  synthetic  aperture,  the  variance  must  be  small  to  avoid  catastrophic  degradation 
in  performance.  Elachi  and  Evans  [13]  verify  this  result  numerically,  and  conclude  that 
the  effect  on  the  gain  pattern  is  not  appreciable  provided  that  the  standard  deviation 
of  the  phase  is  less  than  tt  ,  and  that  the  correlation  length  of  the  phase  is  greater  than 
the  aperture  length. 

Considerable  attention  has  also  been  focused  on  the  problem  of  optimizing  the 
SAR  processing  to  reduce  the  effects  of  the  phase  fluctuation.  Because  the  noise  is 
multiplicative  rather  than  additive,  a  linear  matched  filter  processor  will  no  longer  be 
optimal,  and  in  general,  better  results  are  possible  by  employing  a  nonlinear  processing 
structure.  Brown  and  Palermo  [11]  consider  only  a  linear  processor,  but  calculate  the 
choice  of  illumination  function  or  synthetic  aperture  weighting  function  which  mini¬ 
mizes  the  mean  square  resolution.  Harger  [14]  investigates  a  linear  minimum  variance 
estimator  for  a  random  signal  with  complex  Gaussian  phase  error  added  to  random 
noise,  where  the  correlation  length  of  the  phase  noise  is  short  in  comparison  to  the 
aperture  length.  It  is  shown  that  for  the  purpose  of  deriving  the  optimal  linear  estima¬ 
tor,  it  is  possible  to  replace  the  multiplicative  error  with  an  equivalent  additive  error, 
which  results  in  a  processor  that  is  similar  to  the  optimal  processor  in  the  absence  of  the 
phase  noise,  but  with  an  optimized  gain.  Harger  also  examines  the  problem  of  optimal 
nonlinear  processing  using  the  maximum  likelihood  criterion,  and  derives  a  likelihood 
functional  which  contains  a  linear  term  realizable  as  a  matched  filter,  and  a  nonlinear 
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term  in  the  form  of  a  quadratic  functional  [15].  In  the  case  where  the  variance  of  the 
multiplicative  error  approaches  zero,  the  second  term  of  the  processor  vanishes,  and 
it  is  shown  to  reduce  to  the  matched  filter  which  is  optimal  for  additive  noise.  When 
the  phase  error  becomes  large,  however,  or  the  additive  noise  small,  the  matched  fil¬ 
ter  component  of  the  processor  vanishes,  leaving  the  quadratic  functional.  This  later 
limiting  processor  is  seen  to  coherently  integrate  only  over  regions  in  which  the  phase 
is  well  correlated,  and  then  incoherently  sum  the  contributions  from  each  such  region. 
Raney  [16]  suggests  a  similar  result  in  the  SAR  imaging  of  scenes  which  are  subject  to 
random  fade,  and  concludes  that  performance  is  optimized  when  the  partial  coherence 
of  the  processor  is  matched  to  that  of  the  scene. 

1.1.2.  Forest  Propagation 

Despite  this  relatively  extensive  analysis  of  SAR  processor  performance,  most 
of  the  work  presented  assumes  relatively  arbitrary  models  for  the  propagation  loss 
and  phase  noise,  and  much  less  effort  has  been  extended  to  the  problem  of  modeling 
the  physical  effects  of  propagation  and  scattering  in  a  geophysical  environment.  Of 
these  effects,  only  that  of  mean  attenuation  has  been  analyzed  extensively,  since  it  is 
a  factor  in  the  performance  of  other  microwave  sensors  and  communications  systems. 
One  geophysical  medium  for  which  attenuation  has  received  considerable  examination 
is  that  of  forest  vegetation.  This  foliage  medium  is  also  of  particular  interest  in  the 
analysis  of  penetrating  synthetic  aperture  radar  systems. 

Measurements  over  a  variety  of  frequency  regimes  have  determined  numerous 
factors  which  affect  foHage  attenuation.  At  frequencies  below  800  MHz,  Tewari  et. 
al.  [23]  show  an  increase  in  loss  with  increasing  frequency,  and  a  higher  attenuation 
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for  vertical  polarization  than  for  horizontal,  although  this  latter  polarization  depen- 
dance  is  seen  to  diminish  at  higher  frequencies.  At  microwave  and  millimeter  wave 
frequencies,  Schwering  et.  al.  [24]  also  observe  an  increasing  loss  with  frequency,  and 
relatively  little  polarization  dependance.  Ulaby  et.  al.  [25]  demonstrate  this  same  polar¬ 
ization  independence  in  experiments  at  L-band.  The  lack  of  dependance  on  orientation 
at  higher  frequencies  is  seen  to  arise  from  the  random  arrangement  of  the  scatterers 
which  compose  the  canopy  layer.  In  contrast,  at  lower  frequencies,  the  vertical  ori¬ 
entation  of  the  trunk  component  of  the  vegetation  leads  to  a  higher  attenuation  for 
vertical  polarization  than  for  horizontal.  Measurements  by  Mougin  et.  al.  [26]  of  indi¬ 
vidual,  cylindrical-shaped  vegetation  components  such  as  twigs  and  needles  similarly 
show  that  geometrical  and  orientation  parameters  are  significant  for  scatterers  with 
radii  smaller  than  a  wavelength,  but  for  larger  radii,  the  loss  is  governed  primarily  by 
the  biomass  and  dielectric  properties  of  the  scatterers.  These  results  at  X-band  also 
show  increasing  loss  with  either  increasing  foliage  density  or  water  content.  For  lower 
frequency  propagation  in  jungle  vegetation,  Tewari  et.  al.  [23]  observe  a  similar  increase 
in  loss  for  measurements  during  the  wet  season  during  which  both  the  vegetation  and 
ground  contain  more  moisture.  Krevsky  [27]  compares  attenuation  through  jungle  and 
mid-latitude  woods  at  HF  and  VHF  frequencies,  and  demonstrates  a  larger  loss  for  the 
jungle,  resulting  from  the  denser  vegetation.  The  dependance  of  the  mean  attenuation 
on  vegetation  type  and  density  for  propagation  through  the  crown  region  of  individual 
trees  is  also  shown  by  Ulaby  et.  al.  [28]  at  millimeter  wavelengths. 

The  mean  power  received  through  a  forest  transmission  path  consists  of  contri¬ 
butions  from  other  propagation  mechanisms  in  addition  to  the  direct  wave  described 
above.  In  particular,  at  low  frequencies,  the  lateral  wave,  or  “tree-top”  mode,  which 
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propagates  along  the  boundary  between  the  vegetation  canopy  and  the  air  above,  may 
contribute  significantly  to  the  received  signal.  Tewari  et.  al.  [23]  show  that  at  frequen¬ 
cies  from  50  to  800  MHz,  the  direct  contribution  dominates  at  only  extremely  short 
ranges,  while  the  lateral  wave  is  the  leading  propagation  mechanism  at  longer  ranges. 
For  sufficiently  low  frequencies  and  long  distances,  Tamir  [29]  demonstrates  that  the  sky 
wave,  or  single  reflection  from  the  ionosphere,  may  also  represent  a  significant  mode. 
Finally,  for  an  antenna  placed  near  the  ground,  Dence  and  Tamir  [30]  conclude  the 
ground  reflection  may  be  important,  although  this  effect  is  lessened  as  the  antenna  is 
moved  to  greater  heights.  These  results  demonstrate  that,  in  general,  boundary  effects 
may  impact  propagation.  In  appUcation  to  the  SAR  problem,  the  sky  wave  will  be 
absent,  and  it  is  expected  that  the  importance  of  the  lateral  wave  will  diminish  at  the 
higher  frequencies  of  interest  where  the  canopy  upper  interface  becomes  less  electrically 
smooth.  In  contrast,  however,  the  ground  reflection  may  still  be  significant,  and  must 
be  considered. 

Analysis  of  these  boundary  effects  becomes  further  complicated  when  the  problem 
of  scattering  from  a  target  placed  in  the  foliage  is  examined.  CoupUng  between  the 
target  and  the  ground  surface  or  the  air- vegetation  boundary  may  alter  the  scattering 
characteristics  of  the  target,  and  modify  its  effective  radar  cross  section.  Scattering  from 
conductors  or  dielectric  inhomogeneities  buried  in  a  stratified  media  has  been  considered 
in  the  analysis  of  microstrip  fines  and  antennas  [115-117],  the  detection  of  underground 
mines,  tunnels,  or  pipes  [102],  and  the  reconstruction  of  soil  profiles  for  geophysical 
prospecting  [118].  Results  for  the  fields  scattered  by  an  infinitely  long  circular  cylinder 
possessing  a  radial  stratified  internal  structure,  and  buried  in  a  lossy  halfspace,  are 
obtained  by  Mahmoud  et.  al.  [120].  Multi-pole  fine  current  excitations  at  the  cylinder 
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axis  are  used  to  represent  the  source  of  the  scattered  fields,  and  it  is  seen  that  these 
currents  vary  significantly  when  the  air-ground  interface  is  removed.  Tsalamengas  [121] 
considers  scattering  from  a  conducting  cyhnder  buried  in  a  stratified  ferrite  medium 
using  an  integral  equation,  moment  method  approach.  Similar  analysis  for  cylinders 
or  bodies  of  revolution  at  the  interface  of  a  layered  media  is  performed  by  Marx  [91] 
using  a  method  of  moments  (MoM)  approach,  and  by  Chang  and  Mei  [119]  using  a 
unimoment  approach.  Scattering  from  arbitrarily-shaped  buried  objects  is  considered 
by  Hill  [123]  using  the  Born  approximation  for  the  low  contrast  case,  and  by  Oates  et. 
al.  [102]  who  give  a  Finite  Difference- Time  Domain  (FD-TD)  solution.  General  three 
dimensional  formulations  for  arbitrary  objects  is  presented  by  Kristensson  [122]  using 
the  Transition  matrix  formalism,  and  by  Michalski  and  Zheng  [92-93]  using  a  MoM 
solution  of  the  mixed  potential  integral  equation  (MPIE). 

In  addition  to  the  boundary  interactions,  there  are  also  multiple  scattering  contri¬ 
butions  to  the  received  power  which  arise  from  the  scattering  within  the  inhomogeneous 
foliage  layer.  This  scattering  not  only  has  an  effect  on  the  mean  level  of  received  power, 
but  causes  amplitude  and  phase  fluctuations  of  the  scattered  field.  Even  at  low  fre¬ 
quencies,  Tewari  et.  al.  [23]  observe  large  variations  in  the  received  field  when  moving 
the  antenna  by  a  few  wavelengths.  Also  seen  is  a  substantial  depolarization  of  the 
received  field  due  to  vegetation  scattering.  At  higher  frequencies,  Schwering  et.  al.  [24] 
observe  both  the  depolarization  effect  and  a  broadening  of  the  antenna  beamwidth  due 
to  scattering. 

Analysis  of  the  phase  fluctuation  effect  is  given  by  Chu  [74-76]  for  the  problem  of 
one-way  propagation  through  a  foliage  layer.  Results  are  presented  for  both  the  variance 
of  the  fluctuations,  and  the  correlation  of  the  fluctuations  with  respect  to  receiver 
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separation.  Ayasli  et.  al.  [1,3,35]  and  Klein  et.  al.  [2]  give  results  for  polarimetric  SAR 
measurements  at  C,  L,  and  UHF-bands,  where  tone  generators  and  corner  reflectors 
were  placed  in  forested  regions  to  determine  the  attenuation  and  phase  fluctuation 
effects  for  one  and  two-way  propagation.  The  dependance  of  these  effects  on  frequency, 
polarization,  depression  angle,  vegetation  density,  and  diurnal  changes  is  also  examined. 
The  attenuation  effect  is  analyzed  by  comparing  returns  from  corner  reflectors  placed  in 
open  areas  to  that  from  reflectors  located  under  foliage,  and  the  SAR  image  degradation 
in  cross-range  is  studied  by  synthesizing  two-way  responses  from  received  CW  tone 
generator  signals. 


1.2.  Modeling  of  Propagation  and  Scattering 


The  previous  results  described  above  give  some  insight  into  both  the  physical 
effects  of  a  geophysical  environment  such  as  forest  vegetation  on  propagation  and  scat¬ 
tering,  and  the  corresponding  degradations  introduced  in  SAR  perfoririance.  In  par¬ 
ticular,  polarimetric  SAR  measurements  presented  by  AyasU  et.  d.  [1,3]  demonstrate 
both  attenuation  and  phase  fluctuation  effects.  However,  too  few  sites  were  considered 
in  these  measurements  to  obtain  statistical  averages  for  the  loss  and  fluctuations  ex¬ 
perienced,  and  to  quantitatively  determine  the  effects  of  the  environmental  parameters 
on  the  results.  Consequently,  extending  these  results  to  forest  types,  depression  angles, 
or  variations  of  other  parameters  different  from  those  measured,  or  to  entirely  different 
types  of  environmental  media,  is  diflacult  without  extensive  modeling.  Some  effort  at 
this  modeling  is  presented  by  Chu  [74-76],  but  his  results  are  limited  to  a  single  layer 
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of  random  media  with  a  receiver  beneath,  and  in  calculating  the  correlation  function  of 
the  phase  fluctuations,  only  the  spatial  correlation  is  considered,  and  only  for  one-way 
transmission  at  normal  incidence  to  the  random  layer.  Hence,  to  properly  treat  the 
problem  of  scattering  from  a  target  in  a  random  environment,  more  extensive  modeling 
is  needed. 

This  modeling  problem  consists  of  two  distinct  aspects,  namely  the  determinis¬ 
tic  problem  of  treating  the  interactions  of  the  electromagnetic  wave  and  target,  and 
the  stochastic  problem  of  analyzing  the  scattering  of  the  wave  by  the  random  inho¬ 
mogeneities  of  the  environment  surrounding  the  target.  Individually,  each  of  these 
problems  has  been  considered  previously,  and  a  number  of  models  have  been  devel¬ 
oped  to  treat  each.  It  is  the  purpose  of  this  thesis  to  combine  these  two  problems 
to  model  scattering  from  a  target  in  a  random  environment.  Before  discussing  how 
these  two  modeling  problems  have  been  merged  in  this  thesis,  however,  it  is  useful  to 
review  several  of  the  approaches  which  have  been  developed  to  treat  the  individual 
problems.  In  the  following,  three  approaches  to  modeling  an  environment  with  random 
inhomogeneities  are  presented  first.  A  number  of  methods  of  modeling  scattering  from 
deterministic  targets  are  presented  thereafter. 

1.2.1.  Stochastic  Medium  Scattering 

1.2. 1.1.  Dielectric  Slab  Model 

The  simplest  model  for  a  forest  or  other  geophysical  medium  with  random  inho¬ 
mogeneities  is  that  of  a  lossy  dielectric  slab.  This  model  is  utilized  by  Tamir  [29]  in 
the  analysis  of  low  frequency,  radio  propagation  through  forest  and  jungle  vegetation, 
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where  the  forest  is  represented  as  a  lossy  halfspace.  Dence  and  Tamir  [30]  and  Sachs 
and  Wyatt  [31]  extend  the  model  by  including  the  presence  of  an  imperfectly  conduct¬ 
ing  ground  surface,  and  Cavalcante  et.  al.  [32-33]  further  refine  this  representation  by 
utilizing  separate  layers  for  the  canopy  and  trunk  regions  of  the  vegetation.  Tewari  et. 
al.  [34]  also  present  a  method  of  determining  the  relative  permittivity  and  conductivity 
of  the  slab  from  measurements  of  the  attenuation  of  the  lateral  wave  propagation. 

This  simple  model  has  found  application  primarily  at  low  frequencies,  where  the 
effect  of  the  inhomogeneous  nature  of  the  random  region  is  less  significant.  Sachs 
and  Wyatt  [31]  suggest  conditions  under  which  the  model  remains  valid,  and  these 
restrictions  all  limit  the  upper  frequencies  with  which  it  may  be  applied.  While  this 
model  is  capable  of  predicting  the  mean  attenuation  through  a  geophysical  layer,  it 
does  not  predict  the  incoherent  scattering  which  arises  from  the  inhomogeneities,  and 
consequently  can  not  be  used  in  the  SAR  problem  to  determine  the  phase  or  amplitude 
fluctuations  of  the  received  signal. 

1.2. 1.2.  Discrete  Scatterer  Model 

To  determine  the  incoherent  scattering  which  arises  in  the  random  region,  the 
inhomogeneous  character  of  the  environment  must  be  modeled.  The  most  direct  method 
for  incorporating  this  effect  is  to  represent  the  media  as  a  random  ensemble  of  discrete 
scatterers  in  a  homogeneous  background.  These  scatterers  are  described  by  their  shape 
and  scattering  characteristics,  and  by  the  probability  distributions  for  their  size,  density, 
and  orientation.  The  mean  field  arising  for  wave  propagation  through  an  unbounded 
region  of  such  scatterers  can  be  determined,  and  from  this  field,  an  effective  propagation 
constant  derived.  First  order  incoherent  scattering  can  then  be  accounted  for  using  the 
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distorted  Born  approximation,  where  the  zeroth  order  field  is  taken  as  the  mean  field 
derived  initially,  and  where  the  difference  between  the  scatterer  permittivity  and  that 
of  the  effective  background  media  is  treated  as  the  source  giving  rise  to  the  incoherent 
field. 

The  discrete  scatterer  approach  was  first  analyzed  using  a  particle  treatment  and 
the  Boltzman  integro-differential  equation  for  transport  processes.  This  single  or  inde¬ 
pendent  scattering  approach  is  equivalent  to  a  geometrical  optics  ray  treatment,  which 
neglects  the  coherence  between  scatterers,  and  is  only  valid  for  electrically  large  scat¬ 
terer  separations.  Foldy  [36]  and  Tewersky  [37]  extend  this  approach  to  include  some 
multiple  scattering,  but  only  for  the  case  of  tenuous  media.  Foldy  obtains  the  propa¬ 
gation  constant  for  the  mean  field,  assuming  an  ensemble  of  isotropic  point  scatterers. 
Tewersky  [37]  performs  similar  analysis,  but  for  a  slab  of  large,  tenuous,  dielectric 
spheres,  and  Brown  [38]  treats  an  infinite  volume  of  Rayleigh  particles.  The  multi¬ 
ple  scattering  treated  by  the  Foldy-Tewersky  integral  equation  is  only  of  the  forward 
scattering  type,  however,  and  back-and-forth  scattering  between  particles  is  neglected. 
Lax  [39]  extends  the  Foldy  approximation,  by  considering  anisotropic  scattering,  and 
by  allowing  scatterers  which  are  randomly,  partially,  or  completely  ordered,  thus,  re¬ 
moving  the  limitation  to  tenuous  media.  Tewersky  [37]  uses  this  approach  to  solve 
for  the  mean  field  for  non-sparse  scattering  where  the  correlation  of  the  scatterers  can 
not  be  neglected,  and  appHes  the  Quasi-CrystaUine  approximation  (QCA).  Tsang  and 
Kong  [40]  extend  this  analysis  further,  and  utilize  the  Quasi-Crystalline  approximation 
with  Coherent  Potential  (QCA-CP). 

This  discrete  scatterer  approach  has  been  applied  extensively  to  model  propa¬ 
gation  through  and  scattering  from  natural  environments  such  as  vegetation.  Lang 
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[41]  considers  a  half-space  of  dielectric  discs,  and  utilizes  this  model  to  predict  the 
backscattering  coefficients  of  a  leafy  canopy.  Foldy’s  approximation  is  employed  to 
derive  an  equation  for  the  mean  field,  allowing  determination  of  the  effective  propaga¬ 
tion  constant  of  the  foliage,  and  the  correlation  of  the  scattered  field  is  obtained  from 
the  distorted  Born  approximation.  Brown  and  Curry  [42]  utilize  the  Foldy-Tewersky 
approach  along  with  a  Rayleigh  scattering  assumption  to  model  trunks,  branches,  and 
needles  as  electrically  thin  cylinders,  and  to  obtain  the  propagation  constant  of  the  co¬ 
herent  field.  Lopes  et.  al.  [43]  also  use  an  infinite  circular  cylinder  scattering  function  in 
determining  the  polarimetric  loss  factor  for  propagation  through  cylindrically-shaped 
forest  components. 

In  addition  to  the  above  wave  theory  approach,  the  effects  of  propagation  and 
scattering  for  discrete  random  media  have  also  been  analyzed  using  the  radiative  trans¬ 
fer  approach.  This  technique  treats  the  scattering  of  power  in  the  medium,  and  yields  a 
simpler  method,  which  neglects  coherence  effects,  but  which  stiU  allows  incorporation  of 
multiple  scattering.  Tsang  et.  al.  [44]  use  this  method  to  treat  scattering  from  a  layer  of 
randomly  oriented,  small  ellipsoids  over  a  homogeneous  dielectric  halfspace.  For  thick 
layers,  it  is  shown  that  the  results  are  identical  to  those  obtained  with  the  coherent 
wave  approach  utilizing  Foldy’s  method  and  the  distorted  Born  approximation.  A  ra¬ 
diative  transfer  model  is  utilized  by  Ulaby  et.  al.  [45]  to  predict  backscattering  from  a 
forest  canopy  at  microwave  frequencies.  Scattering  from  the  canopy,  and  trunk  regions, 
as  well  as  the  ground  surface  beneath,  is  considered,  and  several  multiple  scattering 
mechanisms  are  also  included.  Ulaby  et.  al.  [28]  and  Schwering  et.  al.  [24]  also  use  ra¬ 
diative  transfer  models  to  analyze  propagation  through  foliage  canopies  at  millimeter 
wavelengths. 
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1.2. 1.3.  Continuous  Random  Media  Model 

An  alternative  to  the  discrete  scatterer  approach  is  to  instead  model  the  stochastic 
medium  as  a  layer  of  inhomogeneous  permittivity,  containing  a  spatially  homogeneous 
mean  component,  and  a  randomly  fluctuating  component  which  varies  continuously 
as  a  function  of  position.  In  this  approach,  the  physical  description  of  the  medium  is 
specifled  by  describing  the  statistics  of  the  permittivity,  including  the  mean,  variance, 
and  spatial  correlation  of  the  permittivity  fluctuations,  and  is  in  contrast  to  the  dis¬ 
crete  scatterer  approach,  where  it  is  the  characteristics  and  statistics  of  the  individual 
scatterers  which  is  assumed.  In  this  manner,  the  continuous  model,  in  effect,  adds  a 
layer  of  abstraction  in  the  physical  modeling  of  the  medium,  since  the  parameters  of 
the  continuous  model  reflect  the  underlying  discrete  nature  of  the  medium,  and  are 
chosen  to  produce  the  same  phenomenological  effects,  but  these  parameters  are  not 
necessarily  directly  measurable  as  any  physical  feature  or  quantity  of  the  environment. 

As  in  the  discrete  scatterer  approach,  however,  to  determine  the  mean  attenuation 
and  incoherent  scattering  produced  by  the  random  media,  it  is  necessary  to  determine 
first  the  mean  or  coherent  field,  and  then  the  variance  or  correlation  of  the  field.  An 
integral  equation  for  the  mean  field  may  be  obtained  by  treating  the  fluctuating  com¬ 
ponent  of  the  permittivity  as  an  effective  source  of  radiation,  and  the  solution  of  this 
integral  equation  may  be  given  in  the  form  of  an  infinite  Neumann  series.  Renormaliz¬ 
ing  this  series,  the  Dyson  equation  for  the  mean  field  is  obtained,  where  the  coherent 
field  is  expressed  as  the  zeroth  order  field  in  the  absence  of  scattering  summed  with  an 
integral  of  the  mean  field  multipHed  by  a  mass  operator.  This  later  term  accounts,  in 
general,  for  all  coherent  scattering  effects. 
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In  the  limit  when  the  fluctuations  of  the  random  media  are  both  of  small  variance 
and  of  small  scale  (or  small  correlation  length),  then  scattering  has  little  impact  on 
the  effective  propagation  constant,  and  the  effective  permittivity  reduces  to  the  mean 
permittivity.  The  first  order  incoherent  field  can  then  be  found  by  truncating  the 
original  Neumann  (Born)  series,  and  utilizing  the  first  order  Born  approximation,  which 
accounts  for  single  scattering  in  the  media.  This  approach  has  been  used  extensively 
for  media  composed  of  weak  scatterers.  Tsang  and  Kong  [48]  use  this  method  to 
determine  the  microwave  emissivity  of  a  half-space,  and  Zuniga  and  Kong  [49]  and 
Zuniga  et.  al.  [50]  later  applied  the  Born  approximation  to  determine  the  backscatter 
coefficient  for  the  active  remote  sensing  of  two-layer  and  three-layer  configurations.  In 
these  later  configurations,  it  was  shown  that  unlike  the  half-space  case  in  which  the 
vertical  polarized  return  is  always  dominant,  the  additional  interfaces  can  lead  to  cases 
in  which  the  horizontal  return  is  larger.  Cross-polarized  returns  were  obtained  using 
the  Born  approximation,  either  by  assuming  anisotropic  media  [51]  or  by  extending  the 
iteration  to  second  order  in  albedo  [52]. 

An  improved  estimate  of  the  effective  permittivity  is  possible  if  coherent  scattering 
effects  are  considered.  To  include  these  scattering  effects,  formal  solution  of  the  Dyson 
equation  for  the  mean  field  is  necessary.  Since  exact  solution  is  intractable,  two  popular 
approximations  have  been  considered,  the  bilocal  approximation  and  the  nonlinear 
approximation.  In  the  bilocal  approximation,  only  the  first  term  of  the  mass  operator 
is  preserved  in  the  Dyson  equation,  limiting  solution  to  single  scattering  of  the  mean 
wave.  Multiple  scattering  effects  are  still  included  in  part,  but  coherence  of  higher 
order  scattering  is  omitted,  such  that  back-and-forth  scattering  is  neglected. 

Karal  and  Keller  [53-54]  apply  the  bilocal  approximation  under  the  assumptions 


1.2.  MODELING  OF  PROPAGATION  AND  SCATTERING 


49 


of  weak  fluctuations  and  small  scale  correlation  lengths,  and  show  that  the  resulting 
propagation  constant  for  the  mean  fleld  is  complex  even  for  non-dissipative  media. 
This  loss  arises  from  scattering  in  which  the  power  in  the  coherent  wave  is  transferred 
to  the  incoherent  portion  of  the  wave,  yielding  a  smaller  mean  field.  Tatarskii  and 
Gertsenshtein  [55]  remove  the  restriction  of  weak  fluctuations,  and  consider  strong 
fluctuation  theory  in  which  the  bilocal  approximation  is  renormalized.  The  permittivity 
of  the  homogeneous  background,  or  the  quasi-static  effective  permittivity,  is  no  longer 
taken  as  the  mean  permittivity,  but  is  chosen  such  that  the  renormalized  scattering 
source  has  zero  mean.  Tatarskii  [56]  extends  the  above  results  to  the  case  of  large 
scale  fluctuations,  removing  the  restriction  to  small  correlation  lengths,  and  Ryzhov 
and  Tamoikin  [57]  give  conditions  for  the  validity  of  the  bilocal  approximation  under 
both  large  and  small  scale  assumptions. 

The  initial  derivation  of  the  strong  fluctuation  theory  result  was  done  for  the 
case  of  scalar  wave  propagation  in  the  random  media.  For  the  vector  electromagnetic 
case,  the  analysis  is  further  compHcated  by  the  singular  nature  of  the  dyadic  Green’s 
function,  and  straightforward  extension  of  the  scalar  theory  leads  to  a  series  expression 
for  the  effective  permittivity  which  contains  terms  in  powers  of  the  variance  of  the 
fluctuations.  This  complication  adds  the  further  criterion  of  small  variance  for  validity 
of  the  results.  Tamoikin  [58],  however,  shows  that  this  restriction,  and  the  presence  of 
the  above  terms  in  the  series  expansion  for  the  permittivity,  can  be  removed  by  choosing 
an  appropriate  exclusion  volume  for  the  Green’s  function,  which  corresponds  in  shape 
to  the  embedded  scatterers  which  compose  the  random  media.  More  generally,  for  a 
given  correlation  function  describing  the  permittivity  fluctuations,  an  exclusion  volume 
can  be  found  to  eliminate  the  above  secular  terms.  Tsang  and  Kong  [59]  repeat  this 


50  CHAPTER  1  -  INTRODUCTION 


analysis,  and  compare  the  results  of  the  weak  and  strong  theories  for  several  isotropic 
and  anisotropic  correlation  functions.  Also  shown  is  an  equivalence  of  the  results  of 
the  random  media  model  with  those  of  the  discrete  scatterer  approach  under  Foldy’s 
approximation,  in  the  overlapping  regions  of  validity. 

An  alternative  to  the  bilocal  approximation  is  the  nonlinear  approximation  to  the 
Dyson  equation.  This  approximation  has  been  derived  by  several,  either  by  resuming 
the  series  defining  the  exact  mass  operator,  or  from  energy  conservation  arguments.  The 
approximate  integral  expression  resulting  from  the  nonlinear  method  diifers  from  that 
of  the  bilocal  approximation  in  the  replacement  of  the  zeroth  order  field  by  the  mean 
field  in  the  approximated  mass  operator.  Consequently,  additional  scattering  terms  are 
included  in  the  nonhnear  approximation,  and  it  is  generally  considered  more  accurate 
than  the  bilocal  approximation.  Lee  and  Kong  [60]  utilize  the  nonhnear  approximation 
for  the  problem  of  a  two  layer  anisotropic  random  medium,  and  solve  the  approximate 
Dyson  equation  using  a  two  variable  expansion  technique. 

Most  of  the  above  analysis  is  performed  for  the  case  of  an  unbounded  random  re¬ 
gion.  Bassanini  et.  al.  [61]  treat  the  layered  case  by  replacing  each  random  region  with 
the  effective  permittivity  which  would  result  if  that  region  were  of  infinite  extent.  In 
general,  however,  this  approximation  is  not  vahd,  since  for  bounded  media  the  integral 
operators  of  the  Dyson  equation  are  no  longer  of  a  convolutional  type.  The  domain  of 
integration  will  be  finite,  and  the  mass  operator  will  no  longer  depend  exclusively  on 
the  relative  coordinate  positions.  Rosenbaum  [62]  considers  the  problem  of  a  bounded 
region  with  permittivity  fiuctuations  in  one  dimension  perpendicular  to  the  boundary. 
It  is  seen  that  the  presence  of  the  interface  perturbs  the  mean  field  to  a  significant 
extent  over  a  large  distance  from  the  boundary,  and  results  in  a  graded  effective  per- 
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mittivity  profile  as  a  function  of  the  distance  from  the  interface.  However,  in  the  case 
of  three  dimensional  fiuctuations,  it  is  seen  that  these  interface  effects  are  confined  to  a 
transition  region  at  the  boundary  which  is  only  on  the  order  of  a  wavelength  in  thick¬ 
ness.  Stogryn  [63]  applies  the  bilocal  approximation  for  a  bounded  region,  but  explicitly 
considers  the  boundary  effect,  and  treats  the  vertical  dependance  of  the  permittivity 
numerically.  The  results  again  show  the  depth  dependance  of  the  permittivity,  and 
indicate  an  increase  in  the  size  of  the  transition  layer  for  larger  correlation  lengths,  but 
overall  confirm  that  the  transition  region  is  typically  small.  Fung  and  Fung  [64]  utilize 
the  bilocal  approximation  with  a  half-space  random  media,  and  treat  the  depth  depen¬ 
dance  by  introducing  additional  wave  modes.  Two  downward  propagation  constants 
are  obtained,  where  the  first  corresponds  to  that  of  the  equivalent  unbounded  case,  and 
where  the  second  is  very  lossy,  creating  the  transition  region  of  limited  extent  at  the 
boundary.  Tan  and  Fung  [65]  also  consider  the  nonlinear  approximation  to  the  half¬ 
space  problem,  where  the  approximated  Dyson  equation  is  solved  by  the  two  variable 
expansion  technique,  yielding  a  perturbation  solution  carried  out  to  zeroth  order. 

Numerous  examples  exist  in  which  the  random  medium  model  has  been  applied 
to  analyze  propagation  through  or  scattering  from  vegetation,  snow  and  ice,  and  atmo¬ 
spheric  inhomogeneities  [66-71].  Fung  and  Ulaby  [69]  apply  the  above  half-space  model, 
with  strong  fluctuation  theory  and  a  small  scale,  cylindrically  symmetric  correlation 
function,  to  analyze  the  scattering  from  vegetation.  The  vegetation  is  modeled  as  a 
combination  of  water  and  solid  material  using  the  de  Loor  mixing  formula  [72],  and  the 
solid  is  modeled  as  a  combination  of  vegetation  material  and  air  using  the  Pierce  mixing 
formrila  [73].  Fung  [70]  later  adds  the  effect  of  the  ground  by  considering  a  two  layer 
configuration,  and  illustrates  the  dependance  of  the  bistatic  scattering  coefficients  on 
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vegetation  depth,  moisture  content,  and  fractional  volume.  Tan  and  Fung  [71]  also  con¬ 
sider  an  azimuthaUy  non-symmetric  correlation  function  to  model  the  depolarization 
of  the  bistatically  scattered  field. 

The  only  attempt  to  analyze  the  phase  fluctuations  induced  by  propagation 
through  a  random  layer,  is  presented  by  Chu  [74-76].  The  variance  of  the  phase  fluctu¬ 
ations  for  a  receiver  below  a  random  layer,  and  transmitter  above  is  determined  for  the 
case  of  small  fluctuations  of  the  phase,  where  the  exponential  phase  term  can  be  accu¬ 
rately  described  by  the  first  two  terms  of  its  Taylor  series.  Strong  fluctuation  theory 
was  employed  to  determine  the  effective  permittivity,  and  the  distorted  Born  approx¬ 
imation  was  carried  to  first  order  to  obtain  the  incoherent  portion  of  the  transmitted 
field.  The  effects  of  incidence  angle,  medium  depth,  fractional  volume  of  scatterers, 
and  correlation  length  are  illustrated.  Also  considered  is  the  autocorrelation  of  the 
phase  as  a  function  of  receiver  separation,  for  the  special  case  of  normal  incidence  to 
the  layered  media. 

In  addition  to  the  above  wave  theory  approaches,  the  analysis  of  continuously 
random  media  has  also  been  considered  using  the  radiative  transfer  method.  Tsang 
and  Kong  [78]  utilize  the  RT  approach  and  consider  thermal  emission  from  a  half-space 
region  of  laminar  structure,  possessing  one  dimensional  fluctuations.  This  half-space 
problem  is  later  extended  to  treat  media  with  a  nonuniform  temperature  profile,  but 
with  three  dimensional  random  fluctuations  [79].  The  radiative  transfer  equations 
are  derived  and  then  solved  either  with  an  integral  equation  approach  in  the  case  of 
small  albedo,  or  with  a  numerical  approach  in  the  more  general  case.  Tsang  and 
Kong  [80]  also  consider  the  radiative  transfer  solution  for  the  active  remote  sensing 
of  a  half-space  region,  and  determine  the  backscatter  cross  section.  The  solution  is 


1.2.  MODELING  OF  PROPAGATION  AND  SCATTERING 


53 


formulated  as  a  series  iteration,  where  the  first  term  includes  single  scattering  only, 
and  where  the  second  term  includes  double  scattering  and  leads  to  depolarization  of 
the  field.  In  addition,  it  is  shown  that  the  radiative  transfer  equations  can  be  derived 
from  a  solution  of  the  Dyson  equation  using  the  two  variable  expansion  technique 
under  the  nonlinear  approximation,  and  a  solution  of  the  Bethe-Salpeter  equation  under 
the  ladder  approximation  [81].  Finally,  Fisher  [82]  combines  the  wave  theory  and 
radiative  transfer  approaches,  characterizing  the  medium  on  a  small  scale  using  the 
Born  approximation,  but  utilizing  transport  theory  to  propagate  the  average  intensity 
through  the  media. 

1.2.2.  Target  Scattering 

The  second  aspect  of  the  SAR  problem  which  requires  extensive  modeling,  is 
the  scattering  of  the  incident  radiation  by  the  deterministic,  but  generally  complex 
target,  which  is  to  be  detected  and  imaged.  When  an  arbitrary  object  is  illuminated 
by  an  electromagnetic  wave,  part  of  the  incident  energy  may  be  absorbed  as  heat, 
and  the  rest  is  radiated  or  scattered  in  many  directions.  In  the  radar  detection  of 
such  an  object,  what  is  of  interest  is  the  amount  of  power  scattered  back  towards 
the  transmitter  (monostatic  case),  or  the  amount  scattered  to  a  receiver  in  some  other 
direction  (bistatic  case).  Radar  cross  section  (RCS)  is  a  measure  of  this  scattered  power, 
and  is  defined  as  the  area  intercepting  that  amount  of  power  which,  when  scattered 
isotropically,  produces  an  echo  at  the  radar  equal  to  that  from  the  object  [83]. 

For  most  targets  of  interest,  there  is  no  simple  relation  between  the  actual  phys¬ 
ical  size  of  the  target,  and  the  effective  area  seen  by  the  radar.  For  objects  buried  in 
a  stratified  or  inhomogeneous  media,  the  problem  is  further  comphcated  by  the  effect 
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of  the  boundaries  or  inhomogeneities.  Hence,  a  variety  of  methods  of  estimating  the 
radar  cross  section  have  been  developed  to  eUminate  the  need  to  rely  exclusively  on 
actual  measurements  (often  involving  costly  facihties  and  equipment).  These  predic¬ 
tion  techniques  have  been  discussed  in  a  variety  of  sources  [83-124],  and  are  generally 
grouped  into  low  frequency  techniques,  apphcable  to  electrically  small  targets,  and  high 
frequency  techniques,  employing  approximate  solutions  for  electrically  large,  canonical 
geometries.  In  the  discussion  below,  both  of  these  classes  of  prediction  methods  are 
considered. 

I.2.2.I.  Low  Frequency  Target  Modeling 

One  of  the  most  popular  and  overall  most  accurate  R.CS  estimation  techniques  is 
the  Method  of  Moments  (MoM)  [83-93].  MoM  predicts  the  fields  scattered  by  an  ob¬ 
ject  by  solving  numerically  the  integral  form  of  Maxwell’s  equations.  To  determine  the 
currents  induced  on  the  target,  the  surface  currents  are  represented  with  a  set  of  basis 
functions  of  given  functional  dependance,  but  of  unknown  ampUtude.  This  representa¬ 
tion  reduces  the  problem  from  that  of  determining  the  surface  current  as  a  continuous 
function  defined  over  the  surface,  to  that  of  solving  for  the  unknown  coefficients  of  the 
basis  functions.  Two  types  of  basis  functions,  subdomain  and  entire  domain,  have  been 
considered,  where  subdomain  basis  functions  are  each  defined  only  on  small  subsections 
or  patches  of  the  surface,  and  where  entire  domain  basis  functions  are  often  expressed 
as  modes  over  the  entire  surface.  The  resulting  integral  equation  is  tested,  multiplying 
the  equation  by  a  set  of  testing  or  weighting  functions  and  integrating  over  the  surface. 
In  the  simplest  case  the  weighting  functions  are  chosen  to  be  Dirac  delta  functions, 
and  the  result  is  a  testing  of  the  integral  equation  at  specific  points  of  the  surface. 
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Alternately,  the  weighting  functions  are  often  chosen  identical  to  the  basis  functions, 
and  the  testing  procedure  is  referred  to  as  Galerkin’s  method.  The  effect  of  testing  the 
integral  equation  is  to  convert  it  to  a  linear  system  of  equations,  which  may  be  solved 
to  determine  the  unknown  coefficients  of  the  basis  functions.  Once  the  surface  currents 
are  known,  it  is  a  simple  problem  to  integrate  these  currents  to  determine  the  scattered 
fields. 

The  Method  of  Moments  technique  has  been  extensively  applied  to  a  large  number 
of  problems  [84-93].  Scattering  from  thin  wire  structures  has  been  considered  both  in 
application  to  wire  antennas  [84],  and  in  the  use  of  wire- grid  models  for  more  arbitrary 
conductors  [85-86].  A  better  approximation  to  scattering  from  conducting  surfaces  is 
given  by  the  triangular  grid  and  bitriangular  subdomain  method  presented  by  Rao  et. 
al.  [87].  This  formulation  was  further  extended  by  Rogers  [88]  to  treat  conductors 
coated  with  a  layer  of  dielectric.  Kiang  [89]  employed  overlapped  bitriangular  basis 
functions  to  treat  conductors  possessing  junctions  between  target  components. 

Although  the  development  of  the  MoM  technique  was  first  done  for  objects  in 
otherwise  homogeneous  regions,  it  may  be  extended  to  treat  targets  in  stratified  media 
by  employing  a  more  complex  Green’s  function  which  accounts  for  the  presence  of 
the  boundaries.  Marx  [91]  considers  scattering  from  cylinders  and  other  bodies  of 
revolution  located  at  the  interface  of  a  layered  media.  More  generally,  Michalski  and 
Zheng  [92-93]  formulate  the  problem  of  scattering  from  arbitrary  conductors  buried  in 
a  stratified  media  using  a  MoM  solution  of  the  mixed  potential  integral  equation. 

The  advantage  of  the  MoM  technique  lies  in  the  exact  solution  it  provides,  within 
the  hmits  of  the  numerical  modehng  which  is  necessary.  In  order  to  obtain  accurate 
results,  however,  a  relatively  dense  sampling  of  the  surface  current  is  required,  with 
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approximately  ten  unknowns  per  wavelength  (or  100  unknowns  per  square  wavelength). 
This  density  requirement  can  result  in  extremely  large  systems  of  equations  for  large 
targets  or  high  frequencies,  and  the  necessary  matrix  inversion  can  become  computa¬ 
tionally  expensive.  Hence,  for  practical  reasons,  application  of  MoM  is  generally  limited 
to  electrically  small  targets. 

A  second  technique  applicable  in  the  case  of  electrically  small  targets  is  the  Fi¬ 
nite  Difference- Time  Domain  (FD-TD)  algorithm  [94-102].  In  contrast  to  the  MoM 
approach,  where  the  integral  form  of  Maxwell’s  equations  is  solved  numerically,  the 
FD-TD  technique  provides  a  numerical  solution  to  the  differential  form  of  Maxwell’s 
equations.  The  time-dependant  form  of  these  equations  is  discretized  on  a  spatial  and 
temporal  grid,  and  to  truncate  the  infinite  region  surrounding  the  target,  a  finite  com¬ 
putational  domain  is  chosen,  and  an  absorbing  boundary  condition  (ABC)  is  imposed 
at  the  outer  surface,  preventing  reflections  of  outgoing  waves.  The  fields  scattered 
by  the  target  are  found  within  the  computational  domain  by  stepping  the  discretized 
equations  in  time,  and  alternately  computing  the  electric  and  magnetic  fields  at  the 
nodes  of  the  spatial  grid.  Far  field  results  may  be  obtained  by  integrating  the  near-zone 
fields  over  a  closed  surface  about  the  target. 

One  of  the  first  formulations  of  the  FD-TD  method  is  that  described  by  Yee  [94], 
where  a  rectangular  grid  is  chosen,  and  the  center  difference  approximation  is  utilized  in 
discretizing  Maxwell’s  equations.  Each  rectangular  box  of  the  lattice  is  constructed  with 
the  electric  fields  defined  at  the  center  points  of  the  edges,  and  with  the  magnetic  field 
defined  at  the  center  of  the  faces.  This  geometry  results  in  approximations  to  Maxwell’s 
equations  which  possess  second  order  accuracy  in  both  space  and  time.  Conducting 
or  dielectric  scatterers  are  represented  using  a  staircase  approximation  to  their  actual 
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shape,  which  accurately  models  rectangular  targets,  but  is  a  greater  approximation  for 
slanted  or  curved  surfaces.  To  obtain  accurate  results,  the  spacing  in  the  discretization 
must  again  be  small,  and  is  generally  taken  as  no  larger  than  one  tenth  of  a  wavelength. 
In  addition,  the  maximum  temporal  step  is  determined  by  the  smallest  grid  dimension, 
and  must  be  set  to  avoid  instabilities  in  the  time  stepping  procedure. 

In  two  dimensional  problems,  the  above  approach  can  also  be  appHed  by  con¬ 
sidering  a  two-dimensional  rectangular  discretization  of  the  scatterer  and  surrounding 
region,  however,  a  better  approach  to  model  slanted  or  curved  surfaces  is  to  employ 
a  triangular  grid  [95],  which  provides  a  hnear  interpolation  of  the  scatterer  shape. 
This  method  also  enables  a  circular  or  elliptical  outer  boundary  for  the  computational 
domain,  escaping  the  problem  of  treating  the  absorbing  boundary  conditions  for  the 
corners  in  the  rectangular  grid.  Maxwell’s  equations  are  discretized  on  the  triangular 
grid  using  a  combination  of  the  finite  difference  approximation,  and  the  control  region 
approach  [96].  In  three  dimensional  problems,  a  similar  approach  has  been  considered 
using  tetrahedral  grids,  but  the  complexity  of  the  geometry  involved  has  limited  the 
usefulness  of  this  discretization. 

Several  choices  of  absorbing  boundary  conditions  have  been  considered,  but  for 
rectangular  grids,  the  most  common  is  the  second-order  approximation  of  Engquist 
and  Majda  [97].  For  the  corners  where  second-order  boundary  conditions  can  not  be 
applied,  an  average  of  first-order  boundary  conditions  for  the  faces  forming  the  corner  is 
often  taken.  For  triangular  grids,  a  second-order  boundary  condition  given  by  Lee  [98] 
may  be  employed.  Results  have  shown  that  for  both  rectangular  and  triangular  grids, 
truncation  of  the  lattice  with  the  second-order  boundary  condition  is  very  effective  in 
eliminating  reflections,  provided  that  the  wave  is  incident  at  an  angle  near  normal  to 
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the  surface  [99-100]. 

The  Finite  Difference-Time  Domain  algorithm  has  successfully  been  apphed  in 
the  analysis  of  a  great  variety  of  problems.  This  method  has  also  found  appUcation 
for  problems  involving  layered  media  or  buried  structures.  Li  [101]  utilizes  FD-TD  m 
the  analysis  of  scattering  from  surface  discontinuities  of  a  conducting  plane.  For  two 
dimensional  discontinuities,  both  rectangular  and  triangular  grids  are  applied,  the  effect 
of  gap  size  and  shape  are  studied,  and  the  results  are  compared  with  those  obtained  with 
the  MoM  approach.  A  rectangular  grid  is  also  employed  in  the  analysis  of  scattering 
from  three  dimensional  discontinuities.  Oates  et.  al.  [102]  apply  the  FD-TD  algorithm 
to  predict  scattering  from  both  structural  cracks  and  steel  reinforcement  buried  within 
a  concrete  slab.  Pulse  excitation  is  utihzed  to  determine  the  transient  response  of  the 
concrete  structure. 

When  only  sinusoidal  steady-state  solutions  are  required,  a  modification  of  the 
FD-TD  technique  which  may  be  utihzed  is  the  Finite  Difference-Frequency  Domain 
method.  This  algorithm  again  considers  the  numerical  solution  of  the  differential  form 
of  Maxwell’s  equations,  but  in  time-harmonic  form.  The  resulting  discretization  leads 
to  the  formation  of  a  large  hnear  system  for  the  unknown  complex  field  quantities. 
The  number  of  unknowns  in  this  approach  is  typicaUy  larger  than  with  MoM,  since  the 
entire  space  is  discretized,  rather  than  only  the  target  surface,  however,  the  resulting 
system  for  FD-FD  is  sparse,  unhke  the  MoM  matrix  which  is  generaUy  full.  Solution 
of  the  sparse  hnear  system  yields  the  fields  within  the  computational  domain,  which 
can  again  be  integrated  to  obtain  the  far  field  results. 
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1.2.2.2.  High  Frequency  Target  Modeling 

Practical  computational  considerations  restrict  application  of  the  above  numerical 
methods  to  electrically  small  structures,  where  the  number  of  unknowns  to  be  deter¬ 
mined  remains  tractable.  Xo  overcome  this  limitation,  several  high  frequency  RCS 
prediction  methods  have  been  utiUzed.  One  of  the  oldest  and  simplest  techniques  is 
that  of  Geometrical  Optics  [83,103],  which  assumes  that  the  incident  and  scattered 
fields  can  be  treated  as  rays,  and  that  all  of  the  scattering  is  from  isolated  specular 
points.  Ray  tracing  is  used  to  follow  scattering  of  the  incident  field,  and  a  simple  re¬ 
lation  involving  the  radii  of  curvature  at  the  specular  point  allows  calculation  of  the 
refiected  wave.  This  method  fails,  however,  for  geometries  containing  caustics,  in  which 
an  infinite  collection  of  rays  converge,  as  for  example  in  the  far  field  of  structures  with 
infinite  radius  of  curvature.  Furthermore,  Geometrical  Optics  predicts  only  surface 
refiections,  and  neglects  diffraction  from  edges  and  surface  discontinuities. 

This  second  deficiency  was  first  corrected  by  Keller  [104-105],  developing  the  Geo¬ 
metrical  Theory  of  Diffraction  (GTD)  [104-106,109]  which  yields  diffraction  coefficients 
to  predict  the  amplitude  and  phase  of  the  rays  diffracted  from  the  edges  of  a  structure. 
These  results  were  extended  by  Kouyoumjian  and  Pathak  [107]  in  the  Uniform  The¬ 
ory  of  Diffraction  (UTD)  [105,107-108]  which  ehminated  the  singularity  which  Keller’s 
diffraction  coefficients  suffered  at  the  shadow  and  reflection  boundaries.  The  singular¬ 
ity  experienced  for  caustics  can  be  eliminated  by  the  Method  of  Equivalent  Currents 
[83],  which  defines  fictitious  non-physical  currents  on  the  surface  of  the  object,  and  then 
integrates  over  these  to  determine  the  fields.  Often,  however,  this  integration  must  be 
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A  better  technique  to  predict  the  fields  scattered  from  fiat  or  singly  curved  sur¬ 
faces  is  the  Method  of  Physical  Optics  [83,110-111].  Physical  Optics  approximates  the 
induced  current  on  the  surface  by  assuming  each  point  locally  behaves  as  if  it  were 
part  of  an  infinite  planar  surface  tangent  to  the  surface  at  that  point.  The  reflected 
fields  are  then  obtained  by  integrating  over  this  tangent-plane  approximated  surface 
current,  and  for  simple  shapes,  such  as  plates  and  cylinders,  this  integration  can  be 
done  analytically  to  yield  closed-form  solutions.  Although,  like  Geometrical  Optics, 
Physical  Optics  neglects  the  edge-diffraction  effect,  this  diffracted  field  can  be  added 
by  Ufimtsev’s  Physical  Theory  of  Diffraction  (PTD)  [112-113]. 

The  advantage  of  these  high  frequency  methods  lies  in  the  fact  that  the  results 
for  simple  shapes  are  available  in  closed  form,  and,  hence,  are  not  computationally 
expensive  to  evaluate.  More  complex  targets  can  be  modeled  by  piecing  together  the 
simpler  canonical  shapes,  and  adding  coherently  the  contributions  from  each  part. 
Multiple  interactions  between  target  components  are  more  difficult  to  include,  but  can 
be  treated  in  the  Geometrical  Optics  approach  at  the  expense  of  more  complex  ray 
tracing.  Some  development  of  multiple  scattering  methods  for  Physical  Optics  has  also 
been  performed  [114].  Treatment  of  targets  buried  in  stratified  media  is  similar  to  that 
for  multiple  scattering,  and  must  include  expHcitly  the  interactions  between  the  target 
and  boundary  interfaces. 
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1.3.  Description  of  Thesis 


The  discussion  above  has  detailed  several  models  which  have  been  previously 
utilized  in  the  analysis  of  propagation  and  scattering  for  media  with  spatially  random 
inhomogeneities.  These  models  have  been  applied  to  the  remote  sensing  of  foliage, 
snow,  ice,  and  a  variety  of  other  natural  environmental  media.  Similarly,  a  number 
of  techniques  useful  in  the  prediction  of  wave  interaction  with  deterministic  scatterers 
have  been  discussed.  These  methods  have  found  application  in  a  diversity  of  problems, 
including  the  prediction  of  target  radar  cross  section,  the  design  of  antennas,  and  the 
analysis  of  microstrip  line  and  patch  structures.  Thus,  individually,  both  the  problem 
of  scattering  from  a  deterministic  target,  and  the  problem  of  propagation  and  scattering 
in  a  stochastic  medium,  have  been  extensively  addressed.  The  more  complex  problem, 
however,  in  which  the  deterministic  target  is  surrounded  by  a  random  medium,  and 
where  the  coupling  between  the  target  and  its  stochastic  environment  is  significant,  has 
received  little  attention. 

It  is  the  purpose  of  this  thesis  to  treat  this  later  problem  of  scattering  by  a 
deterministic  target  buried  in  a  layered  media.  Models  are  developed  for  the  electro¬ 
magnetic  interaction  between  the  target  and  random  media,  and  these  models  are  used 
to  characterize  statistically  the  target  scattered  field,  and  to  determine  the  effect  of  the 
surrounding  random  environment  on  the  target  signature.  To  facilitate  the  analysis  of 
SAR  and  other  sensor  systems,  not  only  the  power  scattered  by  the  target,  but  also  the 
correlations  of  the  target  signature  in  aspect  angle  and  frequency  are  determined.  The 
results  of  the  physical  models  are  then  appHed  with  a  simple  description  of  a  SAR  pro- 
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cessor  to  form  range-cross  range  images  and  illustrate  directly  the  effect  of  the  random 
media  on  the  detection  and  imaging  of  buried  targets. 

The  approach  taken  here  is  to  begin  with  a  relatively  simple  configuration,  and 
then  to  gradually  add  complexity,  both  to  the  media  and  to  the  target.  Chapter  2  begins 
the  analysis  by  considering  a  two  region  problem,  with  a  bounded  slab  of  continuous 
random  media,  characterized  by  a  spherically- symmetric  correlation  function  modeling 
spherical  or  statistically  isotropic  scatterers,  and  with  a  point  target  located  in  a  half¬ 
space  of  isotropic  media  below  the  slab.  The  initial  choice  of  a  point  target  is  seen  to 
be  useful  not  only  for  its  simplicity,  but  also  because  it  is  appropriate  to  an  analysis  of 
the  impulse  response  of  a  synthetic  aperture  radar  or  other  imaging  sensor,  and  allows 
analysis  of  the  random  media  effects  on  this  impulse  response.  The  sensor  is  assumed 
to  be  located  at  a  distant  location  in  the  half-space  above  the  random  slab,  such  that 
the  source  of  illumination  is  effectively  a  plane  wave,  and  such  that  the  scattered  field 
of  the  target  is  sought  in  the  far-field. 

The  strong  fluctuation  theory  is  appHed  to  derive  an  effective  permittivity  for  the 
random  layer,  and  the  first  order  distorted  Born  approximation  is  used  to  determine 
the  incoherent  component  of  the  scattered  field.  The  scattered  field  in  this  approach  is 
seen  to  be  composed  of  a  coherent  term  representing  the  direct  return  from  the  target, 
and  two  incoherent  terms,  representing  coupling  between  the  target  and  random  media. 
The  variances  of  the  incoherent  terms  are  calculated,  and  the  dependance  on  incidence 
angle,  target  depth,  polarization,  and  slab  thickness  is  examined.  The  correlations  of 
the  incoherent  terms  over  both  changes  in  azimuth  angle  and  changes  in  frequency  are 
determined,  and  the  dependance  of  these  correlations  on  elevation  angle,  target  depth, 
polarization,  and  center  frequency  are  shown. 
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Chapter  3  considers  an  alternate  representation  of  the  random  media  effects  exam¬ 
ined  in  the  previous  chapter.  In  this  new  description,  the  target  signature  is  represented 
as  the  coherent  return  arising  in  the  absence  of  permittivity  fluctuations,  multiplied  by 
an  exponential  of  random,  complex  phase.  The  real  part  of  this  phase  is  seen  to  em¬ 
body  the  phase  fluctuations  or  phase  error  of  the  received  signal,  while  the  imaginary 
part  reflects  the  amplitude  fluctuation  and  mean  attenuation  of  the  return.  This  phase 
fluctuation  representation  of  the  random  media  effects  is  useful  because  it  allows  com¬ 
parison  with  the  previous  analysis  of  many  other  phase  error  effects  of  SAR  systems, 
such  as  platform  motion  or  oscillator  instability.  For  the  case  where  the  fluctuations  are 
small,  expressions  are  derived  for  the  variance  and  correlation  of  the  phase  fluctuations, 
and  the  dependance  of  these  statistics  on  several  physical  and  geometrical  parameters 
is  illustrated. 

Chapter  4  extends  the  model  developed  in  Chapter  2  by  considering  additional 
layers  of  stratiflcation,  and  by  allowing  the  permittivity  of  each  region  to  be  uniaxial 
with  a  vertically  oriented  optic  axis.  The  target  is  a  point  scatterer  as  before,  but  now 
may  be  located  in  an  arbitrary  region  of  the  layered  media.  Several  independent  layers 
of  random  media  may  be  considered,  where  each  is  characterized  by  a  non-isotropic, 
but  a^iimuthally  symmetric  correlation  function. 

Strong  fluctuation  theory  is  again  appHed  to  derive  the  effective  permittivity  of 
each  random  region,  and  these  permittivities  are  now  found  to  be  uniaxial.  The  dis¬ 
torted  Born  approximation  is  again  utilized  to  determine  the  incoherent  component  of 
the  scattered  field,  and  the  target  signature  is  seen  to  consist  of  the  same  sum  of  a 
coherent,  direct  return  and  two  multi-path  interaction  terms.  Statistics  of  the  inco¬ 
herent  return  are  calculated,  and  the  effect  of  elevation  angle,  polarization,  fractional 
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volume  of  scatterers,  random  medium  correlation  length,  a  non-isotropic  correlation 
function,  and  additional  layers  of  stratification  on  the  results  for  field  variance  and 
both  azimuthal  and  frequency  correlations  is  shown. 

Chapters  5  and  6  further  extend  the  model  of  Chapter  4  by  considering  more  real¬ 
istic  targets.  Chapter  5  again  considers  a  layered  geometry  with  an  arbitrary  number  of 
regions,  each  of  uniaxial  permittivity,  and  again  allows  modeling  of  multiple,  indepen¬ 
dent,  random  layers,  each  characterized  by  a  non-spherical  but  azimuthally  symmetric 
correlation  function.  The  point  target,  however,  is  replaced  by  a  perfectly  conducting 
target  of  arbitrary  shape,  composed  of  flat,  polygonal  plates.  Strong  fluctuation  theory 
is  again  used  to  calculate  the  effective  permittivities  of  the  random  regions,  and  the 
first  order  distorted  Born  approximation  is  utilized  to  treat  the  scattering  from  the  ran¬ 
dom  media.  The  scattering  from  the  deterministic  target  is  modeled  using  a  Physical 
Optics  formTilation,  where  the  induced  surface  current  is  given  by  the  tangent  plane 
approximation.  This  high  frequency  approach  is  useful  for  electrically  large  targets  and 
structures  possessing  electrically  slow  surface  curvature. 

Similar  to  the  point  target,  the  plate  target  is  found  to  possess  a  signature  con¬ 
sisting  of  a  coherent,  direct  return  component,  and  an  incoherent  component  arising 
from  coupling  between  the  target  and  random  media.  Expressions  for  the  variance  and 
correlation  statistics  of  the  incoherent  scattered  fields  are  derived,  and  results  are  illus¬ 
trated  for  simple  square  plate  targets.  The  dependance  of  these  statistics  on  elevation 
angle,  polarization,  target  depth,  target  size,  and  target  orientation  is  shown,  and  these 
results  are  compared  with  those  of  the  simpler  point  target. 

In  contrast.  Chapter  6  treats  the  same  problem  of  a  complex,  perfectly  conducting 
target  buried  in  a  layered  random  media,  but  for  the  case  of  an  electrically  small  target. 
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The  numerical  Method  of  Moments  approach  is  used  to  treat  the  scattering  of  the 
deterministic  target.  As  previously,  an  effective  mean  permittivity  is  derived  for  each 
random  region  using  strong  fluctuation  theory,  and  the  incoherent  field  scattered  by 
the  random  media  is  determined  from  the  first  order  distorted  Born  approximation. 
An  integral  equation  is  derived  for  the  current  induced  on  the  target,  and  this  current 
is  represented  as  a  weighted  series  of  basis  function  terms.  The  integral  equation  is 
then  tested  to  produce  a  linear  system  of  equations  which  may  be  solved  to  determine 
the  unknown  basis  function  weights. 

This  method  is  applied  to  an  arbitrary  target  using  bi-triangular  subdomain  basis 
functions,  and  point  testing  of  the  integral  equation.  The  target  signature  is  again  seen 
to  consist  of  a  coherent  or  direct  scattering  return,  and  an  incoherent  portion  arising 
from  interactions  with  the  random  media.  Expressions  for  the  statistics,  variance  and 
correlation,  of  the  incoherent  fields  are  again  derived. 

Finally,  Chapter  7  utilizes  the  physical  models  of  the  previous  chapters,  along 
with  a  simple  SAR  processing  scheme,  to  demonstrate  the  effect  of  the  random  media 
on  the  imaging  capabilities  of  a  SAR  system.  The  scattered  field  of  the  target  is 
related  to  the  signal  received  by  the  SAR  sensor,  and  a  statistical  description  of  the 
received  signal  is  obtained.  The  SAR  processing  algorithm  is  then  employed  to  produce 
range-cross  range  images  of  a  point  target  beneath  a  layer  of  random  media,  and  these 
are  compared  with  free-space  images  to  determine  the  extent  of  the  induced  blurring 
and  other  random  media  effects.  The  dependance  of  the  performance  degradation  on 
polarization,  bandwidth,  and  integration  angle  is  also  shown. 

Chapter  8  summarizes  the  work  presented  here,  comments  on  some  of  the  more 
significant  results,  and  suggests  future  extensions  of  this  modeling  and  analysis. 
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Chapter  2 


Scattering  of  a  Point  Target  Beneath 
a  Layer  of  Continuous  Random  Media 


This  chapter  begins  the  analysis  of  the  phenomenological  effects  of  a  random 
scattering  environment  on  the  fields  received  by  a  synthetic  aperture  radar.  In  this 
initial  treatment,  the  representation  of  the  target  environment  is  limited,  with  only  a 
single  layer  of  random  media  characterized  by  an  isotropic  correlation  function,  and 
with  the  target  taken  as  a  point  scatterer,  located  in  a  homogeneous  half-space  below 
the  random  layer.  The  geometry  of  this  model,  and  the  characteristics  of  the  contin¬ 
uous  random  medium  treatment  of  the  target  environment  are  discussed  first.  Strong 
Fluctuation  theory  is  employed  to  determine  the  effective  permittivity  of  the  random 
layer,  and  the  distorted  Born  approximation  is  used  to  obtain  the  scattered  fields.  The 
total  received  field  is  seen  to  consist  of  a  coherent  term  representing  the  direct  target 
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return,  an  incoherent  term  due  to  scattering  from  the  random  media  alone,  and  two 
incoherent  multi-path  terms,  arising  from  interactions  between  the  target  and  random 
media.  The  statistics  of  the  incoherent  fields  are  calculated,  including  the  variance, 
and  the  correlation  in  both  azimuth  angle  and  frequency.  Finally,  the  effect  of  a  variety 
of  geometrical  and  physical  parameters  on  these  statistics  is  then  illustrated. 

2.1.  Geometry  and  Random  Media  Model 

The  configuration  used  to  investigate  the  attenuation  and  phase  perturbation 
effects  introduced  by  the  presence  of  a  random  layer  between  the  target  and  radar, 
is  shown  in  Figure  2.1.  A  three  region,  vertically  stratified  geometry  is  employed  in 
which  region  0  refers  to  the  upper  half-space  containing  the  source  and  observation 
point,  region  1  is  the  slab  containing  the  random  scatterers,  and  region  2  is  the  lower 
half-space  containing  the  target.  The  upper  interface  between  regions  0  and  1  is  taken 
to  be  at  z  =  0,  and  the  lower  interface  at  z  =  —d . 

The  target  is  taken  to  be  a  point  target,  located  at  a  depth  z  =  zt  ,  and  possessing 
an  isotropic  cross  section  for  backscatter.  This  target  behaves  as  a  dipole  re-radiator  of 
the  incident  illumination,  such  that  the  scattered  field  can  be  found  as  the  field  arising 
from  a  dipole  with  current  density  given  by  (2.1). 

Jt  =  ciEij.6{r  —  rx)  (2T) 

In  the  above,  Ei^  is  the  total  field  incident  on  the  target,  rx  is  the  position  of  the 
target,  and  ct  is  a  variable  parameter  which  determines  the  free-space  monostatic  radar 
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Figure  2.I.  Geometry  of  the  buried  target  problem  with  a  point 
target  located  beneath  a  slab  of  isotropic  random  me¬ 
dia. 

cross  section,  a ,  of  the  point  scatterer.  For  a  chosen  value  of  a ,  this  cross-section  can 
be  shown  to  be  given  by  (2.2), 


2tt 


(2.2) 


where  a>  is  the  angular  frequency  of  the  illuminating  source,  and  is  the  free-space 
permittivity. 

For  practical  SAR  systems,  the  footprint  of  the  real  antenna  beam  main  lobe  is, 
in  general,  sufficiently  wide  that  the  quadratic  phase  delay  for  ground  patches  within 
the  footprint  can  not  be  neglected.  Presently,  however,  it  is  of  interest  to  calculate  also 
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the  target  return  and  the  return  due  to  interaction  between  the  target  and  surrounding 
foliage.  This  later  contribution  is  limited  to  a  region  much  smaller  than  the  antenna 
footprint,  both  by  losses  in  the  random  layer,  and  by  the  near-field  effect  of  a  target 
closely  situated  to  the  slab  of  scatterers.  Hence,  it  is  possible  to  assume  the  radar 
is  positioned  in  the  far-field  of  the  smaller  contributing  region,  and,  thus,  that  the 
incident  and  received  fields  will  have  plane  wave  form.  The  illuminating  field  is  taken 

to  be  given  by  (2.3), 

Eo,  =  [Ef^  h  (-fco„)  +  Ef’^  V  (-*;„,)]  (2.3) 

where  and  v{-kozi)  are  unit  vectors  in  the  polarization  direction  of  the 

incident  TE  and  TM  waves  respectively,  and  where 

=  kx^x  "h  ky-y  koz^z 

=  fc(sin  9i  cos  (f>ix  +  sin  Oi  sin  (l>iy  -  cos  6iz)  (2.4) 

is  the  incident  propagation  vector.  A  time  dependance  of  is  omitted  in  the  above. 

Regions  0  and  2  are  assumed  to  be  homogeneous  with  constant  permittivities 
cq  and  €2  respectively.  Region  1  is  assumed  to  have  a  spatially  random  permittivity 
possessing  a  spherical  correlation  function,  designed  to  model  the  inclusion  of  spherical 
scatterers  with  dimensions  which  are  assumed  small  in  comparison  to  the  illuminating 
wavelength.  To  allow  high  permittivity  contrast  between  the  background  and  embed¬ 
ded  materials.  Strong  Fluctuation  theory  [55-59]  is  utiHzed  in  determining  an  effective 
mean  permittivity  which  accounts  for  propagation  losses  in  the  random  layer  arising 
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from  both  absorption  and  scattering.  Under  the  above  assumptions,  the  effective  per¬ 
mittivity  has  been  shown  by  Tsang  et.  al.  [143]  to  be  given  by  (2.5), 

«!«//  +  dr  t  Q(r)  +  i  I  *0  h  ^  (2-5) 

where 

U=rdrr^C({r)  (2.6) 

Jo 

and  where  Cg  is  the  effective  permittivity  in  the  extreme  low  frequency  limit  where 
attenuation  due  to  absorption  dominates  over  that  due  to  scattering.  Determination 
of  eg  can  be  made  from  (2.7),  where  e,  is  the  permittivity  of  the  scatterers,  and  /  is 
their  fractional  volume. 

In  the  above,  ^(r)  is  the  re-normalized  scattering  source,  and  its  correlation  is  assumed 
to  take  the  form  of  (2.8), 

Ci  (|ri  -  r2|)  =  (^(ri)  r(r2))  =  (2.8) 

where  S  is  the  variance  of  ^(r) ,  and  where  I  is  the  correlation  length,  determined 
approximately  by  the  size  of  the  scatterers.  The  Strong  Fluctuation  theory  derivation 
of  the  effective  permittivity  is  described  in  greater  detail  in  Appendix  D.  The  field 
arising  from  scattering  by  the  random  media  can  be  determined  using  the  first  order 
distorted  Born  approximation  [66-68,143]  given  by  (2.9), 


4;’(F)  Go.(r,r’)  •  ^T')  • 


(2.9) 
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where  Voi{ry)  is  the  dyadic  Greens  function  for  the  two  layer  configuration  with 
source  in  region  1  and  observation  point  in  region  0,  and  which  assumes  for  region  1 
the  effective  permittivity  calculated  above.  ^(r)  is  the  total  zeroth  order  field  in 
region  1  with  the  calculated  effective  permittivity  and  in  the  absence  of  fluctuations. 

2.2.  Scattering  Terms 

In  the  past,  the  above  distorted  Born  approximation  has  been  used  to  calculate  the 
backscattering  coefficient  for  a  random  media  [49-50,52,66-68].  For  this  application,  the 
zeroth  order  field,  T^i\r)  ,  is  taken  to  be  the  incident  plane  wave,  plus  the  reflections 
due  to  the  two  boundaries.  In  the  present  problem,  the  zeroth  order  field  will  also  have 
contributions  due  to  scattering  from  the  target,  and  the  total  field  in  region  1  will  take 
the  form  of  (2.10), 

E^°\r)  =  Euir)  -b  iuj/ia  j  dr'  ^i2(r,  r')  •  (2.10) 

where  the  first  term  is  the  field  due  to  the  incident  illumination,  and  the  second  term 
is  the  field  scattered  by  the  target.  The  above  field  is  scattered  by  the  random  media 
and  received  at  the  radar  where  the  scattered  field  is  given  by  the  distorted  Born 
approximation,  as  in  (2.11). 

E^^]  I  dr'  Voiiry)  •  Q{r')  •  [Ei,(r')  -b  j  dr"  ^i2(r',  r")- 
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In  the  above  Q(r)  =  kl  ((r) ,  and  the  outer  integral  is  over  the  volume  of  the  random 
slab.  In  addition  to  the  direct  path,  however,  the  field  scattered  by  the  random  media 
may  also  return  to  the  receiver  after  being  scattered  by  the  target.  The  field  scattered 
by  the  random  media  and  illuminating  the  target  is  given  by  (2.12), 

=  j  dr'  V2i{r,r')  ■  Q{r')  •  [Ei,(r')  +  icvfia  j  dr"  ^12(1^,  r")- 

E2i{r")  S{r"  —  ry)]  (2.12) 

and  the  scattered  field  at  the  receiver  is  found  from  (2.13). 

df  Go2{r,r')  •  ^(r'  —  ry)  •  |  j  dr"  (?2l(i^^^0  ’  Q{^')' 

[jEi.(P')  +  J  dr"'  Gi2{i^\r'")  •  JS2,(^”)  —  ^r)]  |  (2.13) 

The  expressions  of  (2.11)  and  (2.13)  together  give  all  the  incoherent  scattering  terms 
which  arise  under  the  first  order  distorted  Born  approximation.  It  is  useful  to  identify 
each  of  these  terms  individually,  and  each  is  shown  diagrammatically  in  Figure  2.2.  The 
first  term,  shown  in  Figure  2.2a,  is  given  by  (2.14),  and  represents  the  scattered  field  in 
the  absence  of  the  target.  This  term  is  the  field  calculated  previously  in  formulations 
for  the  backscattering  cross  section  of  the  random  media  [66-68]  f,  and  will  be  labeled 
t  The  definition  of  Ec(r)  given  by  (2.14)  is  inappropriate  for  the  SAR  problem, 
since  for  this  term  (unlike  the  others)  the  incident  field  can  not  be  treated  as  a  plane 
wave,  but  will  exhibit  a  quadratic  phase  due  to  the  large  real  antenna  footprint,  and  an 
amplitude  variation  which  is  a  function  of  the  real  antenna  gain  pattern.  A  corrected 


^oV(^)  =  / 


definition  of  Ec{r)  is  given  shortly. 
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here  as  the  clutter  return,  Ec{t)  . 

Ecir)  I  dr'  Voiiry)  •  Qir')  •  Er,{r')  (2.14) 

The  second  term,  shown  in  Figure  2.2b,  arises  from  the  wave  which  scatters  first  from 
the  target,  and  then  the  random  media,  before  returning  to  the  receiver.  This  term 
will  be  denoted  the  target/clutter  multi-path  field  and  is  given  by  (2.15). 


Excir)  =  J  dJr  Goi(r,T^)  •  Q{^)  •  j  d^'  Gi2{t' ,r")  •  E2i{r'')  S{r"  -  tt) 

(2.15) 


The  similar  term  of  Figure  2.2c  is  that  given  in  (2.16),  and  arises  from  the  wave  which 
is  scattered  first  by  the  random  media,  and  then  by  the  target,  before  returning  to  the 
receiver.  This  field  represents  a  second  multi-path  interaction,  and  is  referred  to  as  the 
clutter/target  term. 

'EcTij)  =  j  dr*  Goi{r,f')  •  6{r'  —  ry)  •  j  dr"  G2i{r',r")  • 

(2.16) 

Finally,  the  last  incoherent  term  shown  in  Figure  2.2d  is  given  by  (2.17),  and  describes 
the  wave  which  is  scattered  first  by  the  target,  then  by  the  random  media,  and  finally 
again  by  the  target.  This  term  is  denoted  the  target/clutter/target  return,  and  is  a 
third  multi-path  term.  However,  for  reasonable  values  of  a ,  corresponding  to  reason¬ 
able  point  scatterer  cross  sections,  this  term  which  represents  a  higher  order  multiple 
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interaction,  will  be  less  significant  than  the  first  two  multi-path  mechanisms,  and  for 
this  reason  is  neglected  in  further  analysis. 

j  ^  Go2{r,r')  •  S{r'  —  tt)  •  J  G2i{r' ,f")‘ 

Q{r") .  j  ^i2(r",  r"')  •  ^2,(7"')  •  S{r"'  -  tt)  (2.17) 

In  addition  to  the  incoherent  terms,  the  direct  return  from  the  target  exists  as  pictured 
in  Figure  2.2e,  and  is  given  by  (2.18). 

Et{t)  =  J  dr'Go2{r,r')  •  F?2<(»^)  •  ^(^  —  ^r)  (2.18) 

Neglecting  'Etct  ?  the  total  received  field  is  given  by  the  sum  of  the  above  terms, 

Et  =  Et  +  Ec  "f"  Etc  d"  Ect  (2.19) 

and  the  corresponding  received  power  is  given  by  (2.20). 

=\Et\^  +  (^Ec  •  Eq^  -f  {Etc  •  -^rc)  d"  {Ejct  •  -^cr)  d" 
2Re{(Ec-Erc)  d-  (Ec  ^Tct)  d-  (Etc  ^^ct)}  (2-20) 

It  is  clear  from  the  above  that,  in  general,  seven  distinct  terms  contribute  to  the 
returned  power.  However,  in  the  backscatter  case  of  interest  for  SAR  systems,  it  can 
be  shown  that  JFrc'(i^)  and  Ecr(j^)  are  reciprocal  terms,  and,  thus,  are  equal  for 
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horizontal  (HH)  and  vertical  (VV)  transmit  and  receive  polarization  pairsf.  Hence,  the 
above  simplifies  to 

Es  =  Et  +  Ec  +  2Etc  (2.21) 


and 

P  =  \Et\^  +  {Ec  '  E*c^  +  aIEtc  '  Ej‘c')  +  4Re  (2.22) 

The  first  term  of  (2.22)  is  the  expected  target  return,  attenuated  by  losses  in  the 
intervening  random  media,  and  represents  the  coherent  return  from  the  target.  The 
second  term  is  the  expected  return  from  the  clutter,  and  in  the  context  of  SAR  will 
be  a  function  of  not  only  the  random  media,  but  also  the  SAR  geometry  and  antenna 
pattern.  The  third  term  above  indicates  that  the  target  return  is  no  longer  purely 
deterministic,  but  now  contains  a  random  component,  which  will  lead  to  both  amplitude 
and  phase  fluctuations.  Finally,  the  fourth  term  indicates  that  the  target  return,  or 
signal  component,  and  the  clutter  component  are  correlated,  and  this  correlation  may 
affect  the  accuracy  of  chosen  detection  algorithms. 


f  For  cross  polarized  returns,  ExciHV)  =  Ect{VH)  Etc{VH)  —  Ect{HV)  . 
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2*3.  Field  Calculations 


In  calculation  of  the  received  signal  power  at  a  given  aspect  angle  and  frequency, 
only  the  variances  of  the  above  field  quantities  are  required.  However,  analysis  of 
the  effect  of  the  random  layer  on  the  coherent  SAR  processing  used  to  synthesize 
high  resolution  in  range  and  cross-range,  requires  knowledge  of  the  correlation  of  the 
field  components  in  angle  and  frequency.  For  this  reason,  the  following  calculations 
are  generalized  to  determine  (^Ei{kas,kai)  • 

incident  and  scattering  propagation  vectors  for  one  frequency  and  one  aspect,  and 
where  kbi  and  h,  are  the  same  for  a  second  frequency-aspect  pair.  For  apphcation  to 
SAR,  only  the  backscatter  case  with  kai  =  —kaa  and  kbi  =  —kbs  ?  is  required,  but  for 
completeness  the  bistatic  case  is  considered. 

2.3.1.  Target /Clutter  Autocorrelation 

The  first  term  considered  is  the  autocorrelation  of  Etc  ,  determined  from  (2.15), 
and  given  by  (2.23), 

(4T-Tc(ka.,kai,kba,kbi)  =47rr*  {pa  -ETcikasXi)  X  K  -^TcikbsMi)) 

=ATvr^\af  j  dVi  j  dV2  j  dVz  j  dV^ 

Pa  ■  ’  <^i2(^i>^3)  •  E2ai{rs)  S{r3  —  rr)x 

Pb  •^i(i^>^2)  •^*2(F2,r4)  -^,,(^4)  ^(r4  -  rr)x 
^'^(^1  —  ^2)  (2.23) 

where  oc'  —  iwfia  and  Cq(v)  —  above,  pa  and  pb  are  the  receive 
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polarizations,  which  will  be  taken  to  be  either  h{koz,)  or  v{koz,) ,  corresponding  to  TE 
and  TM  polarizations  of  the  scattered  waves.  It  is  assumed  that  the  difference  in  fre¬ 
quencies  is  sufficiently  small  that  the  effective  permittivity  and  renormalized  scattering 
source  can  be  considered  the  same  at  the  two  frequencies.  The  above  is  normalized 
such  that  for  kas  =  kbi  and  kai  —  ku ,  <ttc-tc  is  the  effective  bistatic  cross  section 
arising  from  the  this  multi-path  scattering  mechanism,  and  has  units  of  square  meters. 

The  dyadic  Greens  functions  Goiir,!^)  and  Gi2(r,r')  appearing  above  are  given 
in  Appendix  A  along  with  the  expression  for  the  field  E2i{r)  incident  in  region  2. 
Since  the  observation  point  is  assumed  to  be  in  the  far-field  of  the  significant  scattering 
region,  the  asymptotic,  far-field  form  of  Goi(r,I^)  is  utilized.  Hence,  the  above  can  be 
rewritten  as 

I^TC-TC  =  -Tr)  -  i’T)x 

|p.  •  +  VjiJJi..)  «““■■'■]  • 

gifcxa-nx  e-ifcx.-r,x  ^  ,(fcj.a)  • 

|p6  •  +^L(k±J  • 

e-ifex^-?2x  ^  . 

e-ifex»..-F4x  [^+* 

C'Q(ri-r2)  (2.24) 

where  Hoi+  ,  ifoi_  ?  -^12,,/ »  ,  and  are  aU  defined  in  Appendix  A.  Replacing 
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Cqij)  with  its  spectral  representation,  keeping  only  non-zero  terms,  and  using  a  more 
compact  notation  yields  (2.25), 


/O  i»0  /*00  /*00  P  y*  /*00  POO  POO  POO  

dzi  I  dzi  I  driji  I  df2±  I  dVs  I  dV^  I  dkj_a  I  d,k±^  j  d/S^  I  d/3j 

-d  J  ~d  J —oo  J —oo  J  J  i/— oo  t/— oo  J —oo  t/— oo 


^(rs  —  ry)  ^(7*4  —  rj)  ^(/^)  g  ^Xai)*^3x 

g-i(fcX5~fcXfc,-i5x)-r2X  g*(^X6-feXi,i)-r4X  g-«(P^lza8 +/5x)2l  g“‘i(9'fc2xa +«fe2xai  )23 


g**(p'^rx,,-^fcrx,+/5x)^2  gi(^'/^2*x,+^'fc2*x,,)^4 


(2.25) 


where 


h  ■  ■^2„(*x.)  -Si]’  (2-26) 

and  the  spectral  density  corresponding  to  the  correlation  function,  Cqij) ,  of  (2.8)  is 
given  by 

The  integrals  over  tz  and  in  (2.25)  can  be  done  trivially  with  the  use  of  the  two 
delta  functions.  In  addition,  the  integral  over  rix  can  be  performed  to  yield  another 
delta  function  in  fcx,  —  fcx«.  —  ^x  •  This  third  delta  function  allows  trivial  integration 
over  ,  with  the  result  given  by  (2.28). 
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g-i(Ixj  -fc±a+*-La.  )-»^2X  g-»(9'*'2xa  +  »*!2*ai  )*T  ^ 

e-»(pfcix..-9feix«+^x)2i  gi(p'fcrxi.-<fei%+/3x)*2  (2.28) 

Similarly^  it  is  possible  to  integrate  r2X  to  obtain  a  delta  function  which  can  be  used 
to  perform  the  k±^  integration.  The  result  is  given  by  (2.29), 

(ttc-tc  —  f  dzi  f  dz2  f  f  d^z(27r)^  -^c-tc  ~  kxi.^fiz)  x 

J—d  J —d  J —oo  J—oo 

g-»(9'fe2*c+»fe2i„j  -^'*:2xi-»'*=2ijP*^  X 

g-i(pfclxa.-9felxc+/5x)^l  g*(P'*ixt,-^*'rxfc+^*)*2  (2.29) 

where 

k±c  =  kx^  +  kxa,  —  kx^,  (2.30) 

and 

knz.  =  (2.31) 

^rc-rc^^'  in  (2.29)  is  as  in  (2.26)  but  with  ^x.  replaced  by  fcx*  •  The  two  integrations 
over  zi  and  Z2  can  be  done  directly  yielding  the  further  simplification  of  (2.32). 

(Ttc-tc  =  /  dkxi  f  dl3^{2Try  '^A’^c-TC^  ^{kxi  -kxt.,fiz)  x 

J  —  OO  J—OO 

g-»(*X..  +^Xji  )-r  J.y  g-*(9'^2xe  +»fc2i„i  “  *'*'2xm  )*T  ^ 

1  _  e‘(p*'»*a.-9feixc+;8x)<i  1  _  g-i(p'fei%.-^fci%+^-)<^ 


pki 

Zas  —  <ik\zc  +  fdz 


(2.32) 


82  CHAPTER  2  -  SCATTERING  OF  A  POINT  TARGET  BENEATH  A  RANDOM  SLAB 


Finally,  the  integral  of  (2.32)  can  be  broken  into  two  parts,  the  first  of  which  is  conver¬ 
gent  in  the  upper  half-plane  of  ,  and  the  second  convergent  in  the  lower  half-plane. 
Poles  of  the  resulting  integrands  occur  at  /J*  =  qku^  —  pkiz^,  • 

The  spectral  function  $(^)  has  poles  of  its  own,  but,  in  the  low  loss  case,  the  contri¬ 
bution  from  these  will  be  small  in  comparison  to  the  dominant  poles  of  the  remainder 
of  the  integrand,  and,  therefore,  the  poles  of  are  neglected.  The  result  after 

performing  the  integral  using  the  appropriate  infinite  half-circle  contours  in  the 
upper  and  lower  half-planes,  and  extracting  the  residues  of  the  relevant  poles,  is  given 
by  (2.33). 


cttc-tc  =(27r)®i  f  dk±^  ^  ^ 

g-»(fex«,  e“*(9**'**«  “^'*'**1  “***'3*H  X 

‘  $(fc±t  -k±t,,^k^z,-p'kuj  _  ^(kit  -  felt., gfcuc  - 
.pkizas  -  gku^  +  £k^^^  -  p'k^^^,  pk\z^.  -  qkuc  +  -  P'klzi. 


g»(pfclxa.  +t'Kzi  -P'Kz^,  y 


(2.33) 


Elimination  of  the  final  integral  is  not  possible  without  introducing  approximations, 
and  in  obtaining  the  results  of  the  next  section  the  above  expression  was  evaluated  nu¬ 
merically.  The  derivations  of  the  clutter/target  autocorrelation  and  the  target /clutter 
—  clutter/target  correlation  are  similar  to  the  above  and  are  omitted.  The  final  expres¬ 
sions,  however,  are  given  in  Appendix  B. 
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2.3.2.  Clutter  —  Target/Clutter  Correlation 


The  second  class  of  correlations  to  consider  are  those  between  the  clutter  return 
and  the  target/clutter  or  clutter/target  multi-path  contributions.  The  original  expres¬ 
sion  for  the  clutter  -  target/clutter  correlation  is  obtained  by  suitably  combining  (2.14) 
and  (2.15)  to  yield  (2.34). 


^C—Tc(.^oajkaifkl,sjkfn)  — 47rr  '  Ec{kaa^kai^  Pj  '  •^2’C7(^6»  5  ^6t)^ 

=47rr^a'*y  dVi  J  dV^  j  dVz  Pa  •^i(^>n)  •^S!l(n)  x 


hut 

Pb  •  G'oi(r,r2)  •  Gi2(r2,r3)- 


■®2m*^(^3  “  rT)C'Q (ri  —  r2) 


(2.34) 


Using  the  expressions  of  Appendix  A  for  the  Greens  functions  and  incident  fields,  the 
above  can  be  rewritten  as  shown  in  (2.35), 

/O  pO  i*oo  i*oo  i*oo  ^  poo 

dzi  /  dz2  /  dfij.  I  df2±  /  dVs  /  dk±f,  /  dfi_^  /  d/3^ 

-d  -  J —d  V —CO  V— OO  V  J —  CO  J  J ~oo 

Kn-7T)  E  X 


t(fcx,j-fex.,-Px)-rix  g-»(*!Xj-feXj,-^xK2X  g-»(*!Xji-*Xj)-riX 


(2.35) 


where 


— T~  [Po  ’  ^ 


Pl-Ho,Xk^J^F,2ik^,)^E\ 


(2.36) 
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Performing  the  integration  in  a  manner  analogous  to  that  used  previously  with  the 
autocorrelation  (Ttc-TC  »  yields  the  final  result  in  closed  form  given  by  (2.37), 

trc-TC  =(27r)®i  X)  ^c-Tc"'  x 

'  ^  (fexq.-  -  fex..  >  -P'Kz,.  +  <lK,  )  -  fel..  >  -Phza,  -  ^ 

.  phza.  +  -  P'kLi.  +  pku..  +  -  P%z^.  +  <lKzi 

g»(p*:iia.  +»*'!  ^ai 

with 

A:j.i  =  h±,^i  +  fcxj,  -  fcx, 

The  derivation  of  the  clutter-clutter/target  return  is  similar  and  the  final  result  is  given 
in  Appendix  B. 

2.3.3.  Target  Autocorrelation 

It  is  necessary  to  determine  the  power  and  correlation  of  the  coherent  target 
return,  Et  •  Beginning  with  (2.18),  and  substituting  the  expressions  of  Appendix  A 
yields. 


(2.37) 

(2.38) 

(2.39) 


(TT^Ixi^as,  kai,  kb„  kbi)  -  pa  ’  Exikas,  kai)  X  pl  •  ^^(^6,,  fcfti) 

p,p', «,#'=+ 

g-i(k±a.  -fcx„  +fexM)-rxT  (2.40) 
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where 


APP'»»’  _ 


O: 


/|2 


(4 


7rr)2 


[pa  •  ^02p(^-Lo.)  *  -®2ai] 


X 


Pb  •  Hq2 


2m 


(2.41) 


2.3.4.  Clutter  Autocorrelation 


Unlike  the  calculation  of  previous  terms,  formulation  of  the  clutter  return  power 
and  autocorrelation  requires  knowledge  of  the  geometry  of  the  SAR  system  and  speci¬ 
fication  of  the  antenna  pattern.  This  requirement  arises  because  the  region  from  which 
scattering  contributes  to  the  received  field  is  not  limited  to  a  small  area  about  the 
target,  but  is  instead  limited  only  by  the  finite  beamwidth  of  the  real  antenna  pattern. 
This  larger  effective  scattering  region  is,  in  general,  sufficiently  large  that  the  radar  is 
no  longer  in  the  far-field,  and  the  linear  phase  dependance  over  the  scattering  region 
must  be  augmented  by  a  quadratic  term.  The  geometry  considered  here  is  more  general 
than  that  required  in  the  SAR  application,  and,  as  shown  in  Figure  2.3,  allows  for  four 
separate  antenna  patterns,  two  transmit  and  two  receive,  each  with  its  own  orientation. 

For  a  radar  located  at  (xnyryZr)  and  a  beam  center  at  (scjJ/oO) ,  the  distance 
to  a  point  {xc  +  ®,  j/c  +  I/>0)  is  given  approximately  by  (2.42), 


T  =  (t/r  -  Pc  -  VY  +  (®r  “  ®c  - 


®r 


X 


)  {yr-Vc)  . 


-y 


+ 


2r* 


(2.42) 


where 


Tc  =  \/^r  +  {yr  -  ycT  +  (®r  - 


(2.43) 
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Transmit  /  Receive 


Figure  2.3.  Geometry  of  the  SAR  antenna  patterns  for  transmit 
and  receive  and  for  two  different  orientations. 

Hence,  the  phase  delay,  ikr ,  can  be  written  as 


ikr 


ikrc  ±  ik 


X 


rx  +  ik 


+  y^ 

2rc 


=  ikvc  d=  ikj^  •  Tx 


(2.44) 


where 


rx  =  XX  +  yy 


(2.45) 
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=k±±  -—r±  (2.46) 

and  where  the  positive  sign  is  taken  for  fcx  in  the  incident  direction  (radar  to  ground), 
and  the  negative  sign  is  taken  for  A:x  in  the  scattering  direction.  If  the  center  of  the 
first  incident  beam  (a)  is  taken  as  the  origin  of  a  ground  coordinate  system  from  which 
Fxa  and  Fxj  are  measured,  then  the  positions  measured  from  each  of  the  beam  centers 
are  given  by  (2.47), 

^Xa.-  =  ^x. 

TXa.  =  ^x.  -  ru^ 
rui  =  ^Xfc  -  Tii 
rxi.  =  rxt  -  ra  - 

where  ru ,  Fj,. ,  and  are  as  shown  in  Figure  2.3.  Using  (2.47),  the  perpendicular 
components  of  each  propagation  vector  at  each  position  on  the  ground  can  be  written 
from  (2.46)  as  given  in  (2.48). 


(2.47a) 

(2.476) 

(2.47c) 

(2.47d) 


_  1  fc 

K.  =  kx„  -  -  ’’<-•)  (2.484) 

^  >as 

^x«  =  fcxM  +  “  ^»)  (2.48c) 

(2.48d) 


The  above  propagation  vectors  describe  the  local  plane  wave  nature  of  the  fields  at 
each  point  on  the  surface.  If  it  is  assumed  that  locally  the  fields  can  be  calculated  as 
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if  the  incident  and  scattered  fields  are  indeed  plane  waves,  weighted  by  the  antenna 
gain  to  that  point  on  the  surface,  then  the  ratio  of  the  received  to  transmitted  power 
is  given  by  (2.49). 


nPaPb  _ 


{47r)^rairasrHns 


Pa  •  e 


g  J-at  -^a 


J  ^2^  j  (ifj,,  J  dzf,  J  rfFij 


Ji 


-  ^xJx 

\/G'ai(rx„)  (?a»(rx.  -  ris„)  Gbi{r±i  -  ru)  Gbsirxi  -  ru  -  ri,J  (2.49) 


It  is  also  assumed  in  the  above  that  the  antenna  patterns  are  real  (symmetric  aperture 
distributions),  such  that  the  antenna  pattern  does  not  introduce  a  direction  dependent 
phase  term.  The  far  field  Green’s  function  kernel,  'Hoi ,  and  the  expression  for  the 
incident  field,  ,  are  given  in  Appendix  A.  In  order  to  express  the  above  in  a  form 
more  similar  to  previous  terms,  a  near-field  radar  cross  section  can  be  defined  as  in 
(2.50), 

<-  =  -P  (2-50) 

a^b 

where  r»vg  =  {rai+rat  +  rbi  +  rb,)/4,  Ga  =  {Gai  +  Ga))/2 ,  and  Gb  =  (Gbi  +  Gbt)/^  ,  with 
Gat ,  Gas  5  Gbi ,  and  Gbs  the  peak  gains  of  the  four  antennas. f  Hence,  rewriting  (2.49) 


f  The  above  near-field  radar  cross  section  definition  is  not  necessary  and  is  some- 
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in  RCS  form,  using  a  more  compact  notation,  and  eliminating  the  absolute  phase  term 
yields. 


’’c-c  =  /  Yj  ^^'-c  ^ 

p,p',«,5'z=  +  ,^ 

C^Q^^Xa  — 


c**'*'i*6.’*‘ 


(2.51) 


where 


jpp'55'  __ 


avg 


47r  V fliT Qg 


X 


X 


f(?ai(^Xa)  ^a«(^Xa  ^ii)  ^6j(^X6 


Ga 


Ga 


Gb 


Gb 


(2.52) 


To  perform  the  integration  in  the  above  expression,  the  variable  transformation, 
rj.j  =  rxa  —rxi  ?  is  first  introduced.  The  correlation  function  limits  the  contributions  to 
the  integral  to  be  from  the  region  where  r±^  is  small,  typically  the  first  few  correlation 
lengths.  Since  it  is  also  assumed  that  the  correlation  length  is  small  compared  to  a 
wavelength,  the  variation  of  and  (and  consequently  and  )  with  r±j^ 
can  be  neglected.  Physically  this  approximation  corresponds  to  the  assumption  that 
what  arbitrary,  but  makes  more  sense  for  the  SAR  problem  where  typically  rai  =  Va,  — 
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the  plane  wave  approximation  is  valid  over  a  distance  of  several  correlation  lengths. 
Making  the  substitution  of  variables,  utihzing  this  approximation,  and  representing 
the  correlation  function  by  the  transform  of  its  spectral  density,  (2.53)  is  obtained. 

<7C-C  =  j  j  j  j 

-fc'xa.  )-^-La  X 

e-i(pfcl.«+»Mx.,+^x)*a  (2.53) 


In  the  above,  k'^^.  and  fc'x,,  are  as  in  (2.48),  and  fc'j,,.  and  fc'x,,  are  as  in  (2.48) 
with  rx„  replacing  rj.^, .  The  integration  over  rxj  may  be  performed  to  yield  a  delta 
function  in  ~  perform  the  integration. 

The  result  is  given  by  (2.54). 


=jdz.j  dz,  J  dfj.,  J  dm^f  y:  xgi?' 

-'fc'x..  -fe'x„  +fcx^.  )-rx.  e-i(PMx..  +*felx„,  +/3d^.  X 

g*(p'fclx,/+»'fclx,/+^*H  (2.54) 


The  two  z  integrations  can  then  be  performed  directly  to  obtain  (2.55). 


<rc-c  =jd^z.j  dm^Y  E  ^c-c  e 


-*'x..  -'''xn  +fe'xj,  )-fx„ 


1  _  e*(P''b..+»*ba.+^d‘'  1  _  e-i(P'Mxj/+»'MxM*+^»)‘i 

P^lZa.  +  P'^U.*  + 


(2.55) 


Finally,  the  j3^  integration  can  be  evaluated  using  contour  integration  methods  as 
discussed  previously  for  ctc-tc  •  The  final  result  below  gives  the  correlation  as  an 
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integral  over  the  illuminated  surface. 


(Tc-c  =87r®i  J 


dr 


Xa  13 

P, p', 5, «'=+,- 


JPP  «« 
^C-C 


X 


.MLa.  +  ^Kzai  -P'^U,*  - 


Hk'ui  -  -PKzg.  -  sk[,J 

Pk'lZa.  +  ^^Uai  -  P'Kz^*  - 


Apl^iza. 


(2.56) 


2.4.  Field  Variance  and  Correlation  Results 


In  this  section,  many  of  the  results  derived  in  the  previous  section  are  illustrated 
by  evaluating  the  variance  and  correlation  of  the  scattering  components  as  a  function  of 
aspect  angle  and  frequency,  as  well  as  several  other  parameters  of  the  random  medium 
and  target  geometry.  The  geometry  for  which  the  results  are  calculated  is  shown  in 
Figure  2.4.  The  direction  of  incidence  is  described  by  azimuth  angle,  <j> ,  and  elevation 
angle,  6 ,  measured  from  vertical.  The  random  slab  is  of  depth  d ,  and  is  characterized 
by  an  effective  permittivity  =  (1.0505  +  0.001794i)€o  ,  a  renormalized  scattering 
source  variance  S  —  .146822,  and  correlation  length  i  =  0.0052  m.  These  parameters 
are  chosen  to  model  forest  vegetation  at  a  frequency  of  1,12  GHz,  and  with  an  assumed 
fractional  volume  of  scatterers  equal  1.67%.  The  procedure  used  to  determine  these 
parameters  is  that  described  by  Chu  [74-76],  and  is  repeated  in  Appendix  D.  Finally, 
the  target  is  located  at  a  depth  z  =  —zt  ,  and  is  chosen  to  have  a  free  space  radar  cross 
section  of  0  dBsm.  The  results  for  the  variance  of  scattering  contributions  at  single 
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Figure  2.4.  Geometry  of  the  field  variance  and  correlation  results. 

aspects  and  frequencies  are  shown  first,  and  the  correlations  between  two  aspects  or 
frequencies  is  shown  thereafter. 

2.4.1.  Scattered  Field  Variance 


The  first  results  of  Figure  2.5  show  the  coherent  target  cross  section,  ct-t-t  j  as  a 
function  of  incidence  angle.  The  three  sets  of  curves  show  results  for  different  choices 
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of  medium  parameters  in  the  three  regions.  For  all  three  results,  the  frequency  is  1.12 
GHz,  the  slab  depth  is  taken  as  d  =  10  m,  and  the  upper  region  is  assumed  to  be 
free  space.  In  addition,  the  target  is  located  at  z  =  —10  m,  just  beneath  the  lower 
interface.  In  the  first  set  of  curves  (solid),  the  slab  region  is  assumed  to  have  the 
parameters  described  above,  and  the  bottom  region  is  assumed  to  be  free  space.  For 
comparison,  the  second  curve  (long-dash)  shows  the  free  space  result,  where  the  random 
slab  is  removed  and  replaced  by  free  space,  such  that  the  cross  section  is  independent 
of  angle.  At  normal  incidence,  the  propagation  through  the  foliage  is  seen  to  attenuate 
the  return  by  approximately  3.5  dB,  as  compared  to  the  free  space  case,  and  this 
attenuation  increases  at  higher  incidence  angles  as  the  propagation  path  through  the 
lossy  slab  lengthens  and  more  power  is  lost  to  reflections  at  the  boundaries.  Both  HH 
and  VV  polarizations  are  shown,  although  there  is  little  difference  between  the  two  since 
the  effective  permittivity  of  the  slab  is  very  close  to  free  space,  and  the  Brewster  angle 
effect  is  small.  In  contrast,  the  third  result  (short-dash)  shows  the  effect  of  replacing 
the  free  space  below  the  random  slab  by  a  lossy  media  with  €2  =  (6.0  -|-  0.6t)eo  .  The 
overall  magnitude  of  the  return  for  all  aspect  angles  is  decreased  since  the  reflection 
coefficient  at  the  lower  boundary  is  now  much  larger.  In  addition,  for  large  incidence 
angles,  the  VV  return  is  stronger  than  HH  because  the  Brewster  angle  effect  at  the 
lower  interface  allows  more  VV  power  to  penetrate  and  reach  the  target. 

In  Figure  2.6  is  shown  the  scattering  cross  section,  cttc-tc  ?  arising  from  the 
target/clutter  multi-path  mechanism,  where  the  frequency,  random  medium,  and  target 
positioning  are  as  in  the  previous  figure.  The  first  set  of  curves  (solid)  shows  the  result 
for  free  space  above  and  below  the  random  slab.  The  overall  magnitude  at  normal 
incidence  is  approximately  12.5  dB  below  the  coherent  return,  and,  as  with  the  coherent 
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return,  the  magnitude  declines  for  increased  angles  of  incidence,  but  at  a  slower  rate. 
In  addition,  the  two  polarizations  are  not  identical  as  is  true  for  the  coherent  return, 
but  instead  the  VV  return  is  up  to  2  dB  larger.  This  effect  is  not  due  to  the  difference 
in  boundary  reflections,  since  the  TE  and  TM  reflection  coefficients  are  nearly  identical 
as  discussed  above. 

The  second  set  of  curves  (dashed)  makes  this  point  even  clearer  by  replacing 
the  free  space  above  and  below  the  slab  by  a  media  having  permittivity  equal  to  the 
effective  permittivity  of  the  slab,  and,  thus,  eliminating  the  influence  of  the  boundaries 
aU  together.  One  effect  removing  the  boundaries  has  is  the  change  in  the  behavior 
for  larger  incidence  angles.  UnUke  previously  where  the  return  decreases  for  angles 
approaching  grazing,  the  scattering  now  increases  at  larger  angles.  It  is  clear  that  the 
overall  dependance  with  angle  is  a  combination  of  several  effects  which  individually 
tend  to  increase  or  decrease  the  return.  Both  the  higher  reflection  coeflR.cients  at  angles 
closer  to  grazing,  and  the  increased  attenuation  due  to  the  longer  path,  tend  to  decrease 
the  return.  In  contrast,  the  longer  path  in  the  slab  also  allows  a  greater  opportunity 
for  scattering  which  tends  to  increase  the  return.  Hence,  without  the  effect  of  the 
boundaries,  this  later  effect  dominates.  When  the  boundaries  are  added,  the  net  effect 
is  a  decrease  with  angle,  but  at  a  rate  slower  than  that  seen  in  the  coherent  return. 

The  other  effect  seen  in  this  second  set  of  curves  is  the  maintained  difference 
between  the  W  and  HH  polarized  returns.  This  result  indicates  that  the  difference 
is  due  to  the  geometry  of  the  scattering  between  the  target  and  random  media,  and 
not  due  to  differences  in  the  boundary  interactions.  Since  the  target  is  placed  very 
close  to  the  random  media,  most  of  the  contributing  scattering  will  arise  from  a  small 
circular  region  about  the  target.  The  phase  across  this  region  will  vary  fastest  in 
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the  plane  of  incidence  because  of  the  added  Hnear  phase  delay  in  this  direction.  In 
contrast,  perpendicular  to  the  plane  of  incidence,  the  phase  differences  are  due  only 
to  the  distance  between  the  target  and  the  scatterer,  and  will  vary  more  slowly.  The 
horizontal  polarization  will  lead  to  a  target  which  behaves  as  a  dipole  perpendicular 
to  the  plane  of  incidence,  and  which  reradiates  more  of  the  power  in  the  plane  of 
incidence,  over  which  the  phase  is  varying  more  rapidly.  For  this  reason  there  is  more 
cancellation  leading  to  a  smaller  return.  In  contrast,  the  vertical  polarization  leads  to 
a  target  which  behaves  as  a  dipole  lying  in  the  plane  of  incidence,  and  radiating  more 
power  perpendicular  to  this  plane  where  there  is  a  slower  phase  change.  For  this  reason, 
less  phase  cancellation  occurs,  and  a  stronger  return  is  obtained.  This  geometrical  effect 
is  believed  to  explain  the  higher  VV  return  in  the  absence  of  boundaries. 

The  above  effect  should  become  less  pronounced  as  the  target  is  moved  out  of 
the  near-field  of  the  random  media,  such  that  the  region  (Fresnel  zone)  from  which 
significant  scattering  arises  becomes  more  broadside  to  the  dipole  target  for  both  HH 
and  VV  polarizations.  Figure  2.7  compares  the  result  obtained  previously  for  the 
target  immediately  beneath  the  slab  (solid)  with  the  result  of  moving  the  target  5 
meters  below  the  lower  boundary  (dash).  As  expected,  the  distinction  between  the 
polarizations  becomes  lost  for  the  later  case. 

Next  is  shown  the  effect  of  replacing  the  free  space  region  below  the  slab  with  the 
same  lossy  media  ( ^2  =  (6.0  -f  0.6i)eo  )  used  above.  Figure  2.8  compares  the  previous 
result  for  free  space  in  region  2  (sohd)  with  this  new  result  (dashed).  Overall  the  return 
is  smaller  for  the  later  result,  since  the  higher  reflection  coefficient  at  the  lower  interface 
limits  the  power  reaching  the  target,  and  reduces  the  multi-path  return  as  it  did  the 
coherent  return.  Now,  however,  the  VV  polarization  is  no  longer  larger  than  HH  for 
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Figure  2.5.  Dependance  of  the  coherent  target  scattering  cross- 
section,  <tt-t  5  on  elevation  angle.  Results  are  given 
at  1.120  GHz  for  a  10  m  slab  with  zt  =  10  m.  Shown 
is  the  case  with  €0  =  ^2  =  ^0  and  Cim  =  (1.0505  -f 
.001794i)eo  (solid).  For  comparison,  the  free  space 
case  (dashed),  and  the  case  with  a  lossy  media  (  ^2  = 
(6.0  -|-  0.62)60  )  in  region  2  (dotted)  are  also  pictured. 
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Figure  2.6.  Dependance  of  the  target /clutter  scattering  cross 
section,  (Ttc-tc  >  on  elevation  angle  for  €0  =  ^2  =  c© 
(solid)  and  eo  =  €2  =  (1.0505  +  .001794i)eo  (dash). 
Results  are  given  at  1.120  GHz  for  a  10  m  slab  with 
zr  =  10  m  and  with  eim  =  (1.0505  +  .001794t)€o  • 
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Figure  2.7.  Dependance  of  the  target/clutter  scattering  cross 
section,  (Ttc-tc  >  on  elevation  angle  for  zr  =  10  m 
(solid)  and  zj  =  15  m  (dash).  Results  are  given  at 
1.120  GHz  for  a  10  m  slab  with  eo  =  C2  =  nnd 
ei,„  =  (1.0505 +  .001794i)eo. 
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large  incidence  angles,  but  the  two  polarizations  give  approximately  the  same  return. 
This  effect  is  beheved  to  be  due  to  the  increased  reflection  from  the  lower  interface, 
which  increases  the  HH  return  reaching  the  radar  after  first  being  scattered  by  the  target 
and  random  media.  This  increase  is  sufficient  to  overcome  the  Brewster  angle  effect 
which  allows  more  power  to  reach  the  target  in  the  VV  case  and  which  would  otherwise 
cause  a  larger  VV  return.  This  effect  is  similar  to  the  result  observed  by  Zuniga  [49] 
who  demonstrated  that  for  thin  random  layers,  the  reflection  from  the  lower  interface 
makes  it  possible  to  obtain  a  backscatter  return  larger  for  the  HH  polarization  than  for 
the  VV  case. 

Figure  2.9  shows  the  dependance  of  ct-t  (solid)  and  (Ttc-tc  (dash)  on  the 
depth  of  the  target  below  the  upper  interface.  Results  are  given  for  the  case  of  normal 
incidence  with  the  frequency  and  other  parameters  the  same  as  previous  figures.  As 
expected,  the  magnitude  of  the  coherent  return  is  seen  to  be  independent  of  depth  since 
there  is  no  loss  in  region  2.  Similarly,  the  target /clutter  multi-path  return  is  found  to 
be  independent  of  depth,  since  the  l/r^  loss  for  the  interaction  between  the  target  and 
random  scatterers  increases  with  increased  target  depth,  but  the  area  of  the  Fresnel 
zone  within  the  slab  from  which  scattering  contributions  arise  also  increases  as  for 
increasing  target  depths.  Hence,  the  net  effect  is  an  independence  with  depth.  A  small 
exception  to  this  is  seen  for  target  positions  very  close  to  the  random  media,  where  the 
near-field  effect  causes  a  slight  increase  in  the  scattered  return. 

Figure  2.10  shows  the  effect  of  the  thickness,  d,  of  the  random  slab  on  (Ty.r  and 
(ttc-tc  >  for  a  target  positioned  in  free  space  immediately  below  the  lower  interface. 
The  coherent  return  decreases  with  a  linear  exponential  rate  for  increasing  thickness, 
since  the  slab  is  lossy  and  this  change  increases  the  path  length  in  the  slab  region. 
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The  effect  on  <ttc-tc  is  different  for  two  different  ranges  of  d.  For  small  values  of 
d,  increasing  the  thickness  adds  more  random  media  by  which  the  target  scattered 
field  may  be  rescattered,  and  leads  to  a  larger  multi-path  return.  This  increase  is  the 
expected  result,  since  in  the  limit  as  the  slab  thickness  approaches  zero,  the  multi-path 
contribution  must  disappear.  In  contrast,  however,  for  larger  values  of  thickness,  the 
effect  of  adding  more  scatterers  saturates,  and  the  added  attenuation  from  the  increased 
path  length  through  the  random  slab  leads  to  a  decrease  in  the  returned  field.  The 
saturation  arises  in  part  because  the  added  scatterers  are  further  from  the  target  and 
suffer  a  greater  1/r^  loss  in  propagation  from  the  target,  and  also  in  part  because  the 
path  delay  for  the  added  scatterers  may  be  such  as  to  cause  destructive  interference 
with  the  contributions  from  existing  scatterers. 

Figure  2.11  shows  the  dependance  of  (Tt-t  <^tc-tc  with  frequency  over  a 
small  20  MHz  band  about  1.12  GHz.  The  bandwidth  shown  is  picked  to  be  typical  of 
that  used  in  a  SAR  application.  Both  (Tt-t  and  ctc-tc  are  seen  to  be  only  weakly 
dependent  on  frequency,  with  higher  frequencies  leading  to  a  slight  increase  in  the 
target /clutter  return,  and  a  slight  decrease  in  the  coherent  target  return.  This  result 
demonstrates  that  the  target /clutter  multi-path  field  is  not  strictly  stationary  over 
frequency,  and  the  correlation  between  returns  at  two  frequencies,  which  will  be  shown 
shortly,  will  be  seen  to  be  a  function  of  both  frequencies  rather  than  only  the  difference. 

Figure  2.12  shows  the  correlation,  <tc-tc  •,  between  the  clutter  return  and  the 
target/clutter  multi-path  return  as  a  function  of  incidence  angle.  Only  the  magnitude 
of  the  correlation  is  plotted.  The  most  significant  feature  of  this  result  is  the  overall 
magnitude,  which  at  normal  incidence  is  approximately  27  dB  lower  than  the  (Ttc-tc 
cross  section,  and  40  dB  lower  than  the  coherent  cross  section,  ctt-t  •  The  oscillations 
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Figure  2.9.  Dependance  of  the  coherent  target  scattering  cross 
section,  (Tt-t  ■>  (solid)  and  the  target /clutter  scatter¬ 
ing  cross  section,  <ttc-TC  »  (dash)  on  target  depth. 
Results  are  shown  for  normal  incidence  {9  =  0°)  at 
1.120  GHz  with  a  10  m  slab  and  with  cq  =  €2  = 
and  ei,„  =  (1.0505  -b  .001794i)eo  . 
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Figure  2.10.  Dependance  of  the  coherent  target  scattering  cross 
section,  (Tx-t  ■>  (solid)  and  target/clutter  scattering 
cross  section,  (Txc-tc  ?  (dash)  on  slab  thickness.  Re¬ 
sults  are  shown  for  normal  incidence  (9  =  0°)  at  1.120 
GHz  with  the  target  positioned  immediately  below 
the  lower  interface  (zx  =  d),  and  with  eo  =  €2  =  Co 
and  =  (1.0505  -f  .001794i)eo . 
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Figure  2.11.  Dependance  of  the  coherent  target  scattering  cross 
section,  ctt-t  ?  (solid)  and  the  target-clutter  scatter¬ 
ing  cross  section,  <ttc-tc  »  (dash)  on  frequency  for 
normal  incidence  {0  =  0°) .  Results  are  given  for  a  10 
m  slab  with  zx  =  10  m  and  with  eo  =  cj  =  eo  and 

=  (1.0505 -f.001794t>o. 
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Figure  2.13.  Dependance  of  the  clutter-target/clutter  correla¬ 
tion,  (Tc-tc  »  on  frequency  for  normal  incidence  {B  = 
0°) .  Results  are  given  for  a  10  m  slab  with  zy  =  10 
m  and  with  eo  =  e2  =  Co  and  eim  =  (1.0505  -f 
.001794t)eo . 
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with  increasing  incidence  angle  are  due  to  the  phase  difference  between  the  clutter  and 
target/clutter  returns  which  changes  with  angle,  leading  to  aspects  where  the  two  are  on 
average  more  in  phase  (peaks)  or  more  in  quadrature  (troughs).  The  higher  correlation 
for  the  HH  polarization  can  be  explained  by  the  fact  that  for  this  polarization  the 
target  acts  like  a  dipole  perpendicular  to  the  plane  of  incidence,  radiating  more  of  its 
power  into  this  plane.  Furthermore,  in  this  plane  the  phase  delay  for  the  radar-target- 
clutter-radar  path  is  most  like  that  of  the  radar-clutter-radar  path,  assuming  in  each 
case  the  same  random  scatterer.  In  contrast,  for  the  VV  polarization  the  target  acts 
like  a  dipole  lying  in  the  plane  of  incidence  and  radiating  more  power  perpendicular  to 
the  plane  of  incidence.  Points  off  of  the  plane  of  incidence  have  greater  differences  in 
phase  delay  between  the  paths  through  that  point  for  the  two  scattering  mechanisms. 
For  this  reason,  the  coherency  between  the  HH  return  from  the  clutter  and  the  HH 
return  from  the  target/clutter  multi-path  is  higher  than  the  coherency  for  the  VV 
polarization,  and,  consequently,  the  correlation  is  higher  for  HH. 

Finally,  Figure  2.13  shows  the  magnitude  of  the  correlation  ctc-tc  as  a  function 
of  frequency  over  a  20  MHz  band  centered  at  1.12  GHz.  The  result  is  shown  for  the 
case  of  normal  incidence  on  the  random  media.  The  result  is  seen  to  oscillate  with  a 
range  of  approximately  5  dB,  again  arising  from  the  changes  in  coherency  between  the 
two  scattered  fields  which  results  when  the  change  in  frequency  affects  the  phase  delay 
for  individual  scatterers  in  the  random  layers. 
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2.4.2.  Scattered  Field  Correlation 

Figures  2.14-2.16  show  the  correlation,  (Ttc-Tc{^i,^2)  ,  of  the  target /clutter  re¬ 
turn  for  a  fixed  angle,  9i ,  with  the  target /clutter  return  at  a  varied  angle,  $2 .  The 
results  are  calculated  at  a  frequency  of  1.12  GHz,  with  a  medium  thickness  d  =  10  m, 
and  with  the  target  in  free  space  immediately  below  the  lower  interface.  In  each  case, 
the  correlation  is  normahzed  by  the  result  for  =  ^2  • 

Figure  2.14  compares  the  result  for  the  HH  polarization  (solid)  with  that  for  VV 
(dash)  where  in  both  cases  6i  =  0°  (normal  incidence).  In  each  case  the  correlation 
drops  sharply  for  the  first  1°  or  2° ,  then  decays  more  gradually  for  larger  values  of 
02  —  0i .  However,  the  decorrelation  for  the  HH  polarization  is  faster  than  that  seen  for 
VV.  This  difference  is  again  probably  due  to  the  behavior  of  the  point  target  which  acts 
as  a  dipole  lying  in  the  plane  of  incidence  for  the  VV  case,  and  as  a  dipole  perpendicular 
to  this  plane  for  the  HH  case.  Hence,  in  the  HH  case,  less  power  is  scattered  from  the 
target  in  directions  perpendicular  to  the  incidence  plane  as  compared  to  the  VV  case. 
Since  the  phase  change  for  changing  02  —  0i  occurs  only  between  scatterers  separated 
in  the  plane  of  incidence,  the  VV  dipole  radiates  more  power  to  scatterers  located  so 
as  to  experience  less  phase  shift  relative  to  one  another.  For  this  reason  the  VV  return 
remains  correlated  longer  than  the  HH  return. 

The  effect  of  polarization  on  the  decorrelation  rate  shows  that  the  correlation  is 
affected  in  general  by  the  shape  of  the  region  of  random  scatterers  from  which  significant 
multi-path  scattering  arises.  Since  this  region  represents  an  aperture  (or  volume)  with 
randomly  varying  excitation  ampHtude,  it  is  expected  that  the  return  which  results  will 
remain  correlated  over  angular  changes  which  cause  no  significant  phase  shift  across 
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the  aperture.  In  the  present  problem  with  the  target  immediately  below  the  random 
layer,  the  shape  of  the  contributing  region  is  expected  to  be  roughly  hemi-spherical 
(ignoring  for  the  moment  the  above  polarization  effect),  centered  about  and  directly 
above  the  target.  Because  this  volume  has  a  greater  horizontal  extent  than  vertical 
height,  it  is  expected  that  a  given  separation  02  —  0i  wiU  lead  to  the  greatest  phase 
shift  across  the  region  for  0x  =  0°  and,  thus,  the  correlation  will  be  sharper  for  Bx 
near  normal  incidence.  Figure  2.15  shows  a  comparison  of  the  correlation  of  the  HH 
return  over  $2  —  B\  for  several  values  of  Bx ,  and  it  is  clear  that  the  correlation  is  in 
fact  sharpest  for  =  0°  ,  and  drops  more  gradually  for  larger  values  of  Bx .  Hence,  the 
correlation  is  not  a  function  of  only  02  —  Bx ,  but  depends  on  Bx  as  well.  Consequently, 
the  correlation  is  not  symmetric  for  any  choice  of  Bx  ^  0°  . 

Figure  2.16  gives  a  similar  comparison  of  correlations  for  several  values  of  Bx , 
but  is  shown  for  the  VV  polarization.  Unlike  the  previous  case  the  correlation  is  now 
sharper  for  larger  incidence  angles,  Bx ,  although  the  difference  between  results  for 
varied  Bx  is  less  significant  than  for  the  HH  polarization.  The  reason  for  the  different 
behavior  in  the  VV  case  is  the  combination  of  the  two  previously  discussed  effects 
of  scattering  region  shape.  The  overall  hemi-spherical  nature  of  the  scattering  region 
should  lead  to  a  slower  decorrelation  as  with  the  above  HH  case.  However,  the  effect  of 
the  dipole  target,  which  was  seen  to  lead  to  a  sharper  correlation  at  normal  incidence 
for  the  HH  case  than  for  the  VV  case,  becomes  less  dominant  as  the  center  angle  is 
increased.  The  reduction  of  this  target  polarization  effect  is  expected  to  lead  to  sharper 
correlations  for  larger  incidence  angles.  The  net  effect  of  these  two  mechanisms  is  a 
change  which  produces  a  slight  increase  in  the  sharpness  of  the  correlation  for  angles 
closer  to  grazing. 
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eim  =  (1.0505  +  .001794i)eo 
d  =  10m 
zt  =  10  m 
=0° 

/  =  1.12  GHz 

S  =  .146822 
£  =. 0052  m 


Figure  2.14.  Correlation  of  the  target /clutter  multi-path  return, 
(Txc—Tc{^ij^2')  1  over  9\  —  Q  and 

for  HH  (solid)  and  VV  (dash)  polarizations.  Results 
are  given  at  1.120  GHz  for  a  10  m  slab  with  zj  = 
10  m  and  with  eg  =  ^2  =  and  eim  =  (1.0505  -|- 
.001794i)eo . 
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Figure  2.15.  Correlation  of  the  target/clutter  multi-path  return, 
cTyc-rcC^ij^z)  5  over  9^  =  02  —  9\  for  the  HH  polar¬ 
ization  and  for  di  =  0°  (solid),  9^  =  40°  (dash),  and 
9i  =  60°  (dots).  Results  are  given  at  1,120  GHz  for 
a  10  m  slab  with  zr  =  10  m  and  with  eo  =  €2  =  €0 
and  tim  =  (1.0505  +  .001794t)eo . 
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Figure  2.16.  Correlation  of  the  target/clutter  multi-path  return, 
o'rc-Tc(^i,^2),  over  Oj,  =  $2  -  0i  for  the  VV  polar¬ 
ization  and  for  9i  =  0°  (solid),  9i  =  40°  (dash),  and 
=  60°  (dots).  Results  are  given  at  1.120  GHz  for 
a  10  m  slab  with  zj  =  10  m  and  with  cq  =  ^2  = 
and  €im  =  (1.0505  -t-  .001794i)eo  . 
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In  addition  to  the  shape  of  the  region  of  random  scatterers,  the  extent  of  the 
correlation  in  angle  is  also  affected  by  the  overall  size  of  this  region.  As  the  region 
becomes  larger  the  phase  change  across  the  region  will  be  larger  for  a  given  change  of 
incidence  angle,  and  the  return  is  expected  to  become  decorrelated  faster.  To  illustrate 
this  effect,  Figure  2.17  shows  a  comparison  of  the  correlation,  cxc-Tci^it^T)  •,  for  a 
target  located  at  zy  =  10  m  (solid)  and  a  target  at  zy  =  15  m  (dash).  In  both  cases, 
the  polarization  is  horizontal  and  6i  =  0° .  Increasing  the  depth  of  the  target  leads 
to  an  increase  in  the  size  of  the  Fresnel  zone  from  which  multi-path  scattering  arises 
and  is  expected  to  cause  a  sharper  decline  in  the  correlation  function.  The  results  of 
Figure  2.17  display  this  effect  with  the  correlation  for  the  case  zr  =  15  m  decreasing 
more  rapidly.  Hence,  unlike  the  variance  of  the  target /clutter  return,  which  was  shown 
to  be  independent  of  target  depth  (with  €2  =  eo  ),  the  correlation  of  the  field  is  clearly 
affected  by  target  position. 

While  all  the  above  results  give  the  correlation  function  for  changes  in  eleva¬ 
tion  angle,  for  application  to  the  SAR  problem,  it  is  of  greater  interest  to  deter¬ 
mine  the  correlation  over  changing  azimuth  angle.  Figure  2.18  shows  the  correlation, 
o'TC-Tci<^2  —  <f>i)  for  HH  (solid)  and  VV  (dash)  polarizations.  Both  cases  are  shown  for 
an  elevation  angle  of  0i  =  O2  =  40°  with  the  target  positioned  at  z^  =  10  m.  Because 
of  the  azimuthal  symmetry,  the  correlation  is  now  a  function  of  only  the  difference  of 
azimuth  angles,  <f>2  —  <i>i  • 

Unlike  the  correlation  in  elevation  angle,  the  correlation  in  azimuth  shows  that 
the  HH  fields  decorrelate  more  slowly  than  the  VV  fields.  Again,  the  reason  for  this 
difference  arises  from  the  dipole  nature  of  the  target,  and  the  effect  on  the  shape  of 
the  scattering  region  in  the  random  layer.  The  VV  dipole  radiates  more  power  in  the 


114  CHAPTER  2  -  SCATTERING  OF  A  POINT  TARGET  BENEATH  A  RANDOM  SLAB 


horizontal  plane  than  does  the  HH  dipole.  Since  the  phase  change  for  changing  azimuth 
is  experienced  for  scatterers  separated  in  the  horizontal  direction,  the  HH  case  radiates 
less  power  to  scatterers  which  experience  phase  shifts  for  changing  azimuth  angle,  and, 
thus,  the  HH  fields  remain  correlated  over  a  wider  range  of  azimuth  angles. 

Figures  2.19  and  2.20  show  the  effect  of  changing  the  elevation  angle,  di  =  ^2  > 
on  the  correlation,  (ttc-tc{<I>2  —  <f>i)  ^  for  HH  and  VV  polarizations,  respectively.  Ge¬ 
ometrically  it  can  be  shown  that  at  larger  elevation  angles,  the  phase  delay  across  the 
scattering  region  will  change  more  rapidly  with  changing  (j) .  Consequently,  it  is  seen 
that  the  correlation  function  in  azimuth  drops  more  rapidly  for  larger  elevation  angles. 

Figure  2.21  shows  the  correlation,  crTc-Tc{fi,  f2) ,  of  the  multi-path  target/clut¬ 
ter  return  over  frequency  for  a  typical  SAR  bandwidth  of  20  MHz.  The  correlation  is 
calculated  at  normal  incidence  with  zj  =  10  m  for  several  center  frequencies  near  1.12 
GHz.  The  small  differences  between  the  results  at  different  center  frequencies  show 
once  again  that  this  field  component  is  weakly  stationary  in  frequency  over  a  small 
bandwidth.  The  overall  correlation  is  very  similar  to  that  seen  over  a  small  angular 
extent  <j)  which  would  be  typical  of  the  integration  angle  of  a  SAR  system.  As  will  be 
shown  in  Chapter  7,  this  result  suggests  that  there  will  be  a  degradation  of  resolution 
in  both  range  and  cross-range. 

Finally,  Figures  2.22  and  2.23  show  the  correlation,  (Tc-Tc{<f>2  —  <f>i)  ?  of  the  clutter 
return  at  one  angle  <j)i  with  the  target/clutter  return  at  a  second  angle  4>2i  and  the 
correlation,  <Tc-Tcifii  f 2) ,  of  the  clutter  return  at  one  frequency  with  the  target/clutter 
return  at  a  second.  Both  of  these  correlations  are  seen  to  have  magnitudes  which  rise 
above  one.  This  result  arises  because  the  correlations  are  normahzed  to  a  value  of  one 
where  the  angular  or  frequency  separation  is  zero.  Since  both  correlations  are  cross 
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Figure  2.17. 


Correlation  of  the  target/clutter  multi-path  return, 
1  over  Od  =  $2  —  Ox  for  the  HH  po¬ 
larization  and  for  zr  =  10  m  (solid)  and  zy  =  15 
m  (dash).  Results  are  given  at  1.12()  GHz  for  a  10 
m  slab  with  Ox  =  0°  and  with  €o  =  €2  =  and 

exm  =  (1.0505  + .001 7940eo. 
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Figure  2.18.  Correlation  of  the  target/clutter  multi-path  return, 
<ttc-tc{4>2  —  over  (f>d  =  4>2  —  <Pi  for  0  =  40°  and 
for  HH  (solid)  and  VV  (dash)  polarizations.  Results 
are  given  at  1.120  GHz  for  a  10  m  slab  with  zt  = 
10  m  and  with  eo  =  €2  =  Co  and  cim  =  (1.0505  + 
.001794t)eo . 
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Figure  2.19.  Correlation  of  the  target/clutter  multi-path  return, 
<^TC-Tc{<i>2  —  0i)  j  over  =  <f>2  —  <t>i  for  the  HH  po¬ 
larization  and  for  B  =  20°  (solid),  B  =  40°  (dash), 
and  B  =  60°  (dots).  Results  are  given  at  1.120  GHz 
for  a  10  m  slab  with  zy  =  10  m  and  with  €o  =  €2  = 
and  eiTO  =  (1.0505  +  .001794i)eo  . 


Correlation  Coefficient 


n8 


CHAPTER  2  -  SCATTERING  OF  A  POINT  TARGET  BENEATH  A  RANDOM  SLAB 


€o  =  €2  =  Co 

61^  =  (1.0505  +  .001794i>o 

d  =  10  m 
z-r  =  10  m 
/  =  1.12  GHz 

p  =VV 
S  =  .146822 
I  =. 0052  m 


Figure  2.20.  Correlation  of  the  target/clutter  multi-path  return, 

CTTC-Tc{<j>2  —  <^i)  >  over  =  ^2  —  for  the  VV  po¬ 
larization  and  for  0  =  20°  (solid),  0  =  40°  (dash), 

and  0  =  60°  (dots).  Restdts  are  given  at  1.120  GHz  • 

for  a  10  m  slab  with  zy  =  10  m  and  with  Cq  =  €2  =  €0 
and  ciOT  =  (1.0505  4-  .001794i)eo  . 
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Figure  2.21.  Correlation  of  the  target /clutter  multi-path  return, 
oTc-rc(/i,/2),  over  /^  =  -  ft  for  normal  inci¬ 

dence  (^1  =  $2  =  0°)  and  for  ft  =  1120  MHz  (soUd), 
ft  =  1110  MHz  (dash),  and  ft  =  1130  MHz  (dots). 
Results  are  given  for  a  10  m  slab  with  zy  =  10  m  and 
with  €o  =  €2  =  €0  and  ttm  =  (1.0505  -f  .001794t)€o . 
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Figure  2.22.  Correlation,  (Tc-tc{4^2  —  <f>i)  5  of  the  clutter  return  at 
one  azimuth,  <f)i ,  with  the  target /clutter  return  at  a 
second,  (j>2 ,  for  $i  =  02  =  40°  and  for  HH  (solid) 
and  VV  (dash)  polarizations.  Results  are  given  at 
1.120  GHz  for  a  10  m  slab  with  zt  =  10  m  and  with 
eo  =  e2  =  €o  and  tim  =  (1.0505  +  .001794i)eo  . 
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correlations  between  the  clutter  field  and  the  target-clutter  field,  it  is  possible  that 
the  two  fields  will  correlate  better  for  non-zero  separations  than  for  zero  separation, 
leading  to  correlations  above  one.  Physically,  this  result  is  probably  arising  because 
the  relative  phases  of  individual  scatterers  in  the  random  media  are  more  the  same  for 
the  clutter  and  target-clutter  returns  when  compared  at  two  different  angles  or  two 
different  frequencies  than  when  compared  at  the  same  angle  and  frequency. 
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Electric  Field  /  Electric  Source  Green’s  Function  and  Incident  Field  Ex¬ 
pressions  for  an  Isotropic  Layered  Media 


The  form  of  the  Greens  function  used  here  is  that  given  by  Ah  [144].  For  an 
arbitrary  vertically  stratified  media  with  source  point  in  layer  m ,  and  observation 
point  in  layer  I,  and  where  £  >  m  (i.e.,  the  source  above  the  observation  point),  the 
spectral  form  of  the  Dyadic  Greens  function  is  given  by  (A.l), 


_ _ 

1  _  7?5  J?S  p2ikmzhm. 

j=rTE,TM  ^ 


P=  +  y-  P'=+,- 

C"n(p') 


(A.1) 


where  zt  and  Zm  are  given  in  terms  of  z  measured  from  the  uppermost  interface  as 


zi  =  z  +  di.x 

"1“  dfn 


(A.2) 

(A.3) 


Similarly,  for  £  <  m ,  the  Greens  function  is  written  as  in  (A.4), 

G^m(r,r')  =  — yy*  dfci—  E  i-R»  '^"'e'iikrmhr, 

071  «/  oo  f^mz _ nnir.npiv/r  •^Um'^nm^ 


5=TE,TM 
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Figure  A.l.  Geometry  of  the  layered  media  for  which  the  Greens 
function  and  incident  field  expressions  are  calculated. 

For  the  Greens  function,  (?^m(F,r') ,  the  terms  con¬ 
tributing  to  the  propagation  of  the  wave  from  layer 
m  to  layer  i  are  shown  for  the  case  where  £  <  m  . 
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p=+,-  p'=+,- 

(A.4) 


where 


+ 

II 

(4.6) 

—  -2^  H"  dm-1 

(4.6) 

In  the  above,  hm  is  the  thickness  of  the  layer  m ,  and  the  boundary  below  layer  m 
occurs  at  z  =  —dm .  The  unit  vectors  u’{±ki)  are  defined  as  shown  below. 


=  Hk)  = 

=  h(-K)  =  -  j)|l  (4.8) 

=  =  +  (4.9) 


In  addition,  the  functions  C^{p)  ,  C^{p)  ,  C'n(p')  ,  and  C'Kp')  are  as  given  below. 


C'*(+)  = 

(4.11) 

a 

II 

(4.12) 

c’a+)  =  1 

(4.13) 

c;(-)  =  KAh,)e^‘''“'“ 

(4.14) 
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C'y+)  = 

(A15) 

C"„{-)  =  1 

(A16) 

C'i(+)  =  1 

(A.17) 

(A.18) 

The  multi-layer  reflection  coefficients  for  downward  and  upward  propagation  through 
the  layered  media  are  given  recursively  by 


1  + 


(A19) 


where  -Rn(Ti-i)  ”  -^(n— i)n  Region  n  below  the  bottom  boundary,  and  by 


Rut  = 


1  + 


(A.20) 


where  =  R{o  for  Region  0  above  the  top  boundary.  In  the  above,  the  individual 
layer  reflection  coefficients  for  TE  and  TM  cases  are  given  by  (A. 21)  and  (A.22). 


j^TE  _  ~  f^i^jz 

^  "b  l^i^jz 

j^TM  _  ~  ^i^jz 

€jki;i  "b  ^ikjz 


(A.21) 

(A.22) 


Finally,  the  downward  and  upward  transmission  coefficients  are  given  by 


e  '  '  '  ' 


yTM _ ^  k(^l-l)z  yTM  tfe(,  -^n(^-l)) 

^  _  JiTMg2ikuh 


(1  + 

Jil 

(1  -  RTMe^ikuht) 


(A.23) 

(A.24) 


where  for  £  =  m  +  1 


and 


yTE 


1  +  ^^^ 

1  +  ■Rn(m+1) 


yTM 
rim— +171+1 


V+1) 

k(m+i)z  l-i2?;(^+i)e'''W)*'‘(-+0 


(A.25) 

(^.26) 


(i  +  ^(».)) 

(1  +  Rif 


I.. 


(A27) 

(^.28) 


where  for  f  =  m  —  1 


yTE 

-^Um-*m-l 


1  + 

1  +  -^0(1-1) 


(^.29) 


yTM 


k{m-\)  kmz  _ 1  -  -Rum _ 

k{m-i)z  km  ■R5(^_i) 


(yl.30) 


The  two  dyadic  Greens  functions  above  can  be  combined  and  written  in  the  simpler 
form  of  (A. 31)  below, 


where 


=un, 

Glm^r. 


{r,¥)  =  f  r  dk±  y;  g-'P'''™'*'  F^I!(Arx) 

p,p'=+.- 


(A.31) 


=un 


^pAk±)  3  2  S  1  _  72^ 

ii^ruz  5=TE,TM  ’*• 


X, 


unm~»/ 


L,  g2tfctnz^Tn 


X 


u*(pA!^^)u*(p'fc„,j)C'un(p)C"un(p')  (A.32) 
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From  the  above,  Fx2  ,  and  F^i  ,  can  easily  be  evaluated. 

It  is  also  necessary  to  evaluate  the  far  field  form  of  the  above  Greens  function 
for  a  source  in  layer  1  or  2  and  the  observation  point  at  a  distance  in  region  0.  The 
above  can  be  simplified  for  this  case  by  evaluating  the  integral  with  a  stationary  phase 
approximation  [145].  The  derivation  is  omitted,  but  the  result  is  given  by  (A. 33), 


Gomir^) 


^ikr 

Awr 


P=  +  »- 


•r'x  g-ipfem*,*' 


(A.33) 


where 


=  f-  E  JZTRs 


-^Um— >0 


«=TE,TM 


T?S  p2ikmx^m 


‘U‘{koz)u*{pkrm)C^{  +  )C'l,{p)e 


— ipkmz 


(A.34) 


In  the  above,  fej.,  is  the  perpendicular  component  of  the  wave  vector  in  the  direction  of 
scattering  to  the  far  field  observation  point.  The  two  equations  above  allow  evaluation 
of  Hoip  and  Ho2p  • 

Finally,  it  is  necessary  to  evaluate  the  incident  fields  in  each  region  arising  from 
a  far  field  plane  wave  source.  The  field  incident  on  the  upper  boundary  is  assumed  to 
take  the  form  of  (A.35), 

%  =  [ErH-h,«)  +  (A.36) 

where  and  EP  are  the  magnitudes  of  the  TE  and  TM  components  of  the  field, 

and  where  k±^  is  the  perpendicular  component  of  the  wave  vector  of  the  incident  plane 
wave.  The  general  form  of  the  total  field  in  each  layer  is  then  given  by  (A. 36), 


P=  +  >-- 


(A.36) 


where  for  f  >  0 


-r^(hy)  = 


*=TE,TM 


(A.37) 


From  the  above  the  total  fields  incident  in  regions  1  and  2  can  easily  be  determined. 
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Appendix  B 


Correlation  of  Scattered  Field  Components 


The  following  gives  the  expressions  for  the  correlations  of  all  scattered  field  compo¬ 
nents,  including  the  target  scattered  field,  the  clutter  scattered  field,  and  the  multi-path 
interaction  contributions.  In  all  the  expressions,  #  is  the  spectral  density  associated 
with  the  correlation  of  the  renormahzed  scattering  source  which  was  given  by  (2.27). 
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B.l.  Target /Clutter  -  Target /Clutter  Correlation 


^6i) 


=47rr^  (^pa  •  Excikat:  kai)  PI  •  Excikbs,  few)) 
=(27r)®i  f  dk±^  ^  x 

V  —oo  I  I  Ml  I 


p,p',g,/=  +  ,- 


»(*Xa.  -*'X,i  +*'Xji  )•>•  Xt  g-*(9'*2*«  +»*'2»a,-  )*T 


-  A!j.,.,£A;*,^  -p'ktzj  _  Hkx,  -  k±^,,qkua  -  pkug.) 
pkiza.  -  -  P'ku^,  pkiz^,  -  qki^^  +  ik^,^  -  p%^,. 


Jipkl  za.  -<lklza  +^Kt^ 


[BA] 


where 


■^^cLtC^  —  ^~7~  [P“  ’  ^01j,{kXa.)  •  E  12^j,(^-La)  *  ^2„.]  X 


Pb  •  Hqi  (kxi.)  •  ■^^I2„,(^i.»)  ■  ■®2n 


{B.2) 


kx^  =  kxi  +  A:x..  -  kx^. 


(S.3) 
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B.2.  Clutter/Target  —  Clutter/ Target  Correlation 


^oij  ^6»>  ^6i) 

=47rr^  •  ^cr(fca»,  ^ot)  Pt  •  EcT{h>,  ^w)) 


ipp' 


'ss'qq^lV 


SJL6  X/  -^cr-cr 


=(2ir)®i  J  dks 

g-i(i^±a,  -^Xai+^J-W  )-’'Xt  e“HP*'2*a.  -9*'2*o+^*'2»t  -P'*'2ij,)*T  ^ 

_Q'^lZa  +  ^^IZai  ~~  ^'^IZi  ~  ^'^Izti  9^^120  +  ^^l2ot  —  ^'^Izt  ~ 


J’W^lza  M 


(B.4) 


where 


.pp'*2'«7r  _  |a'P 
^cr-cr  -  -4^ 


[m  •St2,,(^j...) •®:'„]’ 


(B.5) 


fcx.  =  ^X»  +  ^X.i  -  ^±ti 


(B.6) 


and 
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B.3.  Target / Clutter  -  Clutter/Target  Correlation 


kaii  kbi) 

=4wr^  (j>a  •  ErciKa,  Ki)  vl  •  Ecjiha,  few)) 


={2^Yi  r  X 

^  ^=  + 

e-*(*Xa.  -*Xt,  +^-Lw  )-’^Xt  e-K9'*'2*a  +»*!2x..-  +^*'2x4  “P'^'Jxj.  )*T  y 


^(fcxH  -  fcxt>  gfelz.  -  Pfelz„)  ^ 

P^lZas  ~  9^1za  “  ^'^IZh  ~~  ^'^IZhi  P^lZa,  ~  9^1Za  ~  ^'^Izb  ~  ^  ^Izbi 


^i{pkizas  xa 


(BJ) 


where 


Ayc'l'g"'  =  ^  [p.  ■  J..,(<:x..) -1^,7  Jk±.)  ■  EL]  X 
[p»  ■’^02,.(^±J  •Kl„,(^J..) 


(B.8) 


and 


ftla  =  — +  ^Xm 


(B.9) 
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B.4*  Clutter  —  Target /Clutter  Correlation 


^65?  ^6t) 


0  — 47rr  •  Ec{ka8^kai)  •  E'jpQ^kiys^  ki^)^ 

i>ip'»*w=+t- 

^  ^(^-Lqj  -  fej-.. »  +  gfeu  J  ^(k±^,  -  fex,. ,  - 

.  phza.  +  pki^^,  +  ski^^,  ■ 


g»(pfel*a.+*fclx„i-p'fcL4,+9fel%)‘i 


where 


and 


k±t  —  A:x„i  +  kx^^  —  kxa. 


ai  ^-*-J,+*Xa,)'>’Xr  ^ 

-Pkua,  -  Sk^,j  ^ 

-  p%z,.  +  qk{z, 

(B.IO) 


(B.ll) 


(5.12) 
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B.5.  Clutter  -  Clutter/Target  Correlation 


kaij  kh»f  k{n'^ 

=47rr^  (j)a  •  Ec{ka$-,  kai)  Pb  • 

=(27r)S  Y,  ^c-Ct"' 

p'i-9=  + 

'  ^(fcXa<  -  fej-..  ^  -  g'feU)  ~  >  ' 

.  pklza.  +  skuai  -  ^'klz^i  -  q'ku,  pkiza,  +  - 

g»(P*=lxa.  +**=l*ai 


where 


and 


P^lZas  ^^Izgj)  ^ 

(B.13) 


(B.14) 


^±6  —  k^_^^  kj_ai  +  ^Xw 


(5.15) 
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B.6.  Target  —  Target  Correlation 


kb$,  kbi)  =  pa  •  Erikat,  kai)  X  PI  •  Ej’{kbs,  kbi) 

p,p'.».»'=+ 

e-^(fex«.  -feXfc.  -fex.i  +fexw  )-r  Xx 


where 


4PP'«'  _ 
-^T—T  — 


/|2 


(47rr)^ 


X  [pb-%^,{k±J-Ei, 


'  (5.16) 


(5.17) 
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B.7.  Clutter  —  Clutter  Correlation 


'fh  /  dru  E  ^c-c 


p,P^5,«'  =  +  , 


-Pfe^g.  -  ) 

PKz..  +  ^Kzai  -  P'^'uu  -  PKza.  +  ^^IZai  “ 


,*(P*'Iza, 


(5.18) 


where 


(5.19) 


Chapter  3 


Phase  Fluctuations  of  a  Point  Target 
Beneath  a  Layer  of  Continuous 
Random  Media 


The  previous  chapter  presented  an  analysis  of  the  coherent  and  incoherent  fields 
scattered  by  a  point  target  beneath  a  layer  of  random  media.  In  the  representation 
which  was  used,  the  signal  component  of  the  return  is  viewed  as  a  sum  of  a  coherent 
mean  component  and  a  randomly  varying  incoherent  component  of  zero  mean.  The 
effect  of  the  random  media  was  seen  to  be  an  attenuation  of  the  coherent  return  when 
compared  to  the  free  space  case,  and  the  corruption  of  this  mean  signal  by  an  additive 
random  noise  source. 

While  the  analysis  of  the  previous  chapter  is  sufficient  to  evaluate  the  perfor¬ 
mance  degradations  of  a  typical  SAR  processing  scheme,  an  alternate  representation 
has  often  been  employed  in  the  analysis  of  similar  sources  of  degradation  for  SAR  sys- 
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terns.  When  examining  the  effects  of  SAR  platform  motion,  atmospheric  effects,  or 
oscillator  instabihty,  these  sources  of  degradation  are  generally  considered  to  cause  a 
phase  or  multiplicative  noise  in  the  received  signal.  Hence,  to  allow  comparison  with 
this  previous  analysis,  it  is  of  interest  to  re-formulate  the  representation  of  Chapter  2, 
and  to  treat  the  effect  of  the  random  media  as  introducing  a  phase  fluctuation  in  the 
received  field. 

This  chapter  considers  this  alternative  representation  of  the  random  media  effects, 
where  the  target  signature  is  represented  as  the  coherent  return  arising  in  the  absence 
of  permittivity  fluctuations,  multiphed  by  an  exponential  of  random,  complex  phase. 
The  real  part  of  this  phase  is  seen  to  embody  the  phase  fluctuations  or  error  of  the 
received  signal,  while  the  imaginary  part  reflects  the  amphtude  fluctuation  and  mean 
attenuation  of  the  return.  In  the  case  where  the  fluctuations  are  small,  expressions 
are  derived  for  the  variance  and  correlation  of  the  fluctuations,  both  over  angular 
and  frequency  offsets,  and  the  dependance  of  these  statistics  on  several  physical  and 
geometrical  parameters  is  illustrated. 


3.1.  Formulation 


As  will  be  shown  in  Chapter  7,  the  variance  and  correlation  expressions  of  Chap¬ 
ter  2  provide  the  results  necessary  to  analyze  the  performance  of  a  typical  SAR  process¬ 
ing  scheme.  In  the  representation  used  previously,  the  signal  component  of  the  return 
is  viewed  as  a  sum  of  a  coherent  mean  component  and  a  randomly  varying  incoherent 
component  of  zero  mean.  An  alternate  representation  of  the  signal  return  is  suggested 
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by  (3.1),  where  the  effect  of  the  random  layer  is  introduced  as  an  exponential  of  random 
complex  phase  multiplying  the  coherent  return. 

E,  =  (3.1) 

The  complex  phase,  $ ,  has  real  part,  ,  corresponding  to  the  phase  fluctuation  in  the 
returned  signal,  and  has  imaginary  part,  7 ,  referring  to  the  ampHtude  or  attenuation 
fluctuation. 

$  =  ^  + 17  (3.2) 

The  representation  given  by  (3.1)  and  (3.2)  is  of  interest  since  the  variance  of  the  phase 
fluctuations,  {tptp) ,  will  determine  in  part  the  phase  error  introduced  while  focusing 
the  synthetic  aperture  for  cross-range  resolution,  or  in  compressing  a  chirped  pulse 
for  range  resolution.  The  effect  of  random  phase  errors  on  SAR  performance  has 
been  previously  studied  in  the  context  of  other  phase  noise  sources  such  as  platform 
motion  and  atmospheric  interference  [6,10-13].  Past  results  have  shown  that  for  non¬ 
cat  astrophic  degradation  in  performance,  the  phase  fluctuations  must  remain  relatively 
small.  For  this  case  of  small  fluctuations,  it  is  possible  to  relate  the  two  representations 
using  the  approximation  shown  in  (3.3). 

Eg  =  Et  +  Etc  +  Ect 

=  ETe^*  «  Eril  +  i^)  (3.3) 

From  the  above  it  is  clear  that  $  can  be  found  from  Et  ,  Etc  >  and  Ect  as  shown  in 
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Furthermore,  the  variance  of  the  phase  fluctuation  can  be  found  from  the  complex 
phase  as  shown  in  (3.5). 


=  (V’V’) 


($$•)+ Re  ($$) 

2 

{Etc  ’  Exc)  d"  {Ect  •  -E’er)  +  2Re  {Etc  •  j^ct) 


2\Et\ 


Re 


{Exc  '  Exc^  +  {Ect  •  Ect^  +  2  {Exc  •  Ect^ 


2{Ex  •  Ex) 


(3.6) 


Similarly,  (3.5)  can  be  generalized  to  determine  the  correlation  of  the  phase  fluctuation 
as  given  by  (3.6). 


kba  T  kf,i)  — 


—paPh  J_  — PaPb  _L  0T?o 

^TC-’TC  ^CT-CT  "r  ^TC-CT 


O -PaP6 
ZiO  j* 


Re 


;LPaPb  I  ;LPaP6  i  /iPaPfe 

^TC-TC  '  ^CT-CT  ‘  j^ive  cttC-CT 


o  APaPfc 

Zr(7  j* 


(3.6) 


where 

J  ~  *  Exc{,kaaj  kai)  X  pj,  •  Exci^^bty^bi)^  (^•'^) 

and  similar  definitions  exist  for  o’cT-CT  ?  ^tc-ct  >  and  &x-T  •  The  last  of  these  terms, 
cTx-T  •)  can  be  determined  by  a  trivial  change  of  (2.40)  and  (2.41),  and  the  result  is 
given  in  Appendix  C.  The  other  three  terms  can  be  derived  in  a  manner  analogous  to 
that  presented  for  (txc-tc  •  The  derivation  of  axc-TC  is  presented  below,  and  the 
final  results  for  all  three  incoherent  terms  are  given  in  Appendix  C. 


8.2.  COMPLEX  CORRELATION  OF  THE  INCOHERENT  FIELDS 
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3.2.  Complex  Correlation  of  the  Incoherent  Fields 


The  complex  correlation  of  (3.7)  can  be  rewritten  from  (2.23)  by  removing  the 
conjugation  operators,  and  the  result  is  given  by  (3.8), 

o^tT-tc  =  47rr2«'^  j  dVi  J  dVi  j  dVz  j  dVi 

Pa  •  (’^.n)  •  ^2  (n^^s)  •  E2^i  (rs)  8  (rs  -  ry)  x 

Ph  •  <?01  (^>^2)  •  ^12  (7^2,  ^4)  •  E2,i  (r4)  8  (r4  -  rx)  x 
Cq{t^-T2)  (3.8) 


where  a’  =  iuipia  and  where  CQ{r)  is  given  by  (3.9). 


CQ{\ri-r2\)  ==  k^{${ri)C{r2))  =8k^e  I’’* 


(3.9) 


In  the  above,  8  is  the  complex  variance  of  ^(r) .  The  dyadic  Green’s  functions  Goi{r,r') 
and  Gi2(r,7^)  appearing  in  the  above  are  given  in  Appendix  A,  along  with  the  expres¬ 
sion  for  the  field  E2i{r)  incident  in  region  2.  Since  the  observation  point  is  in  the 
far-field,  the  asymptotic  form  of  Goi(F,r')  is  utilized.  Hence,  the  above  can  be  rewrit¬ 
ten  as  (3.10), 


^C-TC 


1  dVi  J  dV2  J  dVz  J  dV4 1  dku  I  dkuCq  (n  -  Fj)  X 

Pa  •  +  To^_  (fcxa.)  • 


E 


9i^=+i  — 
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Pi  .  [^01+  i^U.)  +^oi_  (fci..)  • 

gifexj-r2Xg-ifcxj-?’4X  ^  ^2^,  ,  (^-j-i) 

9',^'=+,- 

gifext-r4x  X  6  (r3  -  rr)  ^  (^4  -  rx)  (3.10) 

where  F01+  ,  ^oi_  ,  ^12,, ,  E^. ,  and  are  aU  defined  in  Appendix  A.  Replacing 
Cqir)  with  its  spectral  representation,  keeping  only  non-zero  terms,  and  using  a  more 
compact  notation  yields  (3.11), 

»iT-TC  =  <<^2  /_„  *'12-  /_„  *22-  /  ‘*’'2  /  ‘*'^2  /_^  <i5l.  /_^  /_^  ‘'A 

p,pl,l,£f  =  +  ,^ 

J.  g*(^-L6  "^Xj,  +/3x)*^2X  “^X^,-  )*^4X  ^-^P^lzas  +/5x)^l  >< 

g-t(gfc2r„+*fe2z„,)23g-‘(p'fclifc,-<'*!lXi-^i)*2g-»(9'*’2i6+»'*'2*n)*4  (3-11) 


where 


A¥j“fe'“'  =  [p.  •  Hoi,  (*:x..)  -K,,  (>=1.)  ■  -BL]  X 

[w-t‘..,,(*x..)-7;i„.,(Sx.)-B;;j  (3-12) 

The  integrals  over  rs  and  can  be  done  trivially  using  the  two  delta  functions.  In 
addition,  the  Fijl  integral  can  be  done  directly  to  obtain  another  delta  function,  and 
this  third  delta  function  can  be  used  to  perform  the  /3j^  integration.  The  result  is  given 
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by  (3.13). 


;LPaPb 

^TC-TC 


/O  pO  1*00  1*00  _  /*oo  _  1*00 

dzi  /  dz2  /  <tr2±  /  dk±^  /  (ZAijlj  /  (27r)^  x 

-<i  oo  J—oo  J -‘OO  y— oo  I  ,  , 

g-t(gfe2,,+4fc2x„<+9'fc2*j+«'fc3ij^)zTg»(*Xj-^li,+fcx«-fex<,«  )*r2X  y 


g-»(pfel»a.  -<*'1*0  +/5x)zi  g-Kp'hx^, -t'kix^  -0x)z2 


(3.13) 


Similarly,  it  is  possible  to  integrate  r2±  and  obtain  a  delta  function  which  can  be  used 
to  integrate  fex*  •  The  result  is  shown  in  (3.14), 

^tT-tc  =  r  dz,  f  dz2  r  dk^,  r  d(3,  ^  (27r)^  x 

J  J  J—oo  t/— oo  .  ,  , 

4  (fcx».  -kx„^z) 

g“i(gfc2zc  )^T  ^ 

g-»(pfciza,-^*5i*c+/3z)2i  (3-14) 

where  k±^  =  +  ^±bs  ^-1-6  •  ^be  two  integrations  over  zi  and  Z2  can  be  done 

directly  to  yield  (3.15). 


CfPaPh 

^TC-TC 


rdhuTifl.  E  {2ir)<A5^“Sl?;"'x 

J  —  OO  J  —  oo  ,  ,  . 


'»91«*  =  + 


^  {ku,  —  kxt,^z)  X 

g-t{qk2^^+tk2z^.  +q'k2x^+»’k2x^f)zT  ^ 


1  _  eKpklxa,-ikitc+0x)d  _  g-t(-p'feiij,+^'felzj+/3i)<i 

pklza,  —  ^^Izc  +  fiz  —p'klzi,  +  +  ^z 


(3.15) 
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Finally,  the  j3z  integration  can  be  done  by  breaking  the  integrand  into  portions  con¬ 
vergent  in  the  upper  and  lower  half-spaces  of  the  complex  Pz  plane,  and  closing  the 
complex  integration  contour  upward  and  downward,  respectively,  at  infinite  radius.  The 
integral  can  then  be  evaluated  from  the  residue  contributions  of  the  enclosed  poles.  The 
final  result  is  given  by  (3.16). 

p, 

+^±t,  g-i(.ghtc+»k2z^i  +q'k2n+»'k2,^.  )«t  ^ 

pkiz,,  -  tkiz,  -  I'kxzi  +  p'kizi.  pkiza,  -  -  t-'kiz^  +  P'hz^,  ^ 

jj+p'fe,  )<1  16) 

The  other  two  complex  correlation  terms  can  be  derived  in  a  similar  manner,  and  the 
final  expressions  are  given  in  Appendix  C. 

3.3.  Variance  of  Phase  Fluctuations 

Figure  3.1  shows  the  variance  of  the  phase  fluctuations  of  the  target  return  as  a 
function  of  the  incidence  angle,  6 .  The  parameters  of  the  random  medium  are  those 
assumed  previously  in  Chapter  2,  and  the  target  is  again  located  immediately  below 
the  lower  interface.  The  slab  thickness  is  assumed  to  be  10  m,  and  the  frequency  used 
is  1.12  GHz. 


In  the  calculation  of  the  results,  it  was  found  that  the  second  term  of  (3.6) 
contributed  little,  since  the  integrands  of  the  expressions  for  o'tc-tc  ?  ^ct-ct  »  and 


3.3.  VARIANCE  OF  PHASE  FLUCTUATIONS 


147 


o'tc-ct  oscillate  rapidly.  For  this  reason,  the  behavior  of  the  phase  fluctuations  is 
determined  primarily  by  the  flrst  term,  which  consists  of  the  ratio  of  the  incoherent 
return  to  the  coherent  return.  Hence,  the  effect  of  many  parameters  can  be  determined 
by  examining  the  results  of  Section  2.4. 

The  first  result  (soUd)  of  Figure  3.1  is  shown  for  the  case  of  free  space  in  region  2. 
The  standard  deviation  of  the  phase  at  normal  incidence  is  approximately  20°  ,  and  this 
level  increases  slightly  with  angle.  The  small  increase  can  be  expected  from  the  results 
of  Figures  2.5  and  2.6  where  it  can  be  seen  that  both  (Ttc-tc  and  (Tt-t  decrease  with 
angle,  but  the  coherent  component  decreases  at  a  faster  rate.  Similarly,  the  VV  and  HH 
polarizations  for  (Tt-t  are  almost  identical,  while  for  <ttc-tc  >  VV  is  larger.  Hence,  it 
is  expected  that  the  phase  fluctuations  should  be  larger  for  the  VV  polarization,  and 
the  figure  agrees  with  this  result. 

The  second  result  of  Figure  3.1  (dashed)  shows  the  effect  of  replacing  the  free 
space  below  the  slab  with  a  lossy  media  of  permittivity  €2  =  (6.0  +  0.6i)eo  .  The  earher 
results  of  Section  2.4  showed  that  both  the  coherent  and  incoherent  target  returns  were 
decreased  by  this  change,  and  the  net  result  here  is  for  the  phase  fluctuations  to  remain 
relatively  unaffected.  Since,  however,  the  incoherent  term  is  relatively  polarization 
independent,  while  the  Brewster  angle  effect  yields  a  higher  coherent  return  for  the  VV 
polarization,  it  is  expected  as  discovered  that  the  phase  fluctuations  are  now  larger  for 
the  HH  polarization. 

Figure  3.2  shows  the  standard  deviation  of  the  phase  fluctuation  versus  frequency, 
for  a  20  MHz  band  centered  at  1.12  GHz.  The  parameters  used  are  the  same  as  the 
free  space  case  above,  with  the  incidence  angle  now  fixed  normal  to  the  surface.  As 
expected  from  previous  results,  the  phase  fluctuation  shows  little  change  across  the 


Std.  Dev.  of  Phase  (deg) 


148  CHAPTER  3  -  PHASE  FLUCT.  OF  A  POINT  TARGET  BENEATH  A  RANDOM  SLAB 


A 

Z 


ei^  =  (1.0505  +  .001794i>o 

d  =  10  m 
zt  =  10  m 
/  =  1.12  GHz 

S  =  .146822 
£  =  .0052  m 


Figure  3.1.  Dependance  of  Phase  Fluctuation  Variance  on  eleva¬ 
tion  angle  for  62  =  €0  (solid)  and  €2  =  (6.0  +  0.6i)eo 
(dash).  Results  are  given  at  1.120  GHz  for  a  10  m 
slab  with  zr  =  10  m  and  with  €0  =  60  and  €im  = 
(1.0505  +  .001794i)co. 
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Frequency  /  (GHz) 


=  (1.0505  +  .001794*) 
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Figure  3.2.  Dependance  of  Phase  Fluctuation  Variance  on  fre¬ 
quency  for  normal  incidence  {6  =  0°) .  Results  are 
given  for  a  10  m  slab  with  zy  =  10  m  and  with 

eo  =  €2  =  Co  and  eim  =  (1.0505  +  .001794*)eo  • 
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narrow  band,  and  there  is  only  a  slight  upward  trend  with  increasing  frequency. 


3.4.  Correlation  of  Phase  Fluctuations 


Figures  3.3  and  3.4  show  the  correlation  of  the  phase  fluctuation  at  one  fixed 
elevation  angle,  9i ,  with  the  phase  fluctuation  at  a  varied  angle,  6^ ,  for  the  HH  and 
VV  polarizations,  respectively.  Again  the  result  is  not  stationary  and  depends  on  the 
value  of  6i ,  with  results  shown  for  several  values.  The  parameters  are  as  above,  with 
a  frequency  of  1.12  GHz,  a  slab  thickness  of  10  m,  and  the  target  located  in  free 
space  immediately  below  the  lower  boundary.  It  is  expected  that  the  behavior  of  the 
correlation  will  be  very  much  like  that  of  the  incoherent  term  alone,  and  indeed  this 
appears  to  be  true.  Overall,  the  HH  return  decorrelates  faster  than  the  VV  polarization, 
and  the  correlations  for  both  polarizations  again  show  opposite  dependance  with  respect 
to  center  angle,  with  the  HH  return  decorrelating  at  a  slower  rate  for  increased  ,  and 
the  VV  return  decorrelating  at  a  faster  rate.  The  reasons  for  these  effects  are  identical 
to  those  described  earher  for  the  correlation  of  the  target /clutter  multi-path  return. 

A  similar  comparison  between  the  correlation  of  phase  fluctuations  and  that  of  the 
target/clutter  multi-path  field  is  exhibited  in  the  azimuthal  correlations.  Figures  3.5 
and  3.6  show  the  correlation  of  the  phase  fluctuation  over  azimuthal  separation  angle, 
^2  — 01 » for  HH  and  VV  polarizations,  respectively.  The  results  for  each  polarization  are 
shown  for  several  elevation  angles,  6i  =  $2  •  Overall,  the  VV  polarization  decorrelates 
faster  than  the  HH  polarization,  and  in  both  cases  the  decorrelation  occurs  faster  for 
angles  further  from  normal  incidence. 
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Finally,  Figure  3.7  shows  the  correlation  of  the  phase  fluctuation  at  a  center 
frequency,  /i ,  with  that  at  frequencies,  /2  ,  varying  in  a  bandwidth  of  20  MHz  about 
fi .  Several  values  of  center  frequency  near  1.12  GHz  are  shown,  since  again  the  phase 
is  not  strictly  stationary  with  frequency.  It  is  clear  from  the  results,  however,  that 
for  the  narrow  bandwidth  shown,  the  differences  between  correlations  for  varied  center 
frequencies  are  small,  and  the  correlation  is  approximately  dependant  on  the  frequency 
difference  alone. 

The  angular  extent  shown  in  Figures  3.5  and  3.6  represents  a  typical  integra¬ 
tion  angle  for  coherent  integration  by  a  SAR  processor.  Similarly,  the  bandwidth  of 
Figure  3.7  is  chosen  to  represent  a  typical  SAR  bandwidth  for  range  processing.  In 
each  case,  the  phase  is  clearly  not  perfectly  correlated  across  the  aperture  or  frequency 
band,  and  it  is  expected  that  the  system  resolution  will  be  lowered  as  a  result.  In 
addition,  since  the  shape  and  extent  of  the  correlation  function  in  angle  and  frequency 
are  comparable,  it  is  expected  that  the  degree  of  degradation  to  range  and  cross-range 
resolutions  Avill  be  roughly  similar. 
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Figure  3.3.  Correlation  of  Phase  Fluctuations  over  0^  =  02  —  0i 
for  the  HH  polarization  and  for  6i  =  0°  (solid),  9i  = 

40°  (dash),  and  9i  =  60°  (dots).  Results  are  given  at  ^ 

1.120  GHz  for  a  10  m  slab  with  zt  =  10  m  and  with 
eo  =  62  =  €o  and  eim  =  (1.0505  +  .001794t)eo . 
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Figure  3.5.  Correlation  of  Phase  Fluctuations  over  <j>d  =  <l>2  —  <f>i 
for  the  HH  polarization  and  for  0  =  20°  (solid),  $  = 
40°  (dash),  and  0  =  60°  (dots).  Results  are  given  at 
1.120  GHz  for  a  10  m  slab  with  zj  =  10  m  and  with 
Co  =  €2  =  Co  and  eim  =  (1.0505  +  .001794i)eo . 
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Figure  3.7.  Correlation  of  Phase  Fluctuations  over  fd  =  fi  ~  fi 
for  normal  incidence  (^i  =  ^2  =  0°)  and  for  /i  = 
1120  MHz  (solid),  /i  =  1110  MHz  (dash),  and  /i  = 
1130  MHz  (dots).  Results  are  given  for  a  10  m  slab 
with  zr  =  10  m  and  with  eo  =  62  =  €„  and  eim  = 

(1.0505 +  .001794i)eo. 


Appendix  C 


Complex  Correlation  of  Scattered  Field  Components 


The  following  gives  the  complex  correlation  (unconjugated)  of  the  target  and 
target-clutter  multi-path  scattering  terms.  In  all  of  the  expressions  below  $  is  the 
spectral  density  associated  with  the  complex  correlation  of  the  renormalized  scattering 
source,  ({r) ,  and  is  given  by  (C.l), 


$(/?)  =  6kt 


7r2(l  +l3H^y 


where  S  is  the  complex  variance  of  ^(r)  . 


(C.l) 


167 


158  APPENDIX  C 


C.l.  Target /Clutter  -  Target /Clutter  Complex  Correlation  # 


fcat>  kbi) 

=47rr^  (^Pa  •  Excikaii  kai)  Pb  ’  ETcikbsjkbif^ 

=(27r)®i  /  dk±^  ^  x 

,i'=+ 

^(fexfc,  ~  fext>  —^ku^  +  p'kizt,)  ^(~^X(,  +  k±^^,qkiz^  —  pkizg.) 


pkiza.  -  gku^  -  £kui  +  p'kizt,  pkiza.  -  ^kua  -  ^kizi  +  p'ku^^ 


g»(pfclxa,  -<lklxa  +P'fcl xj,  )‘i  ( ^'•2 ) 


where 


»2 

'App^ss’qq*lt^  ^  2ikr 

A¥c-tc  =  e 


[po  *  Hoi^{kXa,)  ’  E 12^^, (kxa)  '  ■®2«.]  ^ 


{kxi.) '  Ei2^^, 


((7.3) 


and 


# 


fexa  =  -kxt  +  fcx«  +  ^Xfc. 
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C.2.  Clutter/Target  -  Clutter/Target  Complex  Correlation 


^ot?  fcfrt) 


=Airr^  (^Pa  •  Ecxikat,  kai)  Pb  •  Ecx{kb$,kuS) 

=(27ryi  r  dku  E  x 

''  py  .«,/=+ 

e-»(fe±a.  -^Xn  )-rXT  g-»(pfe2*a. -<l^2za  -^>2^  +p'hti,  )*T  ^ 

“  k±fiit^'k\2i  +  5  ^i2n)  ~  ^Xw> ~^k\g^  —  ski2ai) 


L9^^l2:a  "t”  “t"  Q^^lZa  “1“  “I” 


1(9' fcl  Xa  +  « fcl  +/'  fcl  X J,  +«' fcl  X J  .  )d 


(C.6) 


where 


xg’r-^i''"'  =  ^  [p.  •  ■  y^,jk^.)  ■  b;.,]  X 


Pi:-T!l2,.(ku.)  •7^.„,(*^1.)  •  <]  {C.6) 


and 


kxa  =  -k±i  +  kx^i  +  kxu 


(C.7) 
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C.3.  Target /Clutter  -  Clutter/Target  Complex  Correlation 


^at5  kb»y  kbi} 

=47rr^  (^pa  •  ETc{kas,  kai)  pb  •  Ecrikbs,  ^w)) 

=(27r)^i  r  dku  E  X 


/'  =  +  ,— 

-feXaj  )-?Xt  X 

^{k±i  —  kxiii^'kizj  +  ^'feizu) _ ~  kx^.,qkiz^  —  pfeiz,,)  ^ 

P^lZa,  -  9^1*a  +  “  9^1*a  +  +  ^'^1^6. 


f^i{p^lZas  ”9^1  Xa 


(0.8) 


where 


A¥c-S't‘^  =  ^  [p«  •K,(*ii..)  • 

[h-%2/'^u.)  -K] 


and 


kxa  =  k±^  +  k±^,  —  k±^. 


(C.IO) 


C.4.  Target  -  Target  Complex  Correlation 


5  ^ot>  — Pa  '  ^ai)  ^  Ph  ’  ^TiJ^bs^^hi) 

—  ^  g-»(pfe2*a.+**'2»o.  +P'*’2ij,+»'fc3lji)2T  X 

p,p',3,3'  =  + 
g-»(^Xaj 
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(C7.12) 


162 


Chapter  4 


Scattering  of  a  Point  Target  in  a 
Multi-Layer  Uniaxial  Continuous 
Random  Media 


The  results  presented  in  Chapters  2  and  3  are  limited  to  the  consideration  of 
a  single  random  layer  with  half-spaces  above  and  below.  In  modeling  many  physical 
situations  of  interest,  it  is  necessary  to  consider  a  media  which  is  stratified  into  a 
greater  number  of  regions,  and  which  includes  more  than  one  layer  with  random  spatial 
variations  in  permittivity.  In  paxticular,  a  more  accurate  representation  of  a  forested 
area  requires  two  foliage  regions,  modeling  the  canopy  and  trunk  layers  individually, 
with  free  space  above,  and  with  a  half-space  of  more  dense  permittivity  modeling 
the  earth  below.  In  addition,  the  trunk  region  of  the  foliage  will  exhibit  a  difference 
in  scattering  characteristics  between  horizontal  and  vertical  polarizations,  because  of 
the  predominantly  vertical  orientation  of  the  trunks,  and,  hence,  must  be  modeled 
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by  non-isotropic  scatterers,  leading  to  a  vertically  uniaxial  effective  permittivity  and 
non-isotropic  correlation  function  for  this  region. 

In  this  chapter,  the  results  of  the  previous  two  chapters  will  be  extended  to  allow 
a  more  accurate  modeling  of  a  greater  variety  of  physical  situations.  The  geometry 
considered  will  now  consist  of  an  arbitrary  number  of  layers  with  half- spaces  above 
and  below,  and  with  the  point  target  located  in  any  of  these  layers.  The  permittivity 
of  each  layer  will  be  allowed  to  be  uniaxial  with  a  vertically  oriented  optic  axis.  Any 
number  of  layers  may  be  assumed  random,  each  with  a  non-isotropic,  but  azimuthally 
symmetric  correlation  function.!  Expressions  for  the  coherent  and  incoherent  multi- 
path  fields  will  be  derived  again  using  the  first  order  distorted  Born  approximation, 
and  these  will  be  used  to  determine  the  statistics  of  the  incoherent  fields.  The  effect 
of  various  physical  and  geometrical  parameters  on  both  the  variance  and  correlation 
of  the  field  will  be  illustrated,  and  the  effect  of  a  uniaxial  correlation  function  and  of 
additional  layers  of  stratification  will  be  determined  by  comparison  with  the  previous 
results  for  the  two-layer  case. 

4.1.  Geometry  and  Random  Media  Model 

The  multi-layer  configuration  which  will  be  considered  here  is  that  shown  in  Fig¬ 
ure  4.1.  The  space  is  separated  into  N  regions  with  N  —  2  bounded  layers  and  with 
half-spaces  above  and  below.  The  top  interface  between  regions  0  and  1  is  assumed 

f  Each  random  layer  will  be  assumed  to  be  independent  of  the  others  so  that  the 
effects  of  each  can  be  superposed  incoherently. 
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to  occur  at  z  =  0 ,  and  the  other  interfaces  occur  at  depths  z  =  —di,  where  i  is  the 
number  of  the  region  directly  above  the  boundary.  The  target  is  assumed  to  be  located 
in  an  arbitrary  layer,  t ,  at  a  total  depth  z  =  zt  ,  and  the  target  again  behaves  as  a 
dipole  re-radiator  of  the  field  incident  upon  it,  with  an  induced  current  density  given 
by  (2.1)  and  (2.2).  In  general,  an  arbitrary  number  of  layers  might  contain  random 
permittivity  fluctuations,  but  since  each  such  layer  wiU  be  assumed  independent  of 
all  others,  the  result  for  the  general  case  can  be  synthesized  by  summing  incoherently 
the  effects  of  each  layer  individually.  Hence,  for  simplicity,  the  random  fluctuations  of 
permittivity  wiU  be  limited  to  a  single  arbitrary  layer,  / . 

It  will  again  be  assumed  that  the  source  of  illumination  and  the  observation  point 
are  in  the  far-field  of  both  the  target  and  that  region  of  random  media  which  contributes 
significantly  to  the  multi-path  return.  Hence,  the  illumination  will  be  of  plane  wave 
form,  as  given  by  (2.3)  and  (2.4),  where  for  simplicity,  it  is  assumed  that  region  0  is 
isotropic.  AU  other  regions  are  allowed  to  be  uniaxial,  each  with  a  vertical  (untilted) 
optic  axis,  such  that  the  permittivity  of  the  i  th  layer  is  given  by  (4.1). 


ei  = 


€i 

0 

0 


0  0 

€i  0 

0  e^. 


(4.1) 


The  correlation  function  associated  with  the  continuous  random  media  is  designed 
to  model  the  inclusion  of  scatterers  which  are  small  in  comparison  to  the  illuminating 
wavelength,  and  which  exhibit  azimuthal  symmetry.  To  allow  a  high  permittivity 
contrast  between  the  background  and  embedded  materials,  Strong  Fluctuation  theory 
is  again  utilized  in  determining  the  effective  mean  permittivity.  Because  of  the  non¬ 
isotropic,  but  azimuthally  symmetric  correlation  function,  this  permittivity  wiU  be 


166  CHAPTER  4  -  SCATT.  OF  A  POINT  TARGET  IN  A  UNIAXIAL  RANDOM  MEDIA 


Region  0 

1 

0 

Region  1 

I 

1 


Region  f  (  Random  Media  ) 


Region  t  ( Target  Layer ) 
1 

t 


^“■^N-3 


Region  N-2 

I 

N-2 


Region  N-1 

1 

N-l 


Figure  4.1.  Geometry  of  the  multi-layer  scattering  problem  with 
N  layers,  and  with  the  point  target  located  in  layer  t , 
and  the  random  media  in  layer  / . 
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uniaxial  (untilted)  similar  to  the  other  non-random  layers.  A  description  of  the  process 
used  to  derive  the  effective  permittivity  is  given  in  Appendix  D. 

The  field  restdting  from  the  scattering  which  occurs  in  the  random  layer  can  be 
determined  by  the  first  order  distorted  Born  approximation  of  (4.2), 

4','  ~klj  •  W)  ■  Ef\r-)  (4.2) 

where  is  the  mean  field  in  the  random  media,  or  equivalently,  the  field  present 

when  the  random  media  is  replaced  by  a  homogeneous  layer  with  permittivity  equal  to 
that  of  the  calculated  effective  permittivity.  Go/(r,r')  is  the  dyadic  Green’s  function 
for  the  stratified  configuration  with  the  observation  point  in  region  0,  and  the  source 
in  the  random  layer,  where  again  the  random  fluctuations  are  replaced  by  the  homoge¬ 
neous  layer  of  effective  permittivity.  Finally,  ^(r)  is  the  renormalized  scattering  source 
which  represents  the  embedded  scatterers  after  the  coherent  effects  of  their  scattering 
have  been  removed.  Hence,  the  randomness  of  the  media  is  described  by  its  effective 
permittivity,  f/  ,  and  by  the  renormalized  scattering  source,  the  correlation  of  which  is 
given  by  (4.3). 


-  r,)  =  |?(?2)]„)  (4.3) 


4.2.  Scattering  Terms  and  Field  Calculations 


As  with  the  simpler  case  treated  in  the  previous  chapters,  the  overall  scattered 
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field  will  again  consist  of  a  direct  coherent  return  from  the  point  target,  an  incoherent 
return  produced  by  direct  backscatter  by  the  random  media,  and  a  series  of  multi- 
path  returns,  describing  the  interaction  between  the  target  and  random  scatterers. 
Again,  the  direct  backscatter  properties  of  the  random  media  have  been  investigated 
previously,  and  this  analysis  will  not  be  repeated  here.  Instead,  the  coherent  and 
incoherent  components  of  the  target  signature  will  be  determined,  and  the  variance 
and  correlation  statistics  of  the  latter  multi-path  component  will  be  calculated.  The 
expressions  for  each  of  the  scattered  field  components  are  first  determined  below.  The 
variance  and  correlation  of  the  incoherent  fields  are  calculated  thereafter. 


4.2.1.  Scattered  Field  Components 


The  field  scattered  by  the  continuous  random  media  is  given  by  the  distorted 
Born  approximation  of  (4.2),  where  the  zeroth  order  field  in  the  random  media  consists 
not  only  of  the  incident  field,  but  also  the  field  produced  by  scattering  of  the  incident 
field  from  the  target.  In  addition,  the  field  scattered  by  the  random  media  not  only 
scatters  in  the  observation  direction,  but  also  is  scattered  to  the  target,  where  it  is 
then  scattered  again  to  return  to  the  receiver.  Hence,  within  the  limit  of  the  first-order 
distorted  Born  approximation,  there  exist  four  fields  created  by  scattering  from  the 
random  media,  and  these  fields  parallel  those  of  (2.14)-(2.17)  for  the  simpler  two-layer, 
isotropic  case.  The  first  represents  the  direct  return  from  the  random  media,  as  given 
by  (4.6),  where  Q{r)  =  kl^(r)  ,  and  where  this  field  is  again  denoted  the  clutter  return. 
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Ec{r)=  f  df'  Gof{ry)^Q{r')-Ef,{r')  (4.6) 

JVf 

#  As  noted  above,  this  term  has  been  examined  previously,  and  since  it  is  independent 

of  the  target,  it  will  not  be  considered  part  of  the  signature  of  interest,  and  will  con¬ 
sequently  be  ignored  here.  The  second  incoherent  term  of  (4.7)  is  the  field  scattered 
^  first  from  the  target,  and  then  the  random  media,  and  this  multi-path  term  is  again 

denoted  the  target/clutter  field. 


Excir)  =  iufia  drGofir,f*)  •  Q{r)  •  j  dtr"Gft{r\r")  •  Eti{r")8{r"  —  tt)  (4.7) 

The  third  term  is  the  similar  multi-path  term  expressing  scattering  in  the  opposite 
direction, 


Ect{t)  =  iujyia  j  dr'Got{r,r')  •  S(r'  —  tt)  •  df"Gtf{r',r")  •  Q{r'')  •  Efi{r")  (4.8) 


and  is  denoted  the  clutter/target  field.  The  final  term  which  arises  under  the  first 
order  distorted  Born  approximation  is  the  target/clutter/target  multi-path  term  given 
by  (4.9). 


Etct{ 


r) 


J  dr'Got{‘>',r')  •  6{r'  —  ry)  •  df"Gtf{r',r")‘ 
^(r")  ■  j  •  <(7'"  -  Tt) 


(4.9) 
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For  reasonable  values  of  a  corresponding  to  reasonable  point  scatterer  cross  sections, 
this  last  multi-path  term  will  again  be  small  in  comparison  to  the  first  two,  and  for 
this  reason  it  is  again  neglected  in  further  analysis. 

In  addition  to  the  incoherent  terms,  there  exists  again  the  coherent  or  direct 
target  return,  Er  ,  which  is  given  by  (4.10). 


Erir)  =  j  dr^Got(r,r^)  •  “  ’’t) 

The  above  terms  compose  the  return  from  the  point  target  and  the  continuous  random 
media.  In  the  analysis  which  now  follows,  the  power  returned  by  the  coherent  mech¬ 
anism,  and  the  variance  and  correlation  of  the  incoherent  multi-path  mechanisms  are 
calculated. 

4.2.2.  Incoherent  Field  Statistics 

As  with  the  simpler  case  of  a  two-layer  media  presented  in  Chapter  2,  what  is 
of  interest  is  to  determine  those  statistics  of  the  multi-path  fields  which  are  needed  in 
analyzing  the  effect  of  the  random  media  on  the  operation  of  synthetic  aperture  radar. 
Again  what  is  required  is  not  only  the  incoherent  power  at  any  angle  or  frequency, 
but  also  the  correlation  of  the  field  over  azimuth  and  frequency  changes  within  the 
integration  angle  and  bandwidth  which  is  processed.  Although  bistatic  results  are  not 
necessary,  the  derivation  here  is  again  generalized  to  include  this  freedom  for  the  sake 
of  completeness.  The  case  considered  here  is  restricted  to  the  case  where  the  target 
and  random  media  are  in  different  layers,  however,  the  special  case  where  the  target  is 
in  the  random  layer  is  treated  in  Appendix  G. 


4.2.  SCATTERING  TERMS  AND  FIELD  CALCULATIONS 


171 


The  correlation  which  is  considered  here  first  is  the  autocorrelation  of  the  tar¬ 
get/clutter  scattering  mechanism.  The  other  two  correlations,  namely  the  autocorre¬ 
lation  of  the  clutter/target  return,  and  the  cross  correlation  between  the  two,  have 
similar  derivations,  which  are  omitted.  The  final  results  for  all  terms,  however,  are 
given  in  Appendix  F. 

The  correlation  is  formed  from  (4.7),  and  is  given  by  (4.11), 


^TC—TC  —  Aw  (^Pa  ’  EtC  X  Pb  ’  E'j'c  {j^ba^ 

=  47rr^|ap  j  j  dr^^pa  •  ^/(r,  rj)  •  5(^2)- 

V“ft{r2,ri)  •  Et,iiri)6{ri  -  rr)  x  PI  ■'^of  (^>^4)  •  W (^4)- 

(^4,^3)  •  Kw(^3)^(r3  -  tt))  (4.11) 

where  a'  =  iujpa  and  where  pa  and  pb  are  unit  vectors  in  the  direction  of  the  polariza¬ 
tion  of  the  received  field.  It  is  assumed  that  the  difference  in  frequencies  is  sufficiently 
small  that  the  effective  permittivity  and  renormalized  scattering  source  can  be  consid¬ 
ered  the  same  at  the  two  frequencies.  The  dyadic  Green’s  function  and  incident  electric 
fields  which  appear  in  the  above  are  given  in  Appendix  E.  Since  the  observation  point 
is  in  the  far-field,  the  far-field  form  of  Cro/(r,r')  can  be  utilized.  Substituting  these 
expressions,  the  result  of  (4.12)  is  obtained. 
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»|2 


E 


E 

UfV  ,tu, 


of,/3,7,/>=x,y,2 


^TC’-TC  — 


Att 
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IIL  dfi  IIL  dr^jj  dk±^  j I  dk±^  C'a^^p(r2  -  ri)  6{ri  -  rr)  S(r3  -  ry); 


gt(feXa-''X..)-r2X  X 

;-»(fexj,-fexi)-r3x  e*(*'*'tn/  +9'^tT^  )*3  g-»(fcxj-fcxj,)-r4x  (4.12) 


Tlie  above  integrals  over  Z2  and  Z4  have  limits  from  z  =  —df  to  z  =  — d/_i .  A  change 
of  variables  is  made  such  that  the  new  limits  will  be  from  z  =  —hf  to  z  =  0.  Since 
the  correlation  is  dependant  only  on  the  difference  between  Z2  and  Z4  ,  only  the  phase 
terms  will  be  affected  by  this  change  of  variables.  In  addition,  the  correlation  function 
will  be  represented  as  the  Fourier  transform  of  its  spectral  function,  ^ai3-yp{0)  •  The 
result  of  rewriting  (4.12)  with  these  changes  is  given  by  (4.13), 


-PaPb  _ 
^TC-TC  — 


u>yZ'  =  TB.TM 


Ill  III  II  II  L,  L, 

«^7P 

t  t  ^  /*/•—  r  I*  _  /  _  pp'»t*^qUV 

J  J  J  J  JJ  A^c-tF'  -  tt)  Hrs  -  Ft)x 


,i(fcx„i-fex„)-"ix  g»(fcXa-*'Xa.-/5x)-72X  g-if^X^ -^Xt)-r3X  g-i(k±^-k  J.^,-13  ±)-T4± 


(4.13) 
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where 


a/3yfi 

TP>ss*qqUif 
A  uu^vv^ww* 

^TC--TC 


(4.14) 


In  the  above,  the  two  integrals,  ri  and  rz ,  over  the  target  can  be  done  trivially  using 
the  two  delta  functions.  The  integration  over  tzs.  can  be  done  to  obtain  another  delta 
function,  with  the  result  shown  by  (4.15). 


-PaPh 

^TC-TC 


E  E  E 


dk 


-La 


ctfSyp 

r  r  _  r  r  _  r  ^  _  pp*$i>qqUtt  _  _  _ 

J J  J  j  A^S-rr'  -/3x)x 


r4j_ 


X 


(4.16) 


The  delta  function  generated  above  allows  the  j3j^  integral  to  be  performed  trivially. 
The  r4x  integral  can  then  be  done  to  generate  another  delta  function,  as  shown  in 
(4.16). 


-PaPb 

^TC-TC 
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E 


tt,v  ,w, 


^  /  dz2  dz4  J I  dkxa  J  j  j  dl3^ 

a,/3,7,P=aj,y,2 
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OLfS^p 

_  _  pp’  ss^qqUl*  _  _  _  _ 

(27r)"  -  k^..M  ^Tc-rr'  ^(^x.  +  k^.  -  fcx..  -  ^xjx 


i(p'feSf“4’.  +/3*)*4 


(4.16) 


The  delta  function  can  be  used  to  perform  the  k±^  integral,  and  the  Z2  and  24  integrals 
can  then  be  done  directly  to  yield  (4.17), 


-PaPi 

^TC-TC 


Zi  Z  //  <^kxaf  dl3^{2iryx 


=  Z 

Ct,f3y'y,p:=X,yyZ 

xt^  iv'  ^vf^ssTEjTM 

ap^p 

$«/3-yp(A;x.  -  At^Ztc'"'  e‘(''-La.-''Xa,-fex»,+fcx,.)TT^  X 


X 


(4.17) 


where  fcjL.  is  given  by  (4.18), 


fcx*  =  Ajx,  +  A;jlj.  -  k±^,  (4-18) 

and  where  Atc-tc  is  as  in  (4.14)  but  with  k±^  replaced  by  kx^ .  Finally,  the 
integral  can  be  done  using  complex  residue  theory,  splitting  the  integrand  into  portions 
convergent  in  the  upper  and  lower  half-planes  of  the  complex  (3^  plane,  and  including 
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the  residue  contributions  from  the  appropriate  poles.  Again  have  poles  of 

its  own,  but  in  the  low-loss  case  these  will  be  less  significant  than  those  of  the  remainder 
of  the  integrand,  and,  therefore,  are  neglected  here.  Appendix  F  gives  a  more  detailed 
result  where  these  poles  have  been  included  for  a  specific  class  of  correlation  functions. 
The  final  desired  result  after  this  integration  is  given  by  (4.19). 


^TC-TC  —  (2?r)®i  ^ 


E  // 


.  A  nu^VV^WW*  w 
^TC-TC  ^ 


X 


^ccMp  (fe-Lg  -  ) 

(k±a 

„ju(“)  _  fui^)  I  ^ 


(4.19) 


The  derivations  of  Cf^x-CT  ^C-CT  similar  and  are  not  given  here.  The  final 
expressions  for  all  terms,  however,  are  given  in  Appendix  F. 

4.2.3.  Coherent  Field  Power 

The  power  of  the  direct  or  coherent  target  return  can  be  found  directly  as  the 
squared  magnitude  of  (4.10).  However,  to  be  consistent  with  the  incoherent  results 
and  to  provide  for  the  SAR  processing  to  be  considered  shortly,  a  correlation  is  defined 
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as  the  product  of  the  coherent  field  received  for  one  angle  and  frequency  with  the 
conjugate  of  that  received  at  a  second  angle/frequency  pair.  The  result  is  , 

which  is  defined  below,  and  which  for  the  case  where  the  two  angle/frequency  pairs 
are  identical,  represents  the  effective  radar  cross  section  of  the  target  arising  from  the 
coherent  return. 


(^a»,  kai,  kbs,  kbi)  =  (pa  *  Et  (kas,  feat)  X  Pi  '  E^  (kbs,  hi)  ) 


1^ 
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E  E  X 

P, 5, p', «'  =  +  ,—  ,W*:=TE^TM 


Ph  •  Hot  Us)  -^4. 


1  * 

e 


a.‘^X 


eifex„i-rTj.  ‘T  g-ifexw-VTj.  (4.2O) 


The  above  can  be  written  in  a  form  more  consistent  with  the  previous  expressions  for 
the  incoherent  fields,  and  this  final  result  is  given  by  (4.21), 


•p^  $$* 


-PaPS 
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E  E  -t-t 

p, a, p', UyWyu\w‘^TE^TM 


(4.21) 


where  At-t  is  given  by  (4.22). 
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4.3.  Variance  and  Correlation  Results 


In  this  section,  the  new  extended  results  derived  above  are  used  to  show  the 
effect  of  a  variety  of  physical  and  geometrical  parameters  on  the  resultant  coherent 
and  incoherent  returns.  The  effects  of  changes  in  the  correlation  length  and  fractional 
volume  of  scatterers  for  the  random  media  are  first  examined.  For  the  incoherent  terms, 
both  the  variance  and  correlation  effects  are  demonstrated.  The  correlation  function  is 
then  changed  to  a  uniaxial  type,  and  the  effects  of  non-isotropic  scatterers  are  shown. 
Finally,  an  additional  layer  is  added  to  the  geometry,  in  the  form  of  an  extra  boundary 
below  the  target,  and  the  effects  of  this  dense  reflecting  boundary  are  seen. 

4.3.1.  Effect  of  the  Random  Medium  Correlation  Length 

To  examine  the  effects  of  the  correlation  length  of  the  random  media,  the  same 
two-layer  geometry  of  Chapter  2  is  employed.  The  random  media  is  located  in  a  slab  of 
10  m  thickness,  with  a  free-space  above  and  below,  and  with  the  target  located  imme¬ 
diately  below  the  lower  boundary  of  the  the  random  region.  The  frequency  employed 
is  again  1.12  GHz,  and  the  scatterers  in  the  random  media  are  assumed  to  be  isotropic, 
leading  to  an  isotropic  correlation  function  and  effective  permittivity.  In  the  previous 
results  of  Chapter  2,  this  effective  permittivity  was  derived  assuming  a  fractional  vol¬ 
ume  of  scatterers  equal  to  1.67%,  and  a  correlation  length  of  0.0052  m,  which  yields  an 
relative  effective  permittivity  of  1.0505  +  0.001794i.  In  contrast,  a  longer  correlation 
length  of  0.0072  m  is  now  considered,  yielding  a  slightly  more  dense  and  lossy  effective 
permittivity  of  1.0516  +  0.002417i . 
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Figure  4.2  shows  the  effect  of  this  increase  in  correlation  length  on  the  coherent 
return  from  the  point  target.  Since  this  is  the  coherent  return,  the  only  effect  is  through 
the  change  in  effective  permittivity  which  results.  The  new  result  for  the  longer  cor¬ 
relation  length  is  shown  by  the  solid  curve,  and  the  previous  result  from  Chapter  2  is 
shown  dashed.  As  expected,  the  longer  correlation  length  result  is  attenuated  more, 
since  the  effective  permittivity  is  now  more  lossy,  showing  the  greater  amount  of  co¬ 
herent  scattering  loss  in  traveling  down  and  back  through  the  random  region.  Both 
polarizations  are  again  shown,  however,  as  before  the  HH  and  VV  returns  are  nearly 
identical  because  the  contrast  between  the  effective  permittivity  of  the  random  media 
and  the  free  space  above  and  below  is  small,  yielding  little  in  the  way  of  boundary 
reflection  effects  which  might  serve  to  distinguish  the  two  polarizations. 

Figure  4.3  shows  a  similar  comparison  between  the  incoherent  target/clutter 
multi-path  returns  for  the  two  correlation  lengths.  The  soUd  curve  is  the  result  for 
I  =  0.0072  m,  and  the  dash  curve  is  that  for  I  =  0.0052  m.  Unlike  the  coherent  case 
above,  the  effect  of  the  increased  correlation  length  is  to  increase  the  incoherent  return. 
Again  the  added  loss  in  the  effective  permittivity  for  the  longer  correlation  length  will 
tend  to  decrease  the  incoherent  return  as  with  the  coherent  return.  However,  for  the 
incoherent  term,  this  effect  is  countered  by  the  increased  scattered  power  which  arises 
because  individual  scatterers  will  now  contribute  coherently  with  their  neighbors  over 
a  larger  distance.  Hence,  the  total  return,  expressed  as  a  sum  of  contributions  from  all 
the  scatterers  in  the  random  layer,  wiU  now  be  more  of  a  coherent  sum  than  previously. 
The  overall  effect  leads  to  a  increase  in  the  incoherent  return  for  longer  random  medium 
correlation  lengths. 

The  combined  effect  of  an  attenuated  coherent  return,  and  enhanced  incoherent 
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return  will  lead  to  a  degradation  in  SAR  performance  for  longer  correlation  lengths. 
This  effect  results  because  the  variance  of  the  phase  fluctuations  is  approximately  pro¬ 
portional  to  the  ratio  of  the  incoherent  to  coherent  returns,  as  was  shown  in  Chapter  3. 
Hence,  although  not  shown  expHcitly  here,  longer  random  medium  correlation  lengths 
will  lead  to  larger  phase  fluctuations  in  the  target  signature. 

The  effect  of  the  random  medium  correlation  length  on  the  correlation  of  the 
incoherent  return  over  azimuth  and  frequency  is  shown  in  Figures  4.4  and  4.5.  The 
correlations  are  done  with  an  elevation  angle  of  ^  =  60°  and  a  center  frequency  fc  — 
1.12  GHz.  Again  the  result  with  I  =  0.0072  m  is  shown  by  the  solid  curves,  and  the 
result  with  the  shorter  correlation  length  of  ^  =  0.0052  m  is  given  by  the  dash  curves.  In 
both  correlations,  the  effect  of  the  increased  random  medium  correlation  length  is  seen 
to  be  small,  in  particular  in  comparison  to  the  much  greater  polarization  effect  in  the 
azimuthal  correlation  of  Figure  4.4.  As  discussed  previously  in  Chapter  2,  the  primary 
factors  in  determining  the  rate  at  which  the  incoherent  return  will  decorrelate  are  the 
size  and  shape  of  the  region  within  the  random  slab  which  is  contributing  signiflcantly  to 
the  multi-path  field.  A  vertical  polarization  to  the  illuminating  field,  and  the  resulting 
vertical  orientation  of  the  dipole-like  point  target,  leads  to  a  scattering  region  within  the 
random  slab  which  is  wider  perpendicular  to  the  direction  of  incidence  than  that  for  the 
corresponding  horizontally  polarized  case,  and  which  therefore  experiences  a  more  rapid 
phase  change  with  changing  azimuth.  This  more  rapid  phase  change  leads  in  turn  to  a 
more  rapid  decorrelation  of  the  return  for  the  VV  case  as  shown  in  Figure  4.4.  The  effect 
of  the  polarization  on  the  frequency  correlation,  although  not  discussed  in  Chapter  2, 
can  be  understood  with  similar  reasoning.  Both  horizontal  and  vertical  orientations 
to  the  dipole  point  target  lead  to  scattering  regions  within  the  random  media  which 
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Figure  4.3.  Dependance  of  the  incoherent  target/clutter  scatter¬ 
ing  cross  section,  <Ttc-tc  j  on  elevation  angle  for  I  — 
.0072  m  and  exrn  =  (1.0516  -f-  .002417i)€o  (sohd)  and 
for  I  =  .0052  m  and  =  (1.0505  -f-  .001794i)eo 
(dash).  Results  are  given  at  1.120  GHz  for  a  10  m 
slab  with  zx  =  10  m  and  with  eo  =  ^2  =  €o .  For 
both  solid  and  dashed  curves,  the  VV  result  is  higher 
at  large  incident  angles. 
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Figure  4.4.  Correlation  of  the  target/clutter  multi-path  return, 
cttc-tc  ,  over  (f)d  =  <f>2  —  <t>i  for  I  =  .0072  m  and 
^im  =  (1.0516  -|-  .002417^)60  (solid)  and  for  I  =  .0052 
m  and  eim  —  (1.0505  -f  .001794i)6o  (dash).  Results 
are  given  at  1.120  GHz  for  a  10  m  slab  with  zt  =  10 
m,  ^  =  60°  ,  and  with  cq  =  ^ 2  =  . 


Correlation  Coefficient 


4.S,  VARIANCE  AND  CORRELATION  RESULTS 


183 


Frequency  Offset  fd  (MHz) 


A 

Z 


d  =  10  m 
zj-  =  10  m 
9  =  60° 

/c  =  1.12  GHz 
S  =  .146822 
fv  =  1.67% 


Figure  4.5.  Correlation  of  the  target/clutter  multi-path  return, 
<^TC-TC  j  over  =  /2  —  f\  for  i  =  .0072  m  and 
^im  =  (1.0516  +  .002417t)eo  (solid)  and  for  t  =  .0052 
m  and  eim  =  (1.0505  -1-  .001794i)eo  (dash).  Results 
are  given  with  a  center  frequency  fc  =  1.120  GHz 
for  a  10  m  slab  with  zj  =  10  m,  9  =  60° ,  and  with 
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are  similarly  spread  in  range,  along  the  direction  of  incidence  and  scattering.  For  this 
reason,  the  phase  change  across  the  region  with  changing  frequency  is  similar  for  both 
polarizations,  and  the  correlation  in  frequency  is  much  less  sensitive  to  polarization,  as 
shown  by  Figure  4.5. 


If  the  random  medium  correlation  length  were  comparable  in  size  to  the  dimen¬ 
sions  of  the  contributing  scattering  region  within  the  random  medium,  then  increasing 
the  correlation  length  would  reduce  the  rate  of  decorrelation,  because  even  though  the 
phase  changed  across  this  region,  the  return  would  still  be  coherent,  with  all  the  scat- 
terers  on  the  region  correlated.  In  the  present  situation,  however,  the  random  medium 
correlation  length  is  much  smaller  than  the  size  of  the  scattering  region  within  the 
random  medium,  and  a  small  change  in  this  correlation  length  will  do  little  to  affect 
the  lack  of  correlation  between  scatterers  on  one  side  of  the  contributing  region,  and 
scatterers  on  the  other.  Consequently,  the  scattered  field  arising  from  the  region  as 
a  whole  will  still  become  decorrelated  when  the  azimuth  or  frequency  is  changed  sig¬ 
nificantly  enough  to  cause  a  significant  phase  change  across  the  region.  On  the  scale 
of  the  correlation  length,  the  corresponding  phase  change  for  this  change  of  azimuth 
or  frequency  will  be  much  smaller,  and  therefore,  the  field  from  individual  regions  of 
correlation  length  size  will  decorrelate  very  httle.  Hence,  increasing  the  correlation 
length  will  do  little  to  reduce  the  overall  decorrelation,  since  the  over  the  region  size 
it  would  effect  (on  the  scale  of  the  correlation  length)  the  scatterer  are  already  well 
correlated.  It  is  for  this  reason  that  increasing  the  random  medium  correlation  length 
has  very  httle  effect  on  either  the  azimuthal  or  frequency  correlation,  and  only  causes 
a  slightly  slower  rate  of  decorrelation  as  seen  in  both  Figures  4.4  and  4.5. 
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4.3.2.  Effect  of  a  Larger  Fractional  Volume  of  Scatterers 

To  examine  the  effects  of  the  fractional  volume  of  scatterers  on  the  coherent  and 
incoherent  point  target  signatures,  the  two  layer  geometry  considered  above  is  again 
used.  The  random  slab  is  10  m  in  thickness  with  free  space  above  and  below,  and  with 
the  target  located  directly  below  the  lower  boundary  of  the  slab.  The  same  isotropic 
correlation  function  with  exponential  dependance  is  assumed,  and  the  correlation  length 
is  taken  to  be  0.0052  m,  as  in  Chapter  2.  The  fractional  volume  of  scatterers  of  1.67%, 
which  was  used  in  Chapter  2,  leads  to  an  effective  relative  permittivity  at  1.12  GHz  of 
1. 0505+0. 001794i,  and  a  renormalized  scattering  source  variance  of  ^  =  .146822.  In 
contrast,  a  fractional  volume  of  4.17%,  considered  here,  leads  to  an  effective  permittivity 
of  1.1360+0.005478i,  and  a  scattering  source  variance  of  ^  =  .433835. 

Figure  4.6  shows  the  effect  of  the  increased  fractional  volume  on  the  coherent 
return  from  the  point  target.  The  horizontally  and  vertically  polarized  returns  for 
the  larger  fractional  volume  of  4.17%  are  shown  by  the  soHd  curves,  and  the  previous 
results  for  fv  =  1.67%  by  the  dashed  curves.  For  increased  fractional  volume,  there 
is  an  accompanying  increase  in  the  effective  loss  of  the  random  slab,  since  there  are  a 
greater  density  of  scatterers  to  interfere  with  propagation  through  the  random  layer. 
Hence,  as  expected,  the  higher  fractional  volume  case  displays  a  greater  attenuation, 
consistent  with  the  more  lossy  effective  permittivity.  Again  both  polarizations  remain 
very  comparable  since  the  increase  in  fractional  volume  is  not  sufficient  to  change 
the  electrical  density  of  the  random  slab  significantly  from  that  of  free  space,  and  to 
introduce  noticeable  boundary  reflection  effects. 

Figure  4.7  shows  a  similar  effect  in  the  incoherent  target/clutter  multi-path  return 
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when  the  fractional  volume  is  increased.  Again  the  results  for  higher  fractional  volume 
are  attenuated  more  than  the  results  at  the  lower  fractional  volume.  Comparing  Fig¬ 
ures  4.6  and  4.7,  however,  it  can  be  seen  that  the  increase  in  attenuation  in  the  coherent 
return  is  larger  than  that  for  the  incoherent  field.  This  smaller  increase  in  attenuation 
for  the  incoherent  term  is  the  result  of  two  opposing  consequences  of  increasing  the 
density  of  scatterers  in  the  random  layer.  Like  the  coherent  return,  the  incoherent  field 
experiences  a  greater  loss  in  traveling  through  the  random  layer,  resulting  from  the 
more  lossy  effective  permittivity  at  higher  fractional  volumes.  In  contrast,  however, 
the  higher  density  of  scatterers  provides  more  opportunity  to  scatter  energy  back  in 
the  direction  of  the  receiver.  In  the  present  situation,  the  former  of  these  two  effects 
is  the  more  dominant,  and  the  increased  effective  loss  leads  to  a  decreased  incoherent 
return. 

Note,  however,  that  at  very  low  fractional  volumes,  the  effect  wiU  be  quite  the 
opposite.  Figure  4.8  compares  the  result  at  the  former  fractional  volume  of  1.67%  (dash 
curve)  with  a  smaller  fractional  volume  of  ,05%  (sohd  curve).  Now  it  can  be  seen  that 
increasing  the  fractional  volume  from  the  smaller  value  leads  to  an  increase  in  the  inco¬ 
herent  return.  Hence,  the  dependance  on  fractional  volume  is  such  that  the  incoherent 
cross  section  increases  with  increasing  fractional  volume  initially,  then  saturates  and 
begins  to  decrease  for  larger  fractional  volumes.  This  dependance  is  the  same  as  that 
seen  in  Chapter  2  for  media  thickness,  where  the  incoherent  return  increased  initially 
with  increasing  media  thicknesses,  but  eventually  the  enhancement  from  added  scat¬ 
terers  was  countered  by  the  increased  loss  from  the  longer  path  through  the  slab,  and, 
thus,  the  return  decreased  for  large  media  thicknesses.  Figure  4.8  also  shows  in  the  low 
fractional  volume  case,  an  increase  in  the  return  for  the  VV  polarization  with  increas- 
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Co  =  62  =  60 

d  =  10  m 
zt  =10m 
/  =  1.12  GHz 

i  =  0.0052  m 


Figure  4.7.  Dependance  of  the  target /clutter  scattering  cross  sec¬ 
tion,  ctc-tc  i  on  elevation  angle  for  fv  =  4.17%, 
ei,n  =  (1.1360 -h  .005478060  ,  and  ^  =  .433835  (solid) 
andfor  fv  =  1.67%,  eim  =  (1.0505-|-.00179406o ,  and 
S  =  .146822  (dash).  Results  are  given  at  1.120  GHz 

for  a  10  m  slab  with  zj  =  10  m  and  with  eo  =  €2  =  eo  .  • 

In  each  case  the  random  medium  correlation  length  is 
i  —  0.0052  m. 
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ing  angle.  Again  this  result  arises  from  the  larger  number  of  scatterers  encountered  for 
longer  path  lengths  through  the  media,  an  effect  which  is  sufficient  to  overcome  the 
additional  path  loss  when  the  fractional  volume  is  small. 

Figures  4.9  and  4.10  show  the  effect  of  increasing  the  fractional  volume  of  scat¬ 
terers  on  the  azimuthal  and  frequency  correlations  of  the  incoherent  target /clutter 
multi-path.  An  elevation  angle  of  ^  =  60° ,  and  a  center  frequency  of  1.12  GHz,  are 
again  assumed,  and  the  correlations  over  a  ±2°  azimuthal  separation,  and  ±10  MHz 
frequency  separation  are  shown.  In  both  cases,  the  results  for  the  higher  fractional 
volume  of  scatterers  (solid  curve),  display  a  slower  rate  of  decorrelation.  Again,  the 
rate  of  decorrelation  is  primarily  determined  by  the  size  of  the  region  of  contributing 
scatterers  within  the  random  slab,  and  the  greater  loss  in  the  slab  for  the  higher  frac¬ 
tional  volume  case,  tends  to  decrease  the  effective  size  of  the  contributing  region,  since 
scatterers  further  from  the  point  target  will  now  experience  a  greater  path  loss  in  the 
propagation  from  the  target.  With  the  effective  region  of  scatterers  smaller,  a  fixed 
change  in  angle  produces  less  phase  change  across  the  region,  and  correspondingly  less 
decorrelation  in  the  scattered  field. 

4.3.3.  Effect  of  a  Uniaxial  Correlation  Function 

In  this  section,  the  effects  of  non-isotropic  scatterers  and  the  resulting  uniaxial 
correlation  function  are  considered.  The  correlation  function  utilized  here  is  that  of 
(D.81)  of  Appendix  D,  which  exhibits  an  azimuthally  symmetric  gaussian  behavior 
in  the  horizontal  plane,  and  an  exponential  decay  in  the  vertical  direction.  Hence, 
the  correlation  function  depends  on  two  correlation  lengths,  ip  and  ,  defining  the 
rate  of  decorrelation  in  the  horizontal  and  vertical  directions  respectively.  The  radial 
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€o  =  ^2  —  ^0 
d  =  10  m 
ZT  =  10  m 
/  =  1.12  GHz 
I  =  0.0052  m 


Figure  4.8.  Dependance  of  the  target/clutter  scattering  cross  sec¬ 
tion,  ctc-TC  >  on  elevation  angle  for  fv  =  0.05% , 
S  =  .003972,  and  €im  =  (1.0014  +  .000047701z)co 
(solid)  and  for  fv  =  1.67% ,  6  =  .146822,  and  eirn  = 
(1.0505  +  .001794i)eo  (dash).  Results  are  given  at 
1.120  GHz  for  a  10  m  slab  with  zt  =  10  m  and  with 
eo  =  €2  =  Co  •  In  each  case  the  random  medium  corre¬ 
lation  length  is  ^  =  0.0052  m. 
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Figure  4.9.  Correlation  of  the  target/clutter  multi-path  return, 
o'TC-TC  j  over  <j>d  =  <t>2  -  <f>i  for  fv  =  4.17% ,  €i„i  = 
(1.1360-l-.005478i)eo  ,  and  S  =  .433835  (soHd)  and  for 
fv  =  1.67%,  eim  =  (1,0505 -f  .001 794i)eo ,  and  6  = 
.146822  (dash).  Results  are  given  at  1.120  GHz  for  a 
10  m  slab  with  zt  =  10  la.,  0  =  60° ,  and  with  eo  = 
€2  =  €o  .  In  each  case  the  random  medium  correlation 
length  is  f  =  0.0052  m. 
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Figure  4.10.  Correlation  of  the  target/clutter  multi-path  return, 
(Ttc-tc  »  over  fd  =  f2—  fi  for  fv  =  4.17% ,  cim  = 
( 1.1360 -I- .005478i)eo,  and  6  =  .433835  (solid)  and  for 
fv  =  1.67%,  eim  =  (1.0505  -f-  .001794z)eo ,  and  8  = 
.146822  (dash).  Results  are  given  at  1.120  GHz  for  a 
10  m  slab  with  zt  =  10  m,  9  —  60°  ,  and  with  eo  = 
€2  =  €o  .  In  each  case  the  random  medium  correlation 
length  is  £  =  0.0052  m. 
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correlation  length  ip  is  taken  to  be  .0052  m,  and  the  vertical  correlation  length,  is 
taken  to  be  three  times  as  large,  or  .0156  m.  Hence,  this  correlation  function  models 
scatterers  which  are  elongated  in  the  vertical  direction,  and  which  are  individually  or 
on  average  symmetric  in  azimuth. 

The  effective  permittivity  which  results  from  this  assumed  correlation  function 
is  uniaxial  (untilted)  as  stated  previously.  At  a  frequency  of  1.12  GHz  and  with  a 
fractional  volume  of  scatterers  of  1.67%,  the  x  and  y  components  of  the  diagonal 
permittivity  tensor  are  =  (1.0442  +  0.001327i)€o »  and  the  z  component  of  the 
permittivity  is  given  by  cim^  =  (1.0839  +  0.004739)eo .  In  comparison  to  the  permit¬ 
tivity  of  eim  =  (1.0505 -|- 0.001 794i)eo  obtained  with  the  isotropic  correlation  function, 
it  can  be  seen  that  the  perpendicular  component  of  permittivity  for  the  uniaxial  case 
shows  smaller  loss,  while  the  vertical  component  shows  a  greater  loss.  The  larger  loss 
in  the  vertical  component  of  the  permittivity  results  from  the  fact  the  scatterers  are 
elongated  in  that  direction,  and  thus  have  a  larger  scattering  cross  section  for  vertically 
polarized  waves.  Similarly,  since  the  overall  fractional  volume  is  the  same,  with  the 
scatterers  elongated  vertically,  they  must  be  thinner  in  the  horizontal  direction,  and 
have  a  smaller  scattering  cross  section  for  a  horizontally  polarized  wave. 

In  addition,  the  variance  of  the  re-normalized  scattering  source  is  not  isotropic, 
and  instead  the  three  distinct  variances  are  given  by  5j.jl  =  .115700,  =  .390404,  and 

S±z  =  .212485 .  When  compared  to  ^  =  0.146822  for  the  isotropic  case,  the  individual 
components  for  the  uniaxial  case  again  indicate  the  scattering  will  be  strongest  for  a 
vertically  polarized  wave. 

Figure  4.11  shows  the  effect  of  the  new  uniaxial  media  on  the  coherent  return  from 
the  point  target.  Again  the  geometry  is  two-layer  with  free  space  above  and  below  the 
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random  slab,  and  with  the  target  directly  below  the  lower  interface  of  the  10  m  thick 
random  layer.  At  normal  incidence,  the  new  results  for  the  uniaxial  media  show  slightly 
less  loss.  This  is  again  because  for  the  coherent  wave  the  attenuation  is  determined 
almost  entirely  by  the  mean  loss  of  the  random  layer,  and  for  the  horizontal  wave,  this 
loss  is  smaller  in  the  uniaxial  case.  Unlike  the  isotropic  result,  however,  where  the  loss 
for  HH  and  VV  waves  remained  identical  as  the  elevation  angle  was  moved  away  from 
normal  incidence,  in  the  uniaxial  case,  there  is  a  much  greater  loss  at  large  angles  for 
VV.  For  the  vertical  polarization  not  only,  does  the  path  length  through  the  media 
increase  at  larger  angles,  but  the  propagation  constant  becomes  more  lossy  as  the  wave 
becomes  oriented  more  vertically. 

Figure  4.12  shows  a  similar  comparison  for  the  incoherent  target/clutter  multi- 
path  return.  Unlike  the  coherent  case,  however,  at  elevation  angles  close  to  normal 
incidence,  the  return  in  the  presence  of  the  uniaxial  random  media  is  now  weaker  than 
that  for  the  isotropic  random  media,  although  the  difference  is  again  small.  Despite  the 
reduced  propagation  loss  through  the  uniaxial  media  for  the  TE  wave,  the  scattering 
is  also  weaker  as  exhibited  by  the  difference  between  6j.j.  in  the  uniaxial  case,  and 
S  in  the  isotropic  case.  For  this  reason,  the  overall  effect  is  the  small  decrease  in  the 
power  of  the  incoherent  return.  At  larger  elevation  angles  there  exists  a  small  difference 
between  HH  and  VV  returns  for  the  isotropic  case.  As  discussed  previously  in  Chap¬ 
ter  2,  this  difference  arises  from  the  dipole-like  scattering  geometry  of  the  point  target. 
This  geometric  effect,  however,  is  not  sufficient  to  overcome  the  added  propagation  loss 
experienced  by  the  TM  wave  in  the  uniaxial  case,  which  leads  to  a  significantly  lower 
return  for  the  vertical  polarization  than  for  the  horizontal  polarization.  The  difference 
between  HH  and  VV  incoherent  returns  is  smaller,  however,  than  that  seen  in  Fig- 
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Elevation  Angle  6  (deg) 


Figure  4.11.  Dependance  of  the  coherent  target  scattering  cross 
section,  ct-t  ,  on  elevation  angle  for  the  uniaxial  cor¬ 
relation  function  with  £±  =  .0052  m  and  =  .0156 
m  (sohd)  and  for  the  isotropic  correlation  function 
with  £  =  .0052  m  (dash).  Results  are  given  at  1.120 
GHz  for  a  10  m  slab  with  zy  =  10  m  and  with 
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ure  4.11  for  the  coherent  returns,  in  part,  because  the  scattering  is  stronger  for  the  TM 
wave  than  for  the  TE  wave,  and  this  effect  overcomes  part  of  the  effect  of  the  added 
coherent  loss. 

Figures  4.13  and  4.14  compare  the  azimuthal  and  frequency  correlations  of  the 
target/clutter  multi-path  field  for  the  uniaxial  (solid)  and  isotropic  (dash)  cases.  In 
both  correlations,  the  rate  of  decorrelation  for  the  horizontally  polarized  returns  is 
very  similar  for  both  the  uniaxial  and  isotropic  random  media.  In  contrast,  in  both 
correlations,  the  decorrelation  of  the  VV  return  is  significantly  slower  for  the  uniaxial 
random  media  than  in  the  isotropic  case.  This  result  once  again  demonstrates  the 
principle  discussed  above  when  examining  changes  of  the  media  correlation  length  or 
fractional  volume,  where  it  was  seen  that  the  rate  of  decorrelation  is  affected  by  the  size 
of  the  region  of  random  media  contributing  to  the  multi-path  field.  The  coherent  loss  in 
the  random  slab  for  TM  waves  is  significantly  greater  for  the  uniaxial  case  than  for  the 
isotropic  case,  leading  to  a  smaller  effective  scattering  region,  and  a  slower  decorrelation 
rate.  In  contrast,  the  loss  for  the  TE  wave  is  comparable  for  both  uniaxial  and  isotropic 
cases,  and  hence,  the  correlations  of  the  HH  returns  are  much  more  comparable  between 
these  two  cases. 

4. 3.4,  Effect  of  an  Additional  Stratification  Layer 

In  this  section,  the  effects  of  an  additional  layer  of  electrically  dense  material 
placed  beneath  the  target,  are  considered.  This  additional  region  allows  modehng, 
for  instance,  of  the  presence  of  an  air-ground  boundary  below  the  target  and  random 
fohage  region.  The  geometry  utihzed  here  consists  of  two  bounded  layers  where  the 
upper  of  these  regions  contains  the  random  media,  and  the  lower,  free-space  region 
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Figure  4.12.  Dependance  of  the  target/clutter  scattering  cross  sec¬ 
tion,  (Ttc-tc  j  oil  elevation  angle  for  the  uniaxial  cor¬ 
relation  function  with  =  .0052  m  and  tz  =  .0156 
m  (solid)  and  for  the  isotropic  correlation  function 
with  I  =  .0052  m  (dash).  Results  are  given  at  1.120 
GHz  for  a  10  m  slab  with  zy  =  10  m  and  with 
Co  =  ^2  =  Co  . 
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Figure  4.13.  Correlation  of  the  target /clutter  multi-path  return, 
(jtc^tc  )  over  (j)d  =  ^2—^1  for  the  uniaxial  correlation 
function  with  i±_  =  .0052  m  and  tz  =  .0156  m  (solid) 
and  for  the  isotropic  correlation  function  with  t  = 
.0052  m  (dash).  Results  are  given  at  1.120  GHz  for  a 
10  m  slab  with  zr  =  10  m,  with  9  =  60° ,  and  with 

€0  =  62  ==  €0  . 
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Figure  4<14.  Correlation  of  the  target /clutter  multi-path  return, 
(Ttc-tc  i  over  fd  =  h  —  fi  for  the  uniaxial  correlation 
function  with  £x  =  .0052  m  and  £z  =  .0156  m  (solid) 
and  for  the  isotropic  correlation  function  with  £  = 
.0052  m  (dash).  Results  are  given  at  1.120  GHz  for  a 
10  m  slab  with  zy  =  10  m,  with  6  =  60° ,  and  with 
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contains  the  target.  Above  these  two  regions  is  a  half-space  of  free-space  permittivity, 
and  below  is  a  half-space  with  permittivity  €3  =  (2.908  +  0.410i)eo  ,  which  is  chosen  to 
represent  a  typical  dry  soil[127].  For  simpHcity,  the  random  media  is  once  again  taken 
as  isotropic,  with  fractional  volume  fv  =  1.67%  and  correlation  length  I  =  0.0052  m, 
which  leads  to  the  effective  permittivity  of  eim  =  (1.0505  -1-  0.001 794i)€o . 

Figure  4.15  compares  the  coherent  return  from  the  point  target  for  this  new  three 
layer  geometry  (soUd)  with  that  shown  previously  for  the  two-layer  case  (dash).  In 
both  cases,  the  target  is  at  a  total  depth  of  15  m,  which  corresponds  for  the  three- 
layer  case  to  a  position  1  m  above  the  interface  between  regions  2  and  3.  Unlike 
the  two-layer  result  which  is  relatively  flat  over  the  elevation  angles  shown,  this  new 
result  oscillates  about  the  former  return.  At  normal  incidence,  the  three-layer  result 
is  higher,  and  in  fact  exceeds  the  0  dBsm  free-space  cross-section  of  the  target.  This 
stronger  return  is  the  result  of  the  reflections  from  the  new  interface  beneath  the  target, 
which  interfere  constructively  with  the  target  return  in  the  absence  of  this  boundary, 
to  increase  the  overall  return.  Similarly,  the  osciUation  occurs  because  the  relative 
phase  of  the  reflection  contribution  changes  as  the  path  length  is  increased  at  larger 
elevation  angles,  and  consequently  the  interference  with  the  directly  scattered  target 
field  is  sometimes  constructive  and  sometimes  destructive.  In  addition,  there  exists 
a  significant  difference  between  the  HH  and  VV  returns  in  the  new  three-layer  result, 
unlike  the  two-layer  case  where  the  two  polarizations  appear  identical.  This  result  arises 
because  the  contrast  in  permittivities  between  regions  2  and  3  is  large,  the  reflection 
significant  as  noted  above,  and  the  reflection  coefficient  different  for  TE  and  TM  waves. 
In  particular,  at  larger  elevation  angles,  the  TM  wave  experiences  a  Brewster  angle 
effect  where  the  reflection  becomes  small,  and  consequently,  the  three-layer  VV  result 
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approaches  that  of  the  two-layer  case. 

Figure  4.16  shows  a  similar  comparison  between  three-layer  and  two-layer  cases  for 
the  incoherent  target/clutter  multi-path  return.  The  three-layer  result  shows  the  same 
effects  seen  in  the  coherent  result,  namely  an  oscillation  in  the  return  with  elevation 
angle,  and  a  significant  difference  between  polarizations  at  larger  angles.  Unhke  the 
coherent  results,  however,  the  oscillations  of  the  three-layer  case  are  not  centered  about 
the  two-layer  result,  and  the  VV  returns  for  large  angles  are  different  for  two  and  three- 
layer  cases.  This  difference  arises  because  the  scattering  from  the  target  to  the  random 
media  is  independent  of  incidence  angle,  and  the  effect  of  the  additional  boundary  will 
be  the  same  for  all  incidence  angles.  Because  the  HH  and  VV  returns  for  the  three- 
layer  case  are  biased  above  the  two-layer  results,  it  is  clear  that  for  the  target  position 
and  geometry  considered  here,  the  additional  layer  enhances  the  scattering  between  the 
target  and  random  media.  In  contrast,  the  incidence  on  the  target  is  still  subject  to 
interference  between  the  direct  and  reflected  paths,  and  this  interference  will  change 
with  incidence  angle,  leading  to  the  oscillations  (smaller  in  amplitude  than  the  coherent 
case)  and  the  Brewster  angle  effects  observed. 

Figure  4.17  shows  the  effect  of  the  thickness  of  the  target  layer  on  the  coherent 
(sohd)  and  target /clutter  multi-path  (dash)  returns.  These  results  are  shown  for  normal 
incidence  with  the  target  always  positioned  1  m  above  the  lower  interface  of  region  2. 
Because  the  distance  between  the  target  and  this  boundary  is  fixed,  the  interference 
effects  between  the  direct  and  reflected  paths  to  the  target  (and  from  the  target  in  the 
coherent  case)  will  not  vary.  Hence,  the  coherent  result  is  expected  to  be  relatively 
independent  of  the  region  thickness  as  shown.  The  small  ripple  in  the  coherent  result 
is  believed  to  be  due  to  the  interference  effect  of  a  small  secondary  reflection  involving 
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Figure  4.15.  Dependance  of  the  coherent  target  scattering  cross 
section,  (Tt-t  ,  on  elevation  angle  for  a  three  layer  con¬ 
figuration  with  a  ground  plane  (solid)  and  for  a  two 
layer  configuration  without  the  added  layer  (dash). 
Results  are  given  at  1.120  GHz  for  a  10  m  random 
slab  with  zy  =  15  m  and  with  €o  =  ^2  =  • 
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zt  =  15  m 
/  =  1.12  GHz 
t  =  0.0052  m 
fv  =  1.67% 

8  =  .146822 


Figure  4.16.  Dependance  of  the  target/clutter  scattering  cross  sec¬ 
tion,  (Ttc-tc  5  on  elevation  angle  for  a  three  layer  con¬ 
figuration  with  a  ground  plane  (solid)  and  for  a  two 
layer  configuration  without  the  added  layer  (dash). 
Results  are  given  at  1.120  GHz  for  a  10  m  random 
slab  with  zy  =  15  m  and  with  Cq  =  62  =  Co  • 
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the  boundaries  above  and  below  the  target.  The  path  length  of  this  doubly  reflected 
return  would  vary  with  the  thickness  of  the  target  region,  and  would  lead  to  the  small 
interference  effect  seen.  In  addition,  as  shown  in  Chapter  2,  the  incoherent  return  is 
independent  of  the  depth  of  the  target  beneath  the  random  media,  and  that  effect  is 
seen  again  in  the  result  here. 

In  contrast.  Figure  4.18  shows  the  effect  of  changing  the  target  depth  within  a 
region  of  fixed  thickness.  In  this  case,  the  distance  between  the  target  and  the  reflective 
boundary  below  is  varied  from  1  m  at  a  target  depth  of  15  m,  to  effectively  zero  at  a 
target  depth  of  16  m.  Both  the  coherent  return  (solid),  and  incoherent  return  (dash) 
are  shown,  and  both  exhibit  the  same  oscillating  behavior,  which  occurs  when  the  direct 
and  reflected  paths  to  the  point  target  interfere  with  each  other.  Note  that  again  the 
oscillations  for  the  incoherent  return  are  smaller  in  amplitude,  since  the  interference  for 
scattering  from  the  target  to  the  random  media,  or  random  media  back  to  the  receiver 
is  a  function  of  the  position  of  the  scatterer  within  the  random  media,  and  consequently 
the  interference  effect  is  averaged  over  all  the  scatterers,  tending  to  smooth  the  effect 
when  compared  to  the  coherent  scattering  mechanism. 

Figures  4.19  and  4.20  show  the  correlation  of  the  target/clutter  multi-path  field 
in  azimuth  angle  and  frequency  respectively.  The  result  for  the  three-layer  case  consid¬ 
ered  here  (solid)  is  compared  with  the  result  for  the  two-layer  geometry  of  Chapter  2. 
It  is  apparent  for  both  correlations,  the  new  three-layer  result  decorrelates  faster  than 
the  two-layer  case.  A  new  effect  which  impacts  the  correlation  behavior  of  the  rntilti- 
path  field  is  demonstrated  by  this  result.  Previously  it  was  shown  that  the  rate  of 
decorrelation  was  linked  to  the  size  and  shape  of  the  region  of  the  random  layer  which 
significantly  contributed  to  the  multi-path  scattering  mechanism.  A  larger  region  ex- 
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Figure  4.17.  Dependance  of  the  coherent  target  scattering  cross 
section,  (Tt-t  ,  (solid)  and  the  target /clutter  scatter¬ 
ing  cross  section,  (Ttc-tc  >  (dash)  on  the  thickness, 
^2 ,  of  the  target  region.  Results  are  shown  for  nor¬ 
mal  incidence  {6  =  0°)  at  1.120  GHz  with  the  target 
positioned  1  m  above  the  interface  between  regions  2 
and  3  (zy  =  da  +  di  —  1.0) . 
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Figure  4.18.  Dependance  of  the  coherent  target  scattering  cross 
section,  (tx—t  ?  (solid)  and  the  target /clutter  scatter¬ 
ing  cross  section,  (Ttc-tc  » (dash)  on  the  target  depth, 
Zt  .  Results  are  shown  for  normal  incidence  (0  =  0°) 
at  1.120  GHz  with  a  10  m  slab  and  with  a  6  m  depth 
to  the  target  region. 
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Figure  4.19.  Correlation  of  the  target/clutter  multi-path  return, 
(Ttc-tc  ,  over  =  (/>2  -  for  three-layer  (soKd), 
and  two-layer  (dash)  configurations.  In  each  case  the 
results  are  given  for  a  10  m  random  slab,  a  frequency 
of  1.12  GHz,  a  40°  elevation  angle,  and  a  target  depth 
of  15  m. 
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Figure  4.20.  Correlation  of  the  target/clutter  multi-path  return, 
a-TC-TC ,  over  /^  =  /2  -  /i  for  three-layer  (sohd), 
and  two-layer  (dash)  configurations.  In  each  case  the 
results  are  given  for  a  10  m  random  slab,  a  center 
frequency  of  1.12  GHz,  a  40°  elevation  angle,  and  a 
target  depth  of  15  m. 
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periences  a  more  rapid  phase  change  between  points  on  opposite  sides  of  the  region 
as  either  the  azimuth  angle  or  frequency  is  changed.  This  size  factor  was  dominant 
in  determining  the  rate  of  decorrelation  because  the  shape  of  the  region  itself  did  not 
change  or  move  over  the  angular  differences  or  frequency  offsets  considered,  but  only 
the  phase  across  the  region  changed.  With  the  reflective  boundary  now  added  below 
the  target,  the  scattering  from  the  target  to  the  random  media  can  be  viewed  as  aris¬ 
ing  from  the  combination  of  the  target  and  an  image  of  the  target  located  below  the 
reflective  boundary.  Since  these  are  spaced  by  a  distance  larger  than  a  wavelength, 
the  target  and  image  together  produce  an  interference  pattern  in  the  random  media, 
producing  scattering  only  from  regions  in  which  the  two  interfere  constructively.  A 
change  in  the  incident  propagation  vector  may  change  the  relative  phase  of  the  target 
and  image,  and  shift  the  interference  pattern  in  the  random  media.  Consequently,  not 
only  does  a  phase  change  occur  across  the  contributing  region  of  random  scatterers,  but 
the  shape  of  this  region  or  its  placement  within  the  random  media  may  also  change. 
Hence,  the  multi-path  field  will  decorrelate  more  rapidly,  producing  the  results  seen  in 
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Appendix  D 


strong  Fluctuation  Theory  for  the  Effective  Permittivity 


In  this  Appendix,  Strong  Fluctuation  Theory  is  applied  to  derive  the  effective  per¬ 
mittivity  of  a  random  media  with  an  anisotropic  but  azimuthaJly  symmetric  correlation 
function.  This  correlation  function  models  the  inclusion  of  azimuthaJly  symmetric  el¬ 
liptical  scatterers  embedded  in  a  background  media,  where  the  permittivity  contrast 
between  background  and  scatterers  may  be  large,  provided  that  the  scatterers  are  elec¬ 
trically  small.  Appropriate  correlation  functions  may  be  derived  from  this  discrete 
scatterer  model  as  shown  elsewhere  [67],  however,  it  is  assumed  here  that  the  deriva¬ 
tion  of  effective  permittivity  begins  with  a  continuous  random  model  with  a  known 
correlation  function.  A  general  expression  for  the  effective  permittivity  is  derived  as  in 
[59],  and  then  evaluated  for  several  specific  choices  of  the  correlation  function. 

From  symmetry  arguments  it  is  clear  that  the  azimuthal  symmetry  of  the  scat¬ 
terers  and  resulting  correlation  function  will  lead  to  an  effective  permittivity  which  is 
uniaxial.  Hence,  the  homogeneous  vector  wave  equation  for  the  electric  field  will  be 
written  as  in  (D.l), 


VxVxE-kl^-E  =  !^  (le{r)  -?,)■£ 


(B.l) 


where  Cg  is  a  deterministic  effective  background  permittivity  which  is  uniaxial  and 
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takes  the  form  of  (D.2) 


€<,  = 


0  0 

0  €g  0 


0  0  e, 


gz 


(0.2) 


This  permittivity  will  be  determined  later  in  such  a  manner  that  the  resulting  ex¬ 
pression  for  the  effective  permittivity  will  remain  vahd  even  for  strong  fluctuations 
of  permittivity.  The  solution  for  the  total  electric  field  of  (D.l)  can  be  expressed  in 
integral  form,  as  in  (D.3), 


®(F)  =  Bi(F)  +  klj  if  G,(7,F') 


(J3.3) 


where  ~Ei{f)  is  the  incident  wave,  and  where  Gg{r,r')  is  the  dyadic  Greens  function  for 
a  homogeneous  media  of  permittivity  .  Since  the  observation  point  in  the  above  is 
within  the  source  region,  the  singularity  term  of  the  Greens  function  must  be  considered, 
and  ^{r,r')  will  be  composed  of  a  principal  value  part  and  a  singularity  part. 

5,(r,F')=PS5,(F,F')-^«(f-F')  (DA) 


The  dyadic  coefficient  5  of  the  singularity  portion  will  be  uniaxial,  and  together 
with  the  shape  of  the  exclusion  volume  will  be  determined  later  to  again  prevent  sec¬ 
ular  terms  in  the  scattering  contribution  to  the  eff^ective  permittivity  which  have  no 
frequency  dependence  and  which  would  restrict  the  solution  to  weak  fluctuations. 

The  source  portion  of  the  integral  of  (D.3)  can  be  expressed  as  the  product  of  two 
functions  as  given  by  (D.5), 

f(r).T^(r)  = 


(D.5) 


# 


and  after  substituting  the  above  and  (D.4)  into  (D.3),  the  result  of  (D.6)  is  obtained, 


E{r)  =  Ei{r)  +  kljd^  PS  Ggiry)  ■  ^(r')  •  F(r') 

1  -Sir) 

=  Ei(r)  +  klj  dr’  PS  ^p(r,  r')  •  |(r')  •  F(f')  •  F{r) 

=  Ei{r)  +  kljdr'  PS  ^gir^)  •  j{r')  •  F(r')  (£>.6) 


S  •  ^(r)  •  F(r) 


7  + 


and  where  F{r)  is  given  by  (D.7). 


m  = 


(D.l) 


From  (D.5)  and  (D.7),  ^(r)  can  be  shown  to  be  uniaxial,  and  given  by  (D.8), 


■^(f)  0  0 

0  ^(r)  0 

.  0  0  6(F). 


where  ^(r)  and  (z{r)  are  as  in  (D.9)  and  (D.IO). 


(D.8) 


^(r)  = 


fe  +  S  [((f)  —  eg 


(D.9) 


6(»-)  = 


Co  "I"  Sz  [^(^ )  ^gz. 


(D.IO) 
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Equation  (D.6)  has  a  formal  iterative  solution  in  the  form  of  the  Neumann  series  of 
(D.ll). 

T(t)  =  +  jdTiPS  5,(r,F,)  ■  kl  ?(?.) 

+ 1 <lri  I dft  PS  V,(T,n)  ■  kl  |(F.)  •  PS 5,(r„Fj)  •  kl  f(F,)  ■T^°\v2) 

+  ...  (i’-ll) 

It  is  assumed  at  this  point  that  the  permittivity  fluctuations  have  Gaussian  statis¬ 
tics.  Taking  the  ensemble  average  of  (D.ll),  all  odd  terms  will  be  zero  since  we  require 
(^(r))  =  (^*(f))  =  0  to  eUminate  secular  terms.  Furthermore,  all  even  terms  can  be  ex¬ 
pressed  as  combinations  of  the  two  point  statistics  because  of  the  assumed  Gaussianity. 
Hence,  the  ensemble  average  of  (D.ll)  takes  the  form  of  (D.12). 

(F(r))  =  F^%)  +  Xi  j  J  ctr2[PSVg{r,rr)]^  [PSGgirur2)]^^ 

+  E  j  if,  j  ir,  j  j  iFi  [P5S,(f,f,)]^  [ps9,(Fi,f,)]^^ 

[ps5.(f„Fs)]^,  [pS'5,(F3.F4)]^,^, 

*=o’{(p(Fl)]„^  !?(’'!)]„) 

+  ^<’'’>1.'^') 

+ 


The  above  may  be  expressed  in  graphical  form  by  the  use  of  Feynman  diagrams 
[125],  where  a  node  represents  a  vertex  over  which  spatial  integration  is  performed,  a 
single  line  indicates  the  propagation  of  the  field  from  node  to  node,  a  double  fine  rep¬ 
resents  here  the  ensemble  average  (^F(r)^  ,  and  the  arcs  represent  ensemble  averaging 
between  two  node  points.  Hence,  the  above  can  be  rewritten  in  Feynman  diagram  form 
as  given  by  (D.13), 


+ 


where 


+  [■ 


+ 


+ 


+ 


(D.13) 


=  {m} 


(D.14) 


(D,15) 


a,/3,7,p ''  oi  py 

(D.16) 


and  where  the  higher  order  terms  follow  in  a  similar  manner. 


A  strongly  connected  Feynman  diagram  is  one  which  cannot  be  split  at  any  point 
without  breaking  a  correlation  connection.  The  mass  operator  is  defined  as  the  sum  of 
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all  of  the  strongly  connected  diagrams  as  shown  by  (D.17). 


0  = 


+ 


+ 


+ 


+  ••• 


(D.17) 


Using  the  mass  operator,  the  strongly  connected  parts  of  the  right  hand  side  of  (D.13) 
can  be  represented  as  in  (D.18). 


+ 


+ 


+  ••• 


(D.18) 


Similarly  the  weakly  connected  portion  of  (D.13)  which  are  constructed  of  two 
strongly  connected  components  can  be  represented  as  two  connected  mass  operators. 


- 0 - (g) -  = 


+ 


+  ••• 


(DM) 


Hence,  the  entire  expression  of  (D.13)  may  be  expressed  in  the  series  of  (D.20), 


-  +  - 0 -  +  - 0 - 0 

+  - 0 - 0 - 0 -  +  •  •  • 


(D.20) 


which  can  be  rewritten  in  the  form  of  (D.21) 
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—  —  +  — 0  [ —  + 


+  — 0 — 0 —  + 


+  — 01 


(D.21) 


Equation  (D.21)  is  Dyson’s  equation,  which  in  analytical  form  is  given  by  (D.22), 


(F(r))  =  Ei{r)  +  j  dri  J  dr2  PS  Gg{r,ri)  ■  ^{ri,r2)  •  {F{r2))  (D.22) 


where  ^{ri,r2)  is  the  dyadic  mass  operator.  To  simphfy  the  above,  the  bilocal  approx¬ 
imation  is  introduced  in  which  only  the  first  term  of  the  mass  operator  is  preserved. 


Hence,  (D.21)  becomes  (D.23), 


(D.23) 


which  includes  aU  weakly  connected  terms  which  are  constructed  from  bilocal  diagrams. 


as  shown  by  (D.24). 


(D.24) 


In  analytic  form,  the  bilocal  approximation  to  (D.22)  produces  (D.25)  below. 


(E(r))  =  Ei{r)  +  kl  J  dri  j  df 2  PS  Gg{r,rx)  •  “  ’’2)  {F{r2))  (D.25) 


where  ^g^y(ri  —  T2)  is  given  by  (D.26). 


-  ^2)  =  ^0  (^(n)  •  PS  Gg{ruT2)  •  ^(ra)) 


(D.26) 
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From  the  bilocally  approximated  Dyson’s  equation,  it  is  now  of  interest  to  derive  an 
expression  for  the  effective  permittivity.  Taking  the  ensemble  average  of  (D.6)  yields 
(D.27), 

(F(f))  =  E(7)  +  PS  5,(r,7')  •  (|(f')  •  7(7'))  {D.27) 

and  comparing  with  (D.25)  above,  yields  (D.28). 

(?(r)  .  7(r))  =  fir'  !,„(?  -  T')  (7(7'))  (I>.28) 

Furthermore,  {F{r^  is  from  (D.7),  given  by  (D.29), 

(7(r))  =  (y  -  5  J)  •  (®W)  + 

and  ^^(r)  •  jP(r)^  is  from  (D.5),  given  by  (D.30), 

(1(7) .  7(7))  =  - 1  •  (7(7))  (XI.S0) 

where  {D{r^  =  ^€(r)  E{r^ .  If  the  above  three  equations  are  Fourier  transformed 
using  the  relation  of  (D.31), 

A(k)  =  j  A{r)  (D.31) 


and  if  the  second  two  equations  are  substituted  into  the  first,  then  the  result  is  given 
by  (D.32). 


(g(fc)) 


^  •  (7(t))  +  «.„(*:)  -{m) 


Co 


+  {.//(S')  s 

CO 


(D.32) 


Rearranging  the  above  yields  (D,33). 


(Dik))  =  (I  -  (,f,(k)  Sy'  [?,  +  {eoI-S  f,)]  {E(k))  (fl.33) 

The  definition  of  the  effective  permittivity  fe//(fc) ,  is  that  it  satisfies  = 

%ff{k)  (^E(k)^  ,  such  that  from  the  above  the  effective  permittivity  can  be  identified  as 
in  (D.34). 


=  (7 - s) ‘‘  [*»  +  (■/>(>=) ?.)] 

=  +  (B-34) 

For  the  bilocal  approximation  to  be  valid,  |^c//(^)l  ^  1  ?  such  that  the  above  can  be 

approximated  by  (D.35). 

ieff(k)  ~  %  +  eo^^ff(k)  (T>.35) 

Furthermore,  for  low  frequencies,  the  dispersion  effect  in  the  effective  permittivity  is 
negligible,  and  ieff{k)  may  be  approximated  by  its  value  at  k  —  0.  Thus,  the 
final  expression  for  the  effective  permittivity  is  given  by  (D.36). 

%ff  =lg  +  €o  igff  {D.Z6) 

The  bilocally  approximated  mass  operator  of  (D.26)  can  be  rewritten  as  in  (D.37), 

=  Xi  ^0  Rd'P)  [■P'S’  Gg{r)]^^ 


{D.S7) 
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where  R({f)  is  the  normalized  correlation  function  with  i2^(0)  =  1 ,  and  where  Aaypp 
gives  the  variance  and  cross  variances  of  elements  of  ^ .  Since  ^  is  diagonal,  the  only 
non-zero  portions  of  Acypij  wiU  be  for  a  —  j  and  l3  =  p  where, 


Axxxx  —  Axxyy  —  Ayyxx  —  ^VVyy  —  (^(^)  ^(^)) 


(D.38) 


=  (6(t’)  izir))  = 


(n.39) 


Axxzz  —  Ayyzz  —  Azzxx  —  Azzyy  (^(^) 


{DA9) 


Hence,  the  Fourier  transform  of  (D.37)  at  A:  =  0  is  given  by  (D.41). 


Ct\  =  AcW  kl  1“  df  [PS  a,{r)]^^  R({t)  (DAI) 


Substituting  from  (D.4)  yields  (D.42), 


and  with  the  Fourier  relations  of  (D.43)  and  (D.44), 


R^{r)  =  r  dk  ^({k)  e-’*'-’ 

J  —  OO 


(I>.43) 


G. 


dk 


Equation  (D.42)  can  be  rewritten  as  in  (D.45). 


(D.44) 


Ja/3J 

(D.45) 
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Performing  the  r  integral  yields  a  delta  function,  which  can  be  used  to  perform  the  k' 
integral.  The  result  is  given  by  (D.46). 


^eff  ^  —  -A-oia/J/J  [kl  £  dl  i,{k)  +  (B.46) 


In  the  above,  is  the  spectral  function  associated  with  the  correlation  function, 

and  Gg{k)  is  the  Fourier  transform  of  the  Green’s  function,  and  is  given  by  (D.47), 


Gg{k)  = 


klDTE(k) 


K 

-kxky 

0 


~kg^ky 

K 

0 


Co/e 


gz 


klD'^M{k) 


r  ±!^u2 

fc2_fc2i2i 
^  ■  ■  *0.  .  jU  jU 

k,k~ 


JU2  -.1.2  ^ 

-^^Kky 

kl  '^y 
kzky 


Kkz 


kykjf 

kl  -  kr^ 

^  O  €0 


{DA7) 


where 


D'^^ik)  =  kl  +  kl  -  kf-^ 

€o 

n™(J)  =  +  -^2-  fe  _  kf-dd-) 

Cgz  \  eo  / 


(DAS) 

{DA9) 


and  where  k^  =  k^  +  k^. 

For  an  azimuthally  symmetric  correlation  function,  the  integral  of  (D.46)  will  be 
odd  if  a  ^  p.  Therefore,  the  will  be  uniaxial,  and  take  the  form  of  (D.50), 

=  0 

ieff  = 


a  0  O' 
0  0 
0  0  6 


(D.50) 
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where  and  are  given  by  (D.51)  and  (D.52), 

U=k{i^  +  S) 

6  =  4  +  Sz) 


{D.51) 

{D.52) 


and  where  I±  and  Iz  are  the  result  of  (D.46)  evaluated  for  a  =  p  =  x  (or  y )  and 


=  0 
ieff 


1  and  for 


a  =  f3  =  z  ,  respectively.  For  the  bilocal  approximation  to  be  valid 
this  to  not  require  <C  1 ,  then  S  and  Sz  must  be  chosen  to  cancel  the  frequency 

independent  portion  of  Ix  and  J*  such  that  (D.51)  and  (D.52)  will  become  small  for 
low  frequencies.  Hence  it  is  from  the  above  that  the  form  of  S  is  chosen. 

Thus,  to  review,  the  method  of  determining  the  effective  permittivity  of  a  re¬ 
gion  with  scatterers  of  fractional  volume  /  with  permittivity  es  in  a  background  of 
permittivity  €(,  is  as  follows:  The  correlation  function  jR{(r)  of  the  random  media  is 
first  determined  from  the  discrete  scatterer  problem,  and  Ix  and  Iz  are  determined 
from  (D.46)  using  this  correlation  function,  and  are  expressed  in  terms  of  an  unknown 
permittivity  .  S  and  5*  are  then  chosen  to  cancel  the  frequency  independent  por¬ 
tions  of  Ix  and  Ig .  Using  the  expressions  for  S  and  Sz ,  €g  and  €gz  are  found  by 
requiring  that  the  effective  scattering  source  ^(r)  be  zero  mean.  This  results  in  the 
two  non-linear  coupled  equations  of  (D.53)  and  (D.54),  which  can  be  solved  for  €g  and 


^gz  • 


{ 


e{r)- 


eb  -  €g 


€o  +  ^[e(r)  —  e^]  /  €o  +  S{eh  —  €g) 


(1-/)  + 


es  -  eg 


e(jj- 


'QZ 


-  C, 


gz 


"I”  ^gz\  /  ^0  H”  ^gz^ 


(1-/)  + 


Co  +  S{es  -  eg) 

_ ^  ^gz _ 

Co  +  Sz{es  —  egz) 


/  =  0  (D.53) 


/  =  0(D.54) 


Once  eg  and  are  known,  the  variances  S(  and  can  be  found  from  (D.55)  and 
(D.66). 


C.  +  S(e»  1  €,))  ( 


€5  -  eg 


s,= 


S{eb  -  eg) 
^gz 


f 


^  €q  “f“  Sz  (  ^gz  )  y 


(1-/)  + 


+  S{€s  “*  Cg) 

(  -  V _ \ 

~  ^9^)J 


,eo  +  Sz{es 


f 


(P.55) 

(P.56) 


Finally,  the  desired  effective  permittivity  is  given  by  (D.57), 


Ce// 


ej.  0  0 

0  ex  0 

0  0  e. 


where  ex  and  ej  are  given  by  (D.58)  and  (D.59) 


(I>.57) 


cj.  =  Cg  +  Co  ^i(-fx  +  S)  (P.58) 

ez  =  Cgz  +  Co  ^ix(fz  +  S)  (P.59) 


The  above  method  for  determining  the  effective  permittivity  can  be  used  with 
any  correlation  function,  provided  that  S ,  Sz,  Ix  ,  and  J*  are  calculated  from  (D.46). 
Below  several  correlation  functions  and  the  corresponding  expressions  for  S ,  Sz ,  Ix, 
and  I2  are  given.  The  first  two  correlation  functions  represent  special  cases  which  are 
not  only  azimuthally  symmetric,  but  entirely  isotropic  with  spherical  symmetry.  For 
these  cases  S  =  Sz  and  I  =  Ix  =  Iz  •  The  first  is  a  step  type  correlation,  which  is 
unity  inside  a  radius  R ,  and  which  is  zero  outside. 


pa/y\  _  f  I5  7*  <  £ 

else 


(P.60) 
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The  corresponding  expressions  for  5  and  I  are  given  by  (D.61)  and  (D.62),  where  I 
has  been  approximated  in  the  low  frequency  limit. 


r 

5“ 


-S‘  +  ^kie  +  i^kle^k,e 

i  — 

3  Co 


(I>.61) 

(Z>.62) 


The  second  isotropic  correlation  is  the  exponential  type  given  by  (D.63). 


i?|(r)  =  exp(-r/^) 


(DM) 


The  corresponding  spectral  density  function  is  given  by  (D.64), 


7r2(l  +  p 


(DM) 


and  I  and  S  are  given  by  (D.65)  and  (D.66). 


=  -s‘  + 1 ki e  +i^ki e% i 

*  (i  +  ki  p)  * 


(i + ki  py 


3  Co 


(DM) 

{D.66) 


The  remaining  correlation  functions  are  anisotropic  with  azimuthal  symmetry.  The 
results  for  Jx ,  Iz ,  5,  and  Sz  are  taken  from  [59].  The  first  is  again  a  step-type 
correlation,  which  is  unity  inside  an  elliptical  bounds,  and  which  is  zero  outside. 


1  4-  £.  <  1 

’  ^ 

0,  else 


(fl.67) 


The  corresponding  spectral  function  is  given  by  (D.68), 


^  )i  {-JH  +  <=!<!) 

2jrJ  +  hi  t\ 


{DM) 


where  ii(x)  is  the  spherical  Bessel  function  of  order  1,  and  where  5,  Sz^  ij. ,  and  Iz 
are  given  by  (D.69)  -  (D.72), 


i.2  /  /  f  f  ^ 

TC  cc  ,  '^0  A  I  '‘'0 

i  /ZT  .  ,  ,  ikf  il  Iz  e, 


y/m  A2 
2 


m 


gz 


6  y  60  18  -y/60  €q 


kl  i,  izVb 


C  I  ''"0 


m 


+ 


(’"+5) 


+  i-,l^kiele. 


9  \  ^0 


h  eo 


^y/^9  ^gz  [  y/hh^ 


-.C  ^0 


2  e„ 


aim 


+  A2 


{D.69) 

(D.70) 

(D.71) 

(D.72) 


where  in  the  above  b  =  igl^gz ,  h  =  tzj^p  >  =  bh^  —  1 ,  and  i4i  and  A2  are  given  by 

(D.73)  and  (D.74). 


Ai 


sin-1  (vT^^)  , 


h  >  1 
^  <  1 


A2  = 


m  >  0 


m  <  0 


(D.73) 


(D.T4) 
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The  second  anisotropic  correlation  function  displays  Gaussian  dependence  as  given  by 
(D.75). 


Jl^(r)  =  exp 


(- 


£2 


The  corresponding  spectral  density  function  is  given  by  (D.76), 


(i?.75) 


Sttz  \ 


kie,  kill' 


(D.76) 


and  I±,  Iz ,  S ,  and  Sz  are  given  by  (D.77)  -  (D.80)  with  h,  6,  m,  Ai ,  and  as 
above. 


klipizA^  1  fTg 
8 


/fgi  p  p 

i  /  ^0 

\y/m  1  ,  1 

0^2 

V  ^9 

m  2 

+  1-3/2/  /fi  .  1,3  /2  / 

+  2  o  +2  24 


i:  =  -st+ 


8  '  ^ 

Vb  kl  I,  iz 


y/m 


m 


+ 


(™+l) 


+  ikUU'^ 


hen 


°  6)1  eo 

2 


si  =  ^(6)» 


m 


y/W 


+  Ai 


{D.77) 

{D.7S) 

{D.7Q) 

{D.80) 


The  last  anisotropic  correlation  function  has  gaussian  dependence  horizontally,  and 
exponential  dependence  vertically. 


i2^  =  exp 


/  +y^ 

\ 


(I?.81) 


The  corresponding  spectral  function  is  given  by  (D.82), 


and  Ix ,  Izt  S,  and  Sz  are  given  by  (D.83)  -  (D.86),  where  again  h  and  b  are  as 
above. 


In  this  thesis,  two  of  the  above  correlation  functions  are  used  in  studying  the  effect 
of  random  media  on  the  scattering  of  buried  targets.  Initially,  the  spherical  exponential 
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correlation  function  (b)  is  utilized  to  model  statistically  isotropic  scatterers.  Later,  in 
examining  the  effects  of  non-isotropic  scatterers,  the  gaussian-exponential  correlation 
function  (e)  is  applied. 

In  each  case,  the  scattering  material  is  chosen  to  roughly  model  the  characteristics 
of  vegetation,  which  is  composed  of  a  mixture  of  bulk  vegetation  material  and  water. 
The  de  Loor  mixing  formula  [72,128]  is  utiUzed  to  determine  an  overall  scatterer  per¬ 
mittivity.  The  host  material  is  assumed  to  have  a  permittivity  of  3co ,  and  the  water 
inclusions  at  a  frequency  of  1.12  GHz  and  with  a  salinity  of  10  parts  per  thousand, 
have  a  complex  permittivity  of  (76.0  +  32.5i)€o  •  With  an  assumed  volume  of  inclusions 
of  0.6  (60%),  the  resulting  scatterer  permittivity  is  (39.86  +  16.257i)eo  . 

Strong  Fluctuation  theory  can  now  be  applied  with  this  scatterer  permittivity  and 
with  a  background  of  freespace.  For  the  two  correlation  functions,  and  for  an  assortment 
of  fractional  volumes  and  correlation  lengths,  the  resulting  effective  permittivities  are 
shown  below.  Also  shown  are  the  variances  and  complex  variances  of  the  associated 
renormalized  scattering  sources. 


Correlation 

fv 

t 

b 

1.67% 

.0052m 

1.0505+.001794i 

b 

1.67% 

.0072m 

1.0516-F.002417i 

b 

4.17% 

.0052m 

1.1360-h.005478i 

b 

0.05% 

.0052m 

1.0014+4.77E-5i 

e 

1.67% 

.0052m  {Q 
.0156m  {Iz) 

1.0442-K.001327i 
1.0839-f.004739i  (e^sj 

Table  D.l.  Effective  permittivities  calculated  using  Strong  Fluc¬ 
tuation  theory,  for  the  two  correlation  types,  and  for 
several  choices  of  fractional  volume  and  correlation 
length. 


Correlation 

fv 

1 

8 

b 

1.67% 

.0052m 

.146822 

b 

1.67% 

.0072m 

.146822 

b 

4.17% 

.0052m 

.433835 

b 

0.05% 

.0052m 

.003972 

e 

1.67% 

.0052m  (^p) 

.0156m  {Ig) 

.115700  (5xx) 

.390404 

.212485-.004497i  (^x*) 

Table  D.2.  Renormalized  scattering  source  variances  calculated 
using  Strong  Fluctuation  theory,  for  the  two  correla¬ 
tion  types,  and  for  several  choices  of  fractional  volume 
and  correlation  length. 
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Correlation 

fv 

i 

8 

b 

1.67% 

.0052m 

.1466-F.008268i 

b 

1.67% 

.0072m 

.1466-^.008268i 

b 

4.17% 

.0052m 

.4329-h.028121i 

b 

0.05% 

.0052m 

.00397-t-.000205i 

e 

1.67% 

.0052m  {ip) 
.0156m  {iz) 

.1156-f-.005828i  (Sxx) 
.3887+.03614i 
.2120-t-.01519i  (Sxz) 

Renormalized  scattering  source  complex  variances 
calculated  using  Strong  Fluctuation  theory,  for  the 
two  correlation  types,  and  for  several  choices  of  frac¬ 
tional  volume  and  correlation  length. 


Table  D.3. 


Appendix  E 


Electric  Field  /  Electric  Source  Green’s  Function  and  Incident  Field  Ex¬ 
pressions  for  a  Uniaxial  Layered  Media 


This  Appendix  gives  the  expressions  for  the  Green’s  function  for  the  electric  field 
arising  from  an  electric  current  in  a  uniaxial  layered  media.  Forms  are  given  for  both 
the  case  where  the  source  and  receiver  are  in  different  layers,  as  well  as  the  case  where 
they  are  in  the  same  region.  Also  given  is  the  far-field  form  of  the  Green’s  function  for 
a  distant  observation  point  in  region  0.  Finally,  the  expression  is  given  for  the  incident 
field  in  each  layer  arising  from  a  plane  wave  originating  in  region  0  and  propagating 
downwards. 

The  media  is  described  in  each  layer,  m ,  by  an  isotropic  permeability,  fim ,  and 
a  uniaxial  permittivity,  tm  >  with  a  vertically  oriented  optic  axis,  such  that  the  permit¬ 
tivity  tensor  will  be  diagonal  in  the  form  of  (E.l). 


Cm  0  0 

0  Cm  0 

.0  0 


(E.l) 


The  form  of  the  Green’s  function  used  here  is  that  given  by  Ah  [144].  For  an 
electric  current  source,  Jmir),  located  in  layer  m,  the  electric  field  resulting  at  an 
observation  point,  r ,  in  region  p  is  given  by  (E.2), 
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z  =  -d 


z  =  -d 


z  =  -d 


z  =  -d 


N-3 


N-2 


Region  m  (source  point) 
1 


m 


Region  N-2 

1 

N-2 

Region  N-1 

1 


N-1 


Figure  E.l.  Geometry  of  the  layered  media  for  which  the  Greens 
function  and  incident  field  expressions  are  calculated. 

For  the  Greens  function,  Gpmir^r^)y  the  terms  con¬ 
tributing  to  the  propagation  of  the  wave  from  layer 
m  to  layer  p  are  shown  for  the  case  where  p  <  m. 
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Ep{r)  =  iujfim  j dr'  Gpm{r,r')  •  Jm(r') 


where  Gpmir,r')  is  the  Green’s  function,  which  for  the  case  where  p  ^  m 
written  as  (E.3), 


=un , 

Gpm{r,r 


)=  E 


x;  ffdkj. 

v=TE,TM  ^  ^ 


^ikxir±-r^±) 


where 


is  given  by  (E.4). 


=s('’)un  ^  \ 

{k±) 


Stt^ 


1 

fcW 

f^mz 


UHr, 


oZlKfrtxfl-n 


If  z  >  z' ,  then  in  the  above  the  following  definitions  apply 


C7(r\+)  =  1 


(E.2) 

can  be 

{E.Z) 

(E.4) 

(E.6) 

(E.6) 
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Ci''’(+)  =  1 

(E.7) 

=  flfil 

(E.8) 

II 

1 

{E3) 

^  —  ^m-1 

(E.W) 

while  if  z  <  z'  ^  then  the  following  alternate  definitions  apply. 


C^\+)  = 

(Kll) 

=  1 

(£1.12) 

c';,W(+)  =  r\jI 

(£;.i3) 

I— 1 

II 

T 

(E.U) 

Zp  —  z  =  dp_i 

(E.15) 

z'  —  z'  =  d. 


(^1.16) 


For  the  case  where  p  =  m  (source  and  observation  point  in  the  same  layer),  then  the 
Green’s  function  is  given  by  (E.17), 


'^Z{r,r')  =  D6{r-r')+  ^  f  [  dk^ 

q,l=+,-  v=TE,TM ''  '' 
gifcj..(rj.-r|L)  ^iU^lz  ^-iqk\Xlz' 


{E.17) 


where 


F’iL.  (fcx)=  * 


mun^g  v 


kml  1  — 

Giun(^)  e*^*™*(*’"“*) 


(E.18) 


and  where 


A  A 

zz 


For  the  case  where  z>  z' ,  and  are  given  by  (E.20)-(E.23), 


(E.19) 


ctM+)  =  1 

(f;.20) 

II 

T 

(E.21) 
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Clu<”’(+)  =  1 


{E.22) 


{E.2Z) 


and  for  the  case  z  <  z' ,  C'i’n  and  are  given  by  (E.24)-(E.27). 


(E.24) 

ca(-) = 1 

(E.25) 

=  iea 

(E.26) 

=  1 

(E.27) 

For  both  cases  {z  >  z'  and  z  <  z'),  Zm  and  are  given  by  (E.28). 


Zrrt-  Z 


^  —  ^m—1 


(E.28) 


For  the  case  where  the  source  is  in  layer  m ,  and  the  observation  point  is  at  a 
distant  location  in  region  0,  a  far-field  form  of  the  above  Green’s  function  may  be 
derived.  This  far-field  Green’s  function  is  given  by  (E.29), 


{E.29) 


ikr 


E  E  - 


Attt 


e 


-ipfcmi,  2' 


TEZrU 


where 

l(«) 

^02 _ -^Um-^O _ ^ 

»;fc>  ’  1  -  BffifiS 

^<“>(4?)  S<“>(p4“i)  CS‘>(+)  Ci'“)(p)  e-io*!.'!''—  (B.30) 

and  where  the  propagation  vector  in  the  scattering  direction  (towards  the  observation 
point)  is  given  by  (E.31). 


—  fc  I  J_  fc(“)r 

~  '®-L.  I  '®mz* 


(E.31) 


Finally,  for  a  plane  wave  of  the  form  of  (E.32)  incident  on  the  layered  media  from 
region  0, 


£i(r)  =  [f;Pi(-4S)  +  (^;-32) 

the  resulting  total  field  in  each  region  will  be  given  by  (E.33), 

'^iXr)=  E  E  (E.33) 
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where 


v<^\-sk[^^)  ck"\-s)  (E.ZA) 

In  all  of  the  above,  the  z  component  of  the  propagation  vector  in  a  particular 
layer  can  be  found  from  (E.35)  for  the  TE  case,  and  from  (E.36)  for  the  TM  case. 


■1 

II 

?s- 

1 

(E.35) 

e"' = Jki  -  ^ki 

V  ^Zm 

(E.36) 

where  kl  =  kl  +  k^  and  •  The  polarization  vectors  are  given  by  (E.37) 

for  the  TE  case,  and  by  (E.38)  for  the  TM  case. 


ir'™)(±e">) = «(±e"')  =  =F^  (fe* + ^ 

The  multi-layer  reflection  coefficients  for  downward  and  upward  propagation 
through  the  layered  media  are  given  recursively  by 


i2k“2 


K, 


{u) 

'm(m+l) 


1  +  ii! 


(u) 


R. 


0(m+i)  ■‘*'m(m+l) 


(u)  g2»fe(TO+l),^m+l 


(E.39) 


where  region  N  below  the  bottom  boundary,  and  by 


^(«)  ^  -^mCm-l)  +  ^ 


U(m-l)  ^ 


1  +  -RSJL, 

where  for  region  0  above  the  top  boundary.  In  the  above,  the  individual 

layer  reflection  coefficients  for  the  TE  and  TM  cases  are  given  by  (E.41)  and  (E.42). 


(E.40) 


p(rE)  _  ft*!™’  - 

„,TM, 

~  ..uiTM)  .uiTM) 

Finally,  the  downward  and  upward  transmission  coefficients  are  given  by 


(E.41) 


(E.42) 


T^{TM)  _  h  ^^^)z  ^(TE)  ik<iTfXM-l 

('l  _  RiTM)  j 


(E.43) 


(E.44) 


where  for  £  =  771  + 1 


►(m+1) 


1 + ' 

(E.45) 

1  +  <S.,  eH:?.,.*--*- 

kmH  kS,^>  1  - 

(E.46) 

1 
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and 


^7n-*t  /  (TE\  o*i.(^-®)j. 

(I  +  jC  «  '■  ' 


ytTM)  h  ylTXI  iliT^’X.hu.,  (*  -^“(W*) 

-  ,  ,r„,  ,. 


ri™>  «:<+i 


where  for  £  =  m  —  1 


1  +  <fl., 


^(TM) 


{EAl) 

(E.48) 

(E.49) 


(£;.50) 


Appendix  F 


Incoherent  Field  Correlation  for  a  Point  Target  and  Layered  Continuous 
Uniaxial  Random  Media  with  the  Target  in  a  Non- Random  Layer  ( t  ^  /  ) 


This  Appendix  gives  the  expressions  for  the  correlation  of  the  multi-path  incoher¬ 
ent  target  return  for  a  stratified  multi-layer  uniaxial  random  media  with  a  single  layer 
of  continuous  random  media,  and  with  a  point  scatterer  target  located  in  a  different 
layer.  The  result  given  here  is  more  correct  than  that  of  the  proceeding  chapter  because 
the  contributions  of  the  poles  of  the  spectral  function,  ?  are  now  included  in 

the  evaluation  of  the  final  fiz  integration.  This  Appendix  shows  the  revised  deriva¬ 
tion  of  this  final  step  for  a  class  of  spectral  functions  possessing  only  first  and  second 
order  poles.  The  derivation  is  again  done  only  for  (T^c-tc  j  however,  the  other  two 
correlations  are  similar,  and  the  final  results  for  all  three  are  given  at  the  end  of  the 
Appendix. 

F.l.  Evaluation  of  the  Complex  f3z  Integration 


From  Equation  (4.17),  the  expression  for  the  autocorrelation  of  the  target/clutter 


multi-path  return  is  shown  below 
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„paPb 

^TC-TC 


ct^-ip 
s  8*  qqHV 


Pi*  /*  ^  pp’ss’qq'iv 

E  E  E  /  ‘‘Mi”)’  >ir-a-TS-'  x 


[A  -  «’  -P^’S,)]  -  («/’?'  -?■<’.*)] 

(F.l) 


where  the  two  final  terms  of  (4.17)  have  been  multiplied  through.  There  are  two 
obvious  poles  of  the  above  integrand,  which  occur  at  ^.nd  /Sz  = 

tk^/P*  —p'k^^P  .  In  addition,  however,  the  spectral  function 

poles  of  its  own.  For  the  purpose  of  calculating  only  the  variance  of  the  field  from  the 
above  expression,  and  when  the  media  is  only  of  low  loss,  the  residues  from  the  above 
poles  will  generally  dominate  over  the  contributions  from  the  spectral  function  poles, 
and  these  later  poles  may  be  ignored.  Even  in  the  low-loss  case,  however,  when  the 
correlation  of  the  field  is  evaluated  and  the  angular  or  frequency  separation  becomes 
large,  the  contribution  from  the  two  primary  poles  becomes  reduced,  and  the  spectral 
function  poles  may  begin  to  contribute  to  a  greater  extent.  For  this  reason,  the  /3g 
complex  integral  is  re-evaluated  here,  now  including  all  pole  contributions. 

To  allow  examination  of  the  spectral  function  poles,  the  form  of  the  spectral 
function  must  be  specified  in  greater  detail.  Two  common  choices  for  the  form  of  the 
correlation  function  and  associated  spectral  functions  are  given  by  {F.2)  and  (F.3). 
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# 


C'i(ri  -  r2)  = 


e  ^ 


Hl^) 


e 

7r2(l  +^2£2)2 


C2(r'i  -  Ti)  =  exp 


( 


+y2 


$2(^)  = 


47r2 


exp 


1 

1  +  fc2^2 


(F.2) 


(F.3) 


#  Both  of  the  above  examples  are  characterized  by  first  or  second  order  poles  in  . 

Hence,  it  is  useful  to  consider  a  slightly  more  general  form  of  the  spectral  function  as 
given  by  (F.4). 


^a/37p(/?x  » ) 


_ ^iV _ 

ni::*..  (A  -  (a  -  nfi.  (A  -  0^?  (a  - 


(FA) 


In  the  above,  it  is  assumed  that  the  correlation  function  is  real,  such  that  the  associated 
spectral  function  will  have  poles  in  conjugate  pairs. 

To  evaluate  the  integral  of  (F.l),  the  integrand  is  spht  into  a  portion  convergent 
in  the  upper  half-plane  of  complex  j3z ,  and  a  second  portion  convergent  in  the  lower 
half-plane.  The  two  resulting  integrals  are  given  by  (F.5)  and  (F.6). 
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n;;!..  (A  -  A.)  (a  -^:„)  niS.  (A  -  a.)“  (a  -  /3;J’ 


/_ 


=  M 


-$JV 


[A-Kt-p4t)][A-(«r-i-'*K‘)] 


X 


n"-.i  (/s.  -  (a  -  ft„)  n"i.  (A  -  (a  -  A.)' 


(F.6) 


(f.6) 


Each  of  the  first  two  primary  poles  of  the  above  integrands  may  be  located  in  either 
the  upper  or  lower  half-planes.  For  the  spectral  function  poles,  it  wiU  be  assumed 
without  loss  of  generality,  the  0^^  and  /3z^  are  always  in  the  upper  half-plane,  and 
their  complex  conjugates  will,  therefore,  be  in  the  lower  half-plane. 

The  two  integrals  /+  and  J_  wiU  be  performed  by  closing  the  contour  in  a  loop 
fashion  at  infinite  radius,  where  the  loop  will  be  upwards  for  the  /+  integral,  and 
downwards  for  /_  .  The  portions  of  the  contour  at  infinity  will  not  contribute  in  either 
case,  and,  therefore,  the  integral  can  be  found  from  the  residues  of  the  enclosed  poles. 
The  two  primary  poles  will  be  considered  before  considering  the  spectral  function  poles. 
If  the  first  of  these  poles  is  in  the  upper  half-plane,  it  will  contribute  to  /+  ,  and  the 
residue  will  be  given  by  (F.7). 


)ht 

Rp,  =  -  fex.. ,  ikf^^  -  pk^fl)  +wjfe(“')* 
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In  contrast,  if  the  pole  is  in  the  lower  half- plane,  it  will  instead  contribute  to  J_  with 
the  residue  given  by  (F.8). 


R 


PI 


(F.8) 


Comparing  with  Rp^  it  can  be  seen  that  the  expressions  are  identical,  and  the 
contribution  to  the  overall  integral,  J+  -f-  ,  is  the  same  regardless  of  the  location  of 

the  pole. 

Similarly,  for  the  second  primary  pole,  the  residue  contribution  to  /+  for  an  upper 
half-plane  location  is  identical  to  the  contribution  to  /_  when  the  pole  is  in  the  lower 
half- plane,  and  in  both  cases  the  result  is  given  by  (F.9). 


<?■ 

(F.9) 

The  contribution  of  the  first  order  spectral  function  poles  can  be  found  as  a  sum 
of  the  residues,  where  for  each  conjugate  pole  pair,  contributes  to  /+ ,  and 
contributes  to  /_  .  The  overall  sum  is  given  by  (F.IO). 


Rp2  —  ^^-Lo  ^-1 


,  >  ^  '^fz^ 


4-  *  — 

+  p 


Rsi  =  2mYi- 


m=l 


^n\ 

[kXa-k±a.,^Zm] 

1 

_ _ 

1  nS=,  1 

[l^Zm 

i  n?’.i  1 

~  ^Z^l) 

+ 
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$iV  1 

(^1. 

nS=i  1 

in"'..,  1 

1  ( 

{F.IO) 


For  the  second  order  poles,  the  residues  for  /+ 


and  /_  are  given  by  (F.ll)  and  (F.12), 


JV2  I 

R^2  =  27ri  {l>+„  [^'n  (^J-.  -  fcx„,,/5z„)  +  $j\r  (fex„  -  k±,.,/3z^) 

n=l  “l"n 

-  iV+„$;v  (fcx.  -  i?; J  (^-11) 

N2  -I 

=  2,ri  5:  {fl_.  (*x.  -  kj..„l3l)  N.„  +  {ku  jv:.] 

n=l 

-  (fcx.  -  k±..,(3l)  (^-12)  • 


where  I>+„  ,  I>_„  ,  ,  and  are  given  by  (F.13)-(F.16), 


■0+„  = 


(p'4“;’/  -  + A.)  n  K  -  ft„.)  (/Jx.  - «.,)  X 

Tn'=l 


n'=l 

n^jin 


n'=l 


z>_.  =  (pA,<“>_  -  +  /3i)  (p'<);  -  «(•;>• + i3i)  n  («.  -  a..)  («.  - «.,)  x 

m'=l 
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N2  ^  N2 

n  k-a..)  n 


(RU) 


Ni 


O'*.  =  W"i.  - + p'>‘fZ’  -  "/'?■)  n  (A.  -  A„.)  K  -  ^ 


»n'=l 


n'  =  l  n'=:l 

+  W“l.  -  +  P''‘V.l'  -  +  2/5^)  X 

{JV2  2  2  r 

II  n  ^  [  n  II  “  ^2m'' )  '*' 

n^=l  n'=:l  m'=l  ^  m"=l  m''=l 

ii  k-a„..)  n  k-^l,)1 


m''=l 


ri"  =  l 


Ni 

+2  n  K-a».)(^..-«„,)x 

m'=l 
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r  Ni  Ni  Ni 

^  (/^in  -  /^Z,,)  n  II 

^n'=l  n"  =  l  n"=l 

^2  iVj  ,Ni  , 

E  K  -  A-.,)  n  K  -/?....)  n  K  -/s;..,)  (-f-is) 


n'=l 


n"=l 

n"?Jn 


n"  =  l 


O'-.  =  wt.  ii  («.  -  ft..)  (ft.  -  ft*.,)  X 

tn'=l 


iVz 


iV2 


n(ft*.-ft..)  n(«.-ft*.,) 


n'=l 


ri'=:l 


+  +  P'C  -  «)”?■  +  2^1)  X 

^2  ,  .  ,  ^2  ,  .  ,  JVi  r  ATi 


{^2  v2  JVi  p  7Vi  JVi 

n(ft*.-ft.,)  n(/’:.-ft.,)  E  n  (ft. -ft...)  n  (ft*.-ft*.„)+ 
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n  k-a„..)  n 

m^'=l 


m"  =  l 


+2  n 


m'=l 


JV2 


iV2 


eK-a.,)  n  n  + 


■■n'=l 


•W2  JV2  2  2l  1 

E  K  -  A*.,)  n  (A.  -  A.„)  n  -  A.„)  (^■•16) 

n'=l  n"=l  n»  =  l  } 


n"  =  l 
rt'Vn' 

N2 


n''=l 

TV* 


n'Vn' 


and  where  iV+„  ,  ,  and  N'_^  are  given  by  (F.17)-(F.20). 


iV_.  =  e 


(F.18) 


K. 


=  —ihf 


(F.19) 


N'  =  -ihf 

•“n  / 


(F.20) 


Hence,  the  desired  expression  for  the  correlation  is  found  by  summing  all  of  the  above 
residue  contributions. 


-PaP6 


E 

Sypyq.i, 


E 

•u,r  ,iy, 

u^t;',to'=TB,TM 


E 

a,(3,'^,p=Xyy,z 


j I  dk±,(2-7ry 


Ctp^p 

pp*  »s*qqflV 
A  uu^vv^wtif^  w 

^TC-TC  ^ 


[■Rpi  +  Rp2  +  Rs\  +  -^52  +  -^52] 


(F.21) 


The  derivation  of  the  complex  (3z  integration  for  the  other  two  correlations  is  similar, 
and  is  not  presented  here.  The  final  results  for  all  three  statistics  are  given  in  the  next 
section. 

F.2,  Correlation  of  Scattered  Field  Components 

The  following  section  gives  the  final  expressions  for  all  of  the  correlations  of  the 
two  multi-path  scattering  components.  The  function  used  in  the 

results  which  follow  is  defined  by  (F.22), 


Rsi(l3s.,l3ri,l3pi,h)='£.\-, - ^ - - - V 

{l3.^  -A.,) 


nS=.  ( 

0Zn  f^z^i )  ij3z„  —  ) 

“  A„.) 

..A.) 

+ 


^nU  {fSL  -  K)'"  i^L  - 1 

(F.22) 
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where  Ni  and  N2  are  respectively  the  number  of  first  and  second  order  pole  pairs  of 
the  spectral  function  ^ot0yp{/^)  >  and  where  these  poles  are  given  by  and  for 
the  first  order  poles,  and  by  and  for  the  second  order  poles.  Similarly,  the 
function  Rsi(fi±,^pi,Pp2,h)  is  given  by  (F.23), 


—  1  f  _ 

Rs2  [^N  {^±,0zn)  - 

n=l  +n  V 

D.,  [*;,  (3x, A-.)  N.,  +  Jvij  - 

~n  \ 

where  iV+„  ,  iV_„  ,  ,  and  N'_^  are  given  by  (F.24)-(F.27), 


W+.  =  1  -  e'W  -/}pi  )h  ^i(l3p2  —0P1  )h 


(F.24) 


~“n  ^ 


(F.25) 


m  = -ih 

“Tn 


(^.26) 


iV'  =  -ih 

*“n 


(F.27) 


and  where  ,  and  D'_^  are  given  by  (F.28)-(F.31). 
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(F.29) 
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(F.31) 


Finally,  the  function  Rp{/3x,l3pi,l3p2,h)  is  given  by  (F.32). 


Rp  (^X  2  /^Pl  >  ^P2  5  = 


^a(3'Yp 


(/?X>/^P2)  ^a/37P  (^x./?«) 


/3j>2  -  ^P\ 


pi(/3p2-/5pi)^ 


^P2  —  I^Pl 


(F.32) 


The  correlations  are  now  defined  in  terms  of  the  above  functions. 


F.2.1.  Target/Clutter  -  Target/Clutter  Correlation 
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F.2.2.  Clutter/Target  -  Glut  ter /Target  Correlation 
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Rs2{T‘i..i-'^i.<  -ik'fl-sk'-Jll,  -q'k'f^'  -o'k'it'u  >  M 


where 


=  k±^  +  Ajxw  —  kxai 


and 


etfa-ip 

pp»,sfqqUlf 

Iuu^vv^ww^ 

CT--CT 


\a‘ 
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Att 


fat 


X 


^“')/-r  V  /j-  X 

Pb’Hot^X^xJ-Ftf^,^,(k±c) 


j  7 


•p»'.(“’') 

^hi 


(F.36) 


(F.37) 


(F.38) 
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*^'c-CT  {^as,  kai,  kb,,kbi^  =  AlTT^  ^pa  •  EtC  {kas,kai^  X  pl  •  Ecj-  (fcj,,,  i^w)) 

=  (27r)®i  Y,  Y 


et^-ip 

ft  ^  ppfsgfqqUlf 

Y  /  /  ^rc-c'r'  X 

f',/X':VU,-  -'=Tk,TM 


X 


X 


(^1.  fc±,,,  f  ^/)  + 

Bs.  (^1.  -  Jx..,  ttj’'.  -  pk<-;l,  -q'k';2'  -  h,)  + 

Rs2  (Sx.  -  Ax.„  ek<-;l -pkfl,  -q'k%->;  -  s%t2’,  h,) 


(F.Z9) 


where 


and 


fexc  =  k±^,  +  k±^.  -  kxa 


(FAO) 


CLfS-ip 

pp^$9*qqUl* 
1  uu^  vv*ww^ 

^TC-CT 


\OL' 


l\2 


47r  I 


p.  •5i/^(Ax.,)l_  •  [Fy”,’^(Ax.)  •Bt''"’ 


J/3 


fe-5‘«')(Ax.,)-rl;;i,,(Ax,) 


E 


V,(u.') 

hi 


(F.41) 
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Appendix  G 


Incoherent  Field  Correlation  for  a  Point  Target  and  Layered  Continuous 
Random  Media  with  the  Target  in  the  Uniaxial  Random  Layer  (t  =  f) 


This  Appendix  gives  the  expressions  for  the  correlation  of  the  multi-path  incoher¬ 
ent  target  return  for  a  stratified  multi-layer  uniaxial  random  media  with  a  single  layer 
of  continuous  random  media,  and  with  the  point  scatterer  target  located  in  this  layer. 
The  derivation  given  here  assumes  that  an  effective  permittivity  for  the  random  media 
is  calculated  in  the  absence  of  the  target,  and  then  the  target  is  placed  in  the  effective 
media  without  changing  the  mean  permittivity  in  its  vicinity.  For  any  realistic  target, 
a  more  rigorous  approach  would  yield  an  effective  permittivity  which  changes  over  an 
electrically  small  distance  surrounding  the  target.  This  effect  is  similar  to  the  fluctu¬ 
ation  of  effective  permittivity  experienced  near  the  boundaries  of  a  bounded  random 
layer,  which  is  neglected  throughout  this  work.  The  boundary  region  which  is  affected 
by  this  effect  is  small  in  comparison  to  the  overall  random  region,  and,  therefore,  this 
small  permittivity  gradient  can  safely  be  neglected  for  the  layer  boundaries.  In  con¬ 
trast,  however,  despite  the  small  size  of  this  region  surrounding  the  target,  because  it 
is  close  to  the  target,  it  may  affect  the  target  scattered  field,  which  for  the  point  target 
here  is  dependant  on  the  incident  field  in  its  vicinity.  To  avoid  this  possibility,  it  is  as¬ 
sumed  that  the  target  is  a  true  point  target  in  that  it  occupies  no  volume  which  would 
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displace  random  media,  and  that  it  is  a  single  scatterer  in  that  the  field  scattered  by 
the  target  will  not  scatter  oflF  the  nearby  random  inhomogeneities  to  be  re-incident  on 
the  target  and  subsequently  scatter  again.  Under  these  approximations,  the  effective 
permittivity  of  the  region  surrounding  the  target  will  be  unaffected  by  the  presence  of 
the  target,  and  can  be  assumed  to  be  spatially  homogeneous. 

The  first  section  derives  the  expression  for  the  scattered  field  correlation  for  the 
target/clutter  multi-path  return.  The  derivations  of  the  other  two  correlations  are 
similar,  and  are  not  presented  here.  The  final  results  for  all  three  correlations,  however, 
are  given  in  the  last  section. 

G.l.  Derivation  of  the  Incoherent  Field  Correlation 

In  this  section,  the  autocorrelation  of  the  target/clutter  scattered  field  is  derived 
for  the  case  where  the  target  is  located  in  the  same  region  as  the  random  media.  As 
noted  above,  the  derivations  of  the  other  two  correlation  terms  are  similar  and  are  not 
presented  here.  The  correlation  <ttc-tc  is  given  by  (4.11),  and  is  repeated  here  for 
the  case  t  =  f . 


^TC-TC  fci,,  kbi^  —  47rr^  {^Pa  •  EtC  (katj  kai^  X  Pj,  •  Ej'(y  (kbs^ 

=  ATTr'^\a!\^  J  fv  I  Iv  (^5^2)  •  Q  (^2)- 

^tt  {r2,ri)  •  Et^i  (ri)S  (ri  -  rr)  x  pi  •  Got  (^»^4)  •  Q  (^4)- 
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=6*  —  ' 
(’'s)^  (’'3  -  ’’r) , 


(G.l) 


The  complication  in  evaluating  the  above  arises  because  Gu{r,r')  has  different  forms 
for  the  observation  point  above  the  source  and  for  the  observation  point  below  the 
source.  Hence,  the  integration  over  the  random  media  must  be  split  into  a  region 
above  the  target,  and  a  region  beneath  the  target.  In  addition,  the  Green’s  function 
contains  a  singularity  term  which  treats  the  co-situation  of  source  and  observation  point 
at  the  target.  Thus,  where  the  above  correlation  contained  only  one  term  for  a  target 
and  random  media  in  different  regions,  it  will  now  contain  nine  separate  terms.  The 
nine  terms  are  given  individually  below. 


I 


<^TC-TC  -  Km  dz2  dz^  jj  d^^x  //  dr^x 

(pa'^oi  (^>^2)  •  Q  (^2)  •  Gtu (r2,rr)  •  (rr)x 


K  •  Q  (^4)  •  Gtu(r4,rr)  •  (rr) 


(G.2) 


^TC-TC  =  Km  47rr2|af  dz2  dz4  jj<^2xll  d^AX 

(p^i  •  {r,r2)  •  Q  (^2)  •  (?tn  (i^2,rr)  •  Et^^  (rr)x 

Pb ’ (^>^4)  •  Q  {ta)  •  Gtn  (r4,  rr)  •  E^^  (rj)^  (G.3) 

<Txc-TC  =  l^m^  Airr^la'l^  j  dz2  j  dz^  J j  df2X  j j  dr  ax 
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•  Q(^2)  •  Gtu(^2,rr)  ’  (7’r)x 


Pb  •  Got  (»’»^4)  •  Q  (»*4)  •  Gtn  (r4,T’r)  •  EI^.  (rx) 


(GA) 


^TC^TC 


=  lim  Airr^laf  H  dz^  f  f  f  <^21  f  f  dr, 


Pa  •  Got  (’’5^2)  •  Q(’’2)  •  Gtn  (7-2, rr)  •  (^r)x 


Pb  •  Got  (^»^4)  •  ?  (^4)  •  Gtu  (r4,rr)  •  Et^.  (rj) 


(G.5) 


^TC-TC 


=  47rr^|a'|^  J f f  ~  tt)^  (^4  —  ^r)x 


Pa  ■  Got  rz)  ■  Q  {r2)  •  Dt  ■  Et^^  (rx)  x 


Pb  •  Got  {r,r4)  •  W  (»*4)  •  Dt  ■  E*t^.  (rx) 


(G.6) 


^TC^TC 


=  Urn  A'wr^\a'\^  j  dz2  J J  df2±  jjj  dr4  6  (r^  —  rx)^ 


Pa'^oti'f'^‘f'2)  •Qir2)  •  Gt^J{r2,rx)  ■  Et^^  (rr)x 


Pb  •  Got  (r,  Ti)  •  ^  (r4)  •  Dt  •  (rr) 


(G.7) 


^TC--TC 


Km^  A-irr^la'l^  J  dz2  j  j  dr2±  JJJ  *^4  ^  (^4  ~  ^r)x 


Pa  •  Got  (r, rz)  •  Q  (rz)  ■  G^n  (r2, rr)  •  £?t„-  (rr) x 


K  •  ^t  (r,r4)  •  ^  (2*4)  •  ^  •  £^4.  (rr) 


(G.8) 
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Q_j'Q  =  lirn  Arrr^la'l^  JJ  j  <^'"'2  j  J  j  dr^x  ^{^2  —  T’r)x 

(pa  •  (r, ra)  •  Q  (n)  •  (rj)  x 


=6' 


K  •  G„,  (F.n)  •  <3  (r,)  ■  G,„  (n.^r)  •  b;„  (Ft) 


(G.9) 


^=n 


liin  A.‘Kr^\a'^  iim:::  dz4  j  j  dr4x  ^  {^2  —  tt) 

(pa  ■  (r, Fa)  •  'Q (rz)  •  •  ^ta<  (Ft)  x 


^TC-TC 


X 


=6 


Pb  •  ^^'ot  (^,^•4)  •  Q  (j'4)  •  Gtn  (r4,rr)  •  (ry) 


(G.IO) 


The  first  two  terms  are  very  similar  to  the  previous  expression  for  the  case  with  the 
target  and  media  in  two  different  regions,  and  may  be  evaluated  in  the  same  manner 
as  shown  below  shortly.  The  next  two  terms  are  related  by  (G.ll), 


4t-TC  {kas,Ki,h,,hi)  =  [4tyTC  {hs,kbi,kas,kai)Y  (G.ll) 

and,  hence,  only  one  term  need  be  evaluated.  Similarly,  the  last  four  terms  are  related 
by  (G.12)  and  (G.13). 

4'c-TC  {kaatkaitkbsfkbij  =  Y^TC-TC  (^6* >  ^i>t )  ^a*>  ^ai)]  (G.12) 

4‘c-TC  {kasikai,kbs^kbi^  =  [*^f’C-rC  {kb$^kbi,kas,kai^^  (G.13) 
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In  the  analysis  that  follows  each  of  the  above  terms  is  evaluated  in  turn. 

G.1.1.  Evaluation  of  ^tc-tc 

Both  of  these  terms  can  be  calculated  in  the  same  manner  as  was  used  for  the 
case  where  t  ^  f ,  since  the  target  is  outside  of  the  region  of  random  media  under 
consideration.  Hence,  the  result  for  ct^c-tc  similar  to  (F.33)-(F.35)  with  hf 

replaced  by  in  (F.33),  and  with  an  appropriate  change  to  the  Green’s  function  of 
(F.35).  Hence,  ctxc-tc  given  by  (G.14), 


/tUU 

^TC-TC 


lim  (27r)®i 


E 


r  r  _  vp*s»*qqUV 

Y,  /  /  dku  X 

O  J  J  uu 

a,P,7iP=»,y»2 


X 


Rp  {ki.  -  4x..,ttS  -  P*L1,«L”?'  -  p'kiilh*)  + 
Rsi(^u-k±.„  tkQ  -  pkQ, ,  ,hf)  + 

Rs2  {k±.-kL..,ekQ-pklt,fkii}' -P'klilhf)] 


(G.14) 


where 


ku  =  kL.  +  k^„  -  ku.  (G.16) 

and 


a.p'IP 

ppf  ss^qq^tt* 
A  uu^vv^ww^ 
•^TC-TC 
UU 


(G.17) 


Similarly,  (t^c-tc  can  be  found  by  replacing  — d/_i  with  zt  —  Sz  and  hf  by  hi  ,  and 
by  making  the  appropriate  change  in  the  Green’s  function. 


^TC-TC  ”  Xrf 


«/37P 

E  E  // 


UU^tlV^tUTU^  ^ 


Rf  (ii.  -ri,,,^*:S  + 

Rsi  {k±.-^u.,tkQ-pkS,,ntT-p'ki^,],K)  + 


(G.18) 


where 


hi  =  zt  —  Sz  ■{■  di 


(G.19) 
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and 


=  ^J-e  +  A:xj,  —  kx, 


(G.20) 


and 


ot/37P 

TPP*  IV 

A  uu^vv^vfw^ 
^TC-TC 
nn 


(G.21) 


The  functions  i2p(/3xj/^Pi5/^P2)  ^)  »  -Rsi(/3x»/5pi>^P2  5  h)  ,  and  Rs2{fix')/3pif0P2^h)  are 
all  defined  in  (F.22)-(F.32). 

G.1.2.  Evaluation  of  (Tjc-tc  <^tc-tc 

Equation  (G.4)  can  be  rewritten  using  the  Green’s  function  expressions  of  Ap¬ 
pendix  E.  The  r2X  integral  can  be  done  to  yield  a  delta  function  which  can  then  be 
used  to  ehminate  the  integral.  Similarly,  the  r4±  integral  can  be  done  to  yield 
another  delta  function,  and  that  can  be  used  to  trivially  perform  the  k±^  integral.  The 
procedure  is,  thus,  identical  to  that  used  previously  in  (4.12)-(4.18)  up  to  this  stage, 
and  the  result  before  performing  the  23  and  Z4  integrals  is  given  below  in  (G.22). 


^TC-TC 


=  hm 

Sz — ^0 


E 

p,a,q,t, 


E 


^  y  ‘  ‘  dz2  ^  dZ4  I  j  dkx.  I  did, 

a,l3,y,p=x,y,z  « 
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<x(3^p 
$»>qqU£’ 


'  '  un 


(C?.22) 


After  performing  the  Z2  and  Z4  integrals,  the  result  is  given  by  (G.23). 


^TC-TC 


E 


E 

tt,v,ty , 

jW '  =  T  JS  ,TM 


E  J J  dku  J  d/3,  {2iry 

«,/3,7,p=®,y,2 


ap7P 

pp*8»^qq^ti* 
A  uu^vv^ww* 
-^TC-TC 
un 


_ /  _V _ 

pktl  -  + 13,  p'ktX  -  i'ki:T  +  Id. 


The  13,  integral  which  now  must  be  evaluated  is  that  given  by  (G.24)  below. 


(G.24) 
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The  entire  integral  is  convergent  in  the  lower  half-plane  of  complex  .  Hence,  the 
contour  is  closed  at  infinite  radius  in  the  lower  half-plane,  and  the  integral  is  given  as  the 
sum  of  residues  for  poles  which  lay  in  the  lower  half- plane.  It  appears  that  the  integrand 
has  two  poles  at  —  p'k^^^^^  •  If  these  poles  are  in 

the  upper  half-plane,  they  wiU  not  contribute.  Similarly,  however,  if  the  residues  are 
computed  for  the  case  where  these  poles  are  in  the  lower  half-plane,  it  can  be  seen  that 
the  contribution  is  zero.  Hence,  these  two  singularities  are  removable  singularities  and 
not  poles.  The  only  pole  contributions  come  from  the  poles  of  ,  which  again 

will  be  assumed  to  take  the  form  of  (F.4).  The  contribution  from  the  first  order  poles 
is  given  by  of  (G.25). 


LSI 


JVi 

27ri  2 

m=l 


(P*a.  -  +  /’i.) 


X 


nS=i  («„  -  A».)  n"'..,  («„  -  «„,)  n2-.i  (a„  -  a.,)  (/?t.  -  A.,) 

(G.25) 


Similarly,  the  contribution  of  the  second  order  poles  is  given  by  (G.26), 


+  (ti. 


-  iy.,iN  {kx. 


(G.26) 


where  D_„  and  D'_^  are  given  by  (F.14)  and  (F.16),  and  where  and  are 

given  by  (G.27)  and  (G.28). 


jV-un  ^ 


X 


f^hs 


(G.27) 


=  i  (v  +  2i.)  e-'<’''‘S.  -"K 

i  (A*  +  24) 

i  (A+  +  Ar  +  24)  +*■> 


(G.28) 


Hence,  the  final  expression  for  cr^c-TC  given  by  (G.29), 


*^TC-TC  —  ^ 


E 


«/37P 

^  JJ  dkx^  A^S'^rr’  X 


e<(fcx„i-fex„+fej.».-fcxa.)-’"rx  x 


X 


r  pun  j_  puni 
[J^Sl  ^52 . 


(G.29) 


where 
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and 


(G.30) 


# 


ciPlP 

ppf  ss^qqUV 
A  uu^vv^ww' 
^ TC-TC 
un 


(G.31) 


The  absence  of  contributions  from  the  two  primary  poles,  which  contributed  in 


the  expression  of  the  previous  section,  indicates  that  the  above  term  will  be  smaller 
than  the  first  two  terms,  <t^c-tc  <^tc-tc  •  Physically  this  result  stems  from  the 
fact  that  the  regions  above  and  below  the  target  are  correlated  over  only  a  very  small 
region  where  the  two  meet.  Hence,  the  contribution  of  the  <?’r9-rc  wdl  be  small. 

A  similar  expression  for  can  be  derived  by  the  above  method,  or  by  relating 

it  to  the  above  using  (G.ll).  The  result  is  given  at  the  end  of  this  Appendix. 


G.1.3.  Evaluation  of  (Ttc-tc 


Starting  with  the  expression  of  (G.6)  and  substituting  the  Green  s  function  and  1^ 


incident  field  expressions  of  Appendix  E  yields  the  result  of  (G.32), 


P,5,P',5'=4-,— 


S  (r2  -  rr)5  {r^  -  tt)  g 


Vf  j  j  JVf 


(G.32) 
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where 


ot/37P 

rp>„<  |Q, 

ltc-TC  — 


M2 


47r 


X 

Ja  L 

J7  L  J 

* 

P 

(G.33) 

The  integration  can  be  done  straightforwardly  using  the  two  delta  functions,  and 
the  desired  final  result  is  given  by  (G.34). 


0^7  P 

^TC-TC  —  ^  ^  ^TC^TC  Go!^-yp(0)x 

p,*,p', «'=+,-  u,w,u',w'=TE,TM  a,fi,'y,p=x,y,z 

gi(k±,i-kx^i+k±^,-kxa.y7T^  +p*'irl.-p'fclS  )*t  (^.34) 


G.1.4.  Evaluation  of  o-^c-tc  »  ^tc-tc  »  ^fc-TC  »  <’'fc-TC 


The  first  term  to  be  considered  is  that  of  cr^c-TC  j  which  is  defined  by  (G.7). 
Substituting  the  Green’s  function  and  incident  field  expressions  of  Appendix  E  yields 
the  result  of  (G.35). 


^TC-TC  -  jim  E  E  E  I  II  ^2-i-  III 


a^7P 

ppf$»fqi 


1 1  dkx.  Ccnypiri  -  r^)  6  {¥4  -  rr)x 

^i(kx^^-kxa-k±^^)•rTJ^  X 

e»(^Xo-^Xa.)‘^2X  g»fcXj,-p4X  -P*'1“L )**  e’^'^**** 


(G.35) 
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where 


a^yp 
pp^  a s^qt 
A  uu^vww^ 
^TC-TC 
U=r 


\OL 


f\2 


Att  L 


OK 

♦  r 

7 

■^(«) 


X 


(G.se) 


A  transformation  is  first  applied  to  the  above  and  Z4  integrations,  such  that  the 
limits  of  the  integral  in  the  new  coordinate  frame  will  extend  from  —h^  to  0.  In 
addition,  the  correlation  function  is  represented  as  the  Fourier  transformation  of  its 
associated  spectral  function.  The  result  is  given  by  (G.37). 


^'tC-TC  —  /  ,  +  ^^2  J  f  df2X  j  f  J  dr 4 


a/3yp  ^ 

j f  dkxa  (^)  ^  (^4  -tt-  dt-xz)  X 

g»(*Xa-^Xa.-^x)-?2J.  e*(^Xfc, +^x)-'^4X  g»(<*«zi (G.37) 


The  r4  integration  in  the  above  can  be  performed  using  the  delta  function  from  the 
singularity  term  of  the  Green’s  function.  The  integration  over  T2x  can  then  be  done 
to  obtain  another  delta  function,  and  the  result  is  given  below. 


cr 


u= 

TC-TC 


lim  (27r)^ 


E 

p,a,q,l, 

y, 


E 

■U,t»  ,Tt;, 

u*  ,vf^s:TEtTM 


E 

«,/3,7.p=*.y.2 


dz2  j  j  dk±^ 


X 
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a/3yp 

pp^ts^qi 


^ccl3-yp  (^)  S  (fcjL„  -  k±^,  -  fij_)  X 

g-ii»k[zli+<l’^tVa-*'’^uJ  -p'fclrj’  -0t)zT  (G.38) 


The  delta  function  can  then  be  used  to  perform  the  /?j^  integration  to  yield  (G.39). 


^TC--TC 


=  lim  (27r)^  53  S  /  +  f  x 


ct/3^p 

ppft$*qt 


A^cItc  (^-La  -  fex„.,/3z)  e‘(''^«-''x«+fe±».-fex..)-?Tx  X 

U=  '  ' 

The  Z2  integration  can  then  be  done  directly  to  yield  (G.40). 


<x^lP 

<^TC-TC  =  Hm(27r)2  ^  ^  12  f  f  x 

+  «*,w'=T£?,TM 

^a/37P  (^x«  -  ^U.ild2)  X 

-p'Mrp,  g-»(<Mli-p''trl.-/3*H-ix 


1  _ 

P^S.  - 

The  /Jj  integral  of  the  above  expression  takes  the  form  of  (G.41). 


(G.40) 


p*^S.  -  +  A 


(G.41) 
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Tlie  entire  integrand  converges  in  the  lower  half- plane  of  complex  >  hence,  the  in- 
tegration  path  will  be  closed  in  a  semi-circular  fashion  at  infinite  radius  in  the  lower 
half-plane.  The  final  term  can  be  written  as  an  exponential  multiplied  by  a  sine  func- 
tion,  and  the  denominator,  therefore,  is  not  a  pole.  The  only  poles  again  arise  from  • 

the  spectral  function,  ,  which  will  be  assumed  to  have  the  form  of  (F.4). 

The  simple  pole  contribution  to  the  above  integral  is  then  given  by  (G.42), 


Ni 

RsT  =  -2^*  £ 

m=l 


^ 


4-  3* 


n5.i  (ft„  -  (t  -  A-„,)  nXi.  (^i.  -/s..,)'  (ft.  - 

(G.42) 


and  the  double  pole  contribution  is  given  by  (G.43), 


R'i’  =  -2ni  E  -^1 D"  [i'„  (Ex.  -Ex..,/?;,)  JV"  +  (Ex.  -  Ex..,^;)  - 

n=l  I 

(Ex,  -  Ex..,/?;.)  W;:|  (G.43) 


where  iV^“  and  iV^“'  are  given  by  (G.44)  and  (G.45), 
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f^aa /*a 


(^.44) 


(G.45) 


and  where  DI:I“  and  are  given  by  (G.46)  and  (G.47). 


Ni 


=  (p*S,  -  #.i + 1^’..)  n  {fi  -  A.,)  {01  -  0tj  X 


m'=l 


Ni 


Ni 


(G.46) 


nf=l 


7t'  =  l 
n*^7i 


N2  2  -  • 

ij-:'  =  n  K  -  A..)  (/Si  -  Kj  n  -  a.,)  n  (a.  -  a.,)' 

m'=l  n'=l 

+  (?*=£.-<(  + A.)  X 

{n(/si-A.,rn(A.-A.,rx 

ln'=l 


N2 


ri'=:l 


n.'  =  l 
Ti'^n 


Ni  p  Ni  Ni 

s  n  (^i-A.,,)  n  (a.-a,„)+ 

m'=:l  ^  m'^=l  Tn"=l 

n  (^i-A„„)  n  (^i-A.,,)] 

m«=l  m''  =  l  ■■ 


iVi 


+  2  n  (/Si-A„,)(A.-A.,)x 


m'=l 


r  ^^2 


^^2 


Ni 


E(/Si-A.,)  n  (/Si-A.„)  n  (A.-A.„)  + 


■n'nl 


n«=l 


n»  =  l 
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E  («.-«.,)  n  K 

n'=l  n"=l 


n'^n 


-K.y  8  [^i-kj\] 


(GA^) 


Hence,  the  final  desired  expression  for  (t^c-tc  found  from  the  sum  of  the  above 

pole  contributions. 


S  ^  fl 

^,7,/9=a,y,z 

gi(fc^^.-fej.«+fe±».-fcXa.)-?Tx  [i2U=  ^  _^U=j 


^TC-TC  —  i(27r)^  ^ 

J,^ql  u,v,w, 

=  +  uf,wf=TE,TM 


dk\ 


0/37  p 
j>p*a»*qi 
A  uu^vw-w^  w 
-^TC— TC  ^ 
U= 


(G.48) 


The  second  term  to  be  considered  is  (^xc-TC  1  which  is  given  by  (G.8),  and  which 
can  be  written  using  the  expression  of  Appendix  E  to  yield  the  result  of  (G.49), 


E  E  E 

.  f  ’  /r  p  'T R/f 

p', *'=  +  ,—  u\w’=TE,TM 
i*  p  PP**M*qt 

j J  dkx.  Cai3yp  {r2  -  Vi)  A^clTc  S  (^4  "  rr)x 
gi(fex„i-fex„-fexM)-rT^  +9*1x1 x 

gt(fexa-fex«,)-”2X  g»fcXfc,-r4X  g»(^Mxl -P*txL W  (G.49) 


where 
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apyp 
pp*$$*qi 
A  uu'vvjw^ 
-^TC-TC 


\0L  ^  /"T  \  (U  \  V 

-J—  Va  •  Hot^{k±,,)  •  F tn,,(«i.)  •  Et^,  X 

47r  L  JaL’  J/3 


-  ^1*  Ilf 

^  J  L  J  p 


(G.SO) 


A  transformation  is  again  applied  to  the  Z2  and  Z4  integrals  such  that  the  limits  of 
the  new  22  integral  will  extend  from  — to  0 .  In  addition,  the  correlation  function 
is  again  represented  as  the  Fourier  transform  of  its  spectral  function. 


’TC-TC 


Um  X) 


p,;q,t.  ,  a,/J,7,P=»,y,2 

+  u',w'  =  TB,TM 


a/37p 

pp^ 


,i(fcia-fexa,-i9x)-p2x  ei(fex„ +^x )--4x  e^{tk[ll-pk[^l-i3,)z^  (G.51) 


The  ¥4  integral  can  be  performed  trivially,  and  the  r2X  integral  can  be  done  to  produce 
another  delta  function  which  then  allows  trivial  evaluation  of  the  (5^  integral.  The 
result  is  given  by  (G.52)  below. 


’TC-TC 


Um(27r)2  X) 


X  j j 
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pp*»a^ql 


pp'ssqc  ,  _  V 

APc'Itc  $a/3-yp  (fcl.  -  k±,.,l3z)  X 

n=: 


(G'.52) 


The  Z2  integral  can  then  be  done  directly  to  yield  (G.53). 


<^rc-rc  =  lim  (27rf  X)  X)  Zi  jjdkx.jdl3^x 


Ct^lP 

ppf»s>ql 


PP’Bsq^  / _  _  \ 

(kxa  -  kXa.,^z)  X 
n= 

ei(*X„  -*X«+*X».-*Xa.)-rTx  g-*(**lri.. +9*1:1 -*'<?  )*T  ^ 

p4t-<+ft 


(G.53) 


Hence,  the  /3z  integral  takes  the  form  of  (G.54). 


=  j  d/3z^al3yp  {kXa  “  kxa.^^z) 


»'(p'*l 


(G.54) 


4“’ 

J  *a5 


ik^;l+i3z 


The  integrand  is  now  convergent  in  the  upper  half-plane  of  complex  (3^  so  the  integra¬ 
tion  path  will  be  closed  with  an  upward  oriented  semi-circle.  The  only  poles  are  again 
those  of  the  spectral  function,  and  the  residue  contribution  of  the  simple  poles  will  be 
given  by  (G.55), 
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RsT 


2m  y - r\ - n - x 

is  p4i -«/'2+a» 


n"‘...  (a»  -  A„,)  nS-i  (a»  -  nSt.  (a.  -  (ft„  - 


(G.55) 


and  the  double  pole  contribution  by  (G.56), 


iV2  1  r  _  _  _  _ 

asr  =  2ni  £  7^  !>::  te  (*:i,  -  ku.,i3^)  k: + «« (ix.  -  ix,„A.)  jvjf]  - 

n=l  I 

(Ix.  -  4x..,/3x,)  jv;-j  (G.56) 


where  N2~  and  N!^~*  are  given  by  (G.57)  and  (G.58), 


e«’(p'M2  +l3zn)S^  (l  _  gi(pfe^“xi.-<xi+^.«)V 


(- 


(G.57) 


N?= 

“rn 


j  e*(p'*'ix2  +/3xn)^x 


+  /i-)  eM“i.-<xi+/3^n)^  1  (C!  58) 


and  where  and  D'^-'  are  given  by  (G.59)  and  (G.60). 


JVi 

<’.+/3x,)  n  (ft. 

m'=l 


X 
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/  x2  /  xi 

nK-A..)  nK-^j..) 


(G.59) 


n^=l 


n'=l 


=  n  K  - A».)  K  - «„.)  n  K  - K)  n  - «..)' 

m'=l  n'=l 

+KL-«a+/’-)x 

I  n  n  X 

I  n'sl  n'=l 


r  ^‘  /  X  ^>  /  X 


m'=l  *•  m»  =  l 


m"=l 


n  (ft.-ft„..)  n  (A. -«...)] 

m"=l 


m»=l 


m'=l 


+  2  n  (A.  -  A„.)  K  -  A'„.)  X 

^  {An“A„;)  n  (^in“A„«)  IJ  (An“A„«)  + 


iV2 


‘•»»=1 


n"  =  l 
n'Vn' 


n"=l 


ATj  JVj  2  ^*  /  X  2l  1 

E  (A.  -/JL)  n  K  -  A.,,)  n  (A.  -«.„)  F-so) 

n'=:l  n"=l  n"  =  l  ^ 


Hence,  the  final  desired  result  is  given  by  (G.61). 


^TC-TC  —  lini  t(27r)^  ^ 


!>',<'=  +  .- 


ul,w'=TE,TM 


<x(Byp 

_  j*  1*  pp^ss^qt 

x;  J  j  dkx,  Arcpc  y< 

a,0,'f,p=<c,y,i 


)(^t-«.)  [jjn=  ^n=| 


((?.61) 


The  other  two  terms,  cr^c-TC  <^tc-tc  j  derived  in  a  similar  manner,  or 

determined  using  the  relations  of  (G.12)  and  (G.13). 


G.2.  Correlation  of  Scattered  Field  Components 


This  section  gives  the  final  expressions  the  correlations  between  the  incoherent 
multi-path  components  of  the  target  return.  The  correlation  function  is  assumed  to 
take  the  form  of  (F.4),  with  Ni  conjugate  pairs  of  simple  poles  at  and  ,  and 
iV’2  conjugate  pairs  of  double  poles  at  13^^  and  . 

G.2.1.  Target/Clutter  -  Target/ Clutter  Correlation 

The  overall  expression  for  this  correlation  is  expressed  as  the  sum  of  nine  terms, 
as  shown  by  (G.62). 


— PaP6 

^TC^TC 


khi)  =  47rr^  (^pa  •  Etc  (kas^kai)  x  pl  •  E^c  {hs^hi)) 

—^TC-TC  *1"  ^TC^TC  ^TC-TC’^ 


^TC-TC 


+  ^TC-TC 


_L  AT^- 

•  ^TC-TC 


+ 


(G.62) 


The  first  two  terms  are  given  by  (G.63)  and  (G.64), 


^TC~TC 


lim  (27r)®i 

Sz — >0 


E 


E 


E  If 

a,l3,'t,p=x,y,z '' 


ppf$3>qqUif 
A  UU^VV^WW^  w 
^TC—TC  ^ 
UU 
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(ii.  -  Jx..,  »a  -pkit,  «!?■  -p'C’’.  K) + 
R^  (Sx,  -Sx..,  ekQ-pki“l,  «<:?■- P'4“2’.  V)  + 

(^x.  -ix..,  ttS  -p*=s.,  -p'cr.  + 


(a63) 


^TC-TC 


Um(27r)®i  ^ 


£  // 


^  pp^S3^qq*iV 

/II*  .  >4  w 

-^TC—TC  ^ 


f(fcx„i-fex«+feXt.-fex„.)-FTj.  -9'felz?  )^T. 


fi?"  (^x.  -  fcx.„ «!:;  -  pkit,  -  p'*'S.“T.  v) + 

fig"  (*x.  -  ix.„  -  ?*:&>.,  «£’■  -  v)  + 

BS?  (ix.  -ix..,  ttS  -P*^S.,  «&?■  -p'C.  ft.-)  + 


(G.64) 


where 


kxc  =  kxa  +  ^-L».  ” 


(G.65) 


ht  =  —dt-\  —  zt  —  Sz 


(G.66) 


hj  —  zj  -{■  dt  —  Sz 


(C?.67) 
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and 


<x0^p 

pp>0,»qqUl» 

I  UU^VV^WW* 

^TC-TC 

uu 


a 


./|2  r 


Att  [ 


':5- 

a  L 

♦ 

1"’'  ■'■■■’! 

3y(w) 


Fjjku)  ■  Ei:, 


s 


■  ^hi 


<x^^p 

pp^  ts^qq^W 
1  uu^vv^ww^ 
^TC-TC 
nn 


WV  \^  ^l  fu  \ 

Pa  •  Hot,{k±^.)  •  F tnt,{k±J  • 

J  a  L 


47r  L 


X 


J/3 


The  functions  ,  ^51^ ,  and  Rg'2  are  defined  by  (G.70)-(G.72), 


pUU 

-ftp 


iVi 


(/Sx./Spl.fe.*)  =  E 


/3f2  —  fiP2  —  (^Pl 

_  gK0Zm-0Pl)h  ^  gi(0P2-0Pl)h^ 


=1  I  -  M  (/?.„  -  M  (/3z™  - 

^JV  (/^ll^Zm) 

n"!=,  (A-  -  A.,)  n2’.i  (^x.  -  A.,)’  (a„  -  A 

_ e-'OT.-to)* _ 

(^i.  -  fri)  K  -  fe)  n5..  (/?i.  -  A„,) 
_ (?X.A-„) _ 

n^!;...  (A.  -  A.,)  nJ-.i  {cl  -  A.,)”  (/?:„  -  n 


(G.68) 


(G.69) 


(G.70) 


(G.71) 
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—  ^2  1  f 

=  E  7^1 0'f,  [«iv  (/Jx.ft.)  JV^r] 

n=l  -^H-n  I 

(?x.A.)  jvr^} 

;^|  px,/?:.)  JV_r]  - 

“n  V 

{A,l3l)  iV"“| 


(G.72) 


where  ,  iV^^'  ^  ^uu/  ^y  (G.73)-(G.76), 


=l  _  ei(/5  zn  ~/5pi  )/^  I  gi(/5p2  -/3pi  )^ 


—  n 


=  -  ih 

*rn 


iV^'-''  =  -  ih 

— n 


(G.73)  • 


(G.74) 


(G'.75) 


(G.76) 


and  where  ,  Dlf!;;'',  and  are  given  by  (G.77)-(G.80). 


JVi 


=  (/3z.  -  /3pi)  -  /?P2)  n  K  -  ^*.0  K  -  x 


m'=l 
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N2  2  iV2 

n  -  /^Zn')  n 


(G.77) 


n'  =  l 
n^jin 


n'=l 


Ni 

D'^.  =  {n.  -  fe)  K  -  fe)  n  [k.  -  A.,)  (a.  -  A.,)  X 

m'=l 


iV2 


Ni 


n(«.-A.,)  nK-/jU 


(G.78) 


n'=l 


n'=l 


,  .  .  .  ■'^2  .  .2  JV2 


= -  (*i + M  n  (A.  -  A„)  (A.  -  «„,)  n  K  -  A..)  n  (a.  - «.,)  + 

m'=l  n'=l  n'=l 

nV’’^ 

(2^Zn  ~  ~  ^P2)  X 

{iV2  2  2  r 

n  (A. -A.,)  n  k-a’.,)  e  n  (a.-a.„)  n  K -«.»)+ 

n'=l  n'=l  m^=l  m"=l  m"=l 


iVi 


Ni 


n  (a.-a„„)  n  (^*,-A.„) 


m"=l 


a"=l 


+ 


2  n  k-a„,)(a,-a-„,)x 


m'=l 


r  iV2  Ni  Ni 

^n'=l  n'*  =  l  n''=l 


+ 


iVj 


JV2 


^2  JV2  2  ^2  2l  1 

e(a.-a-.,)  n  (A.-A.„)  n  K-a-.„)  (0.79) 

t'=1  n"  =  l  n»  =  l  ■*  ) 

n**:jtn* 


Ni 


D'fi'  =  -  (^P.  +  fc)  n  (a.  -  A„,)  (A.  -  A„, )  X 


m'=l 


Ni 


n(A.-A.r  n  k-a.,)  + 


n'=l 


n'=l 


(2^*n  -  )^P1  -  /5p2)  X 
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;  n  K  -  ft..)'  li  (ft-.  -  ft.,)'  E  [  li  (ft-.  -  ft...)  n  [01  -  ft-..,) + 

n'A  ”'=l  '"-I 

iVi  X  ■*'^>  /  \1 

n  (/s;.-ft„.)  n  (ft-.-ft-..,)i 

m"=l 


a"=l 


m»=l 


2  n  (ft. -ft.,)  (ft. -ft-.,)  X 

•  JV2  -^2  X  2  /  \  2 

E(ft-.-ft.,)  n  (ft-. -ft..)  n  + 


n'=l 


n»=:l 


a"=l 


E  (/?;.- ft.,)  n  (ft-. -ft..)'  n  (^^.-ft.,,)']}  (g-*") 

n"— 1  n''  =  l  '' 

'',Z  n"^n' 

n'^n 


The  functions  ,  iZgi’ ,  and  are  identical  to  ,  iisi  ,  and  R'^'^  respectively. 


ijnn 

Itp 

pnn 

•^51 

pnn 

-^52 


{GM) 

(/9j^,/?pi,^P2, h)  =  ii25i  (j3±,l3pi,fip2jh^ 

(Cr.82) 

(/?j^,/3pi,^P2,h)  = 

(G.83) 

The  second  two  terms,  o'tc-tc  ^tc-tc  ^  given  by  (G.84)  and  (0.85), 


^TC-TC 


lim  (27r)^z 


E 


E 

u,ti  ,tu, 

u^,v*,w*  =  TE,TM 


E 

ai/5,7,P=®iy»2 


// 


dfcx. 


ap7P 

pp*»3*qq^lV 
A  uu^vv^ww* 
TC-TC 

un 


X 


jj^r  (ti,  -  «!■”?■  -p'd’) + 

(Si.  -  '^i..Mi  -  pkltM:?'  -  p't?') + 


(G'.84) 


a^TTp 

P  P  pp* $»*qqUV 

<^TC-TC  =  lim  (27r)®i  X!  E  E  / /  x 

g»(fcx„  -fexM+*Xj,-*Xa.)-7Tj.  X 

{T^±.-k^..Mi-pkltM"J-p'ki^2')  + 

^*52  (Si.  -  pkS,,nll'2’  -  P'kifS)  +  (0.85) 

where  ,  and  are  given  by  (G.65)-(G.67),  and  where 


0(/37P 

pp^  s  9*  qq^lV 
uu’vv’ww^ 
^TC-TC 
un 


a' 


f\2 


47r 


a 

♦  r 

7 

tui^ 


X 


',K) 


hfq»  ' 


oi^yp 

PP*9  9^qq*ll^ 
tttl^  VV^VfVf^ 

^ TC^TC 
nu 


a 


'12  r 


47r 


Pa  •  .ffotp(^-l-a») 

a 

•O 

sJ 

*  r 

7 

■=(vM  ^ 


J/3 


(G.86) 


(G.87) 


The  functions  Rg^  and  defined  by  (G.88)  and  (G.89), 
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oun 

^51 


(l3^,pPU0P.)  =  E 


m=l 


nS=i  (ft„  -  A„.)  n'S..,  (A-„  -  A-„,) 

m'^m 


X 


2^*^  -/5pi  -/3p2 


(G.88) 


(3i„8p.,fe)  =  E  [«w  K.«.)  jv“: + K,/?:.)  jv_t'] 

(G.89) 


un';K__  /  a 


I>_  #JV 


where  and  are  given  by  (G.90)  and  (G.91), 


^un 

*“n 


^  g-*(/5I„-^P2)5i  _ 


_  e-^(01n-Miht+s.) 
g  -fip2  )(^r  ^ 


X 


(G.90) 


=  i  (^ht  +  2S^)  g-i(/3:„-^ps)(V+^*)_ 

21^2  g-*(^:„-/3p2)«*+ 

i  {ht  +  26,)  g-i(/3;„-^P2)«._ 

i  ^h+  +  /i-  +  28^  +«x)  g-i(/3;„-/?P2)(V+«-)  (G.91) 


and  where  D'-’^  and  D'-''^'  are  identical  to  D^'-‘  and  ,  respectively. 

— n  — n  — n  ”n  ?  -t 


D'fl  {fipi,/3p2)  =  (^pi,/3p2) 


(0.92) 


D'f:'{|3p^,f3p2)  =  D'i^J{l3p^,l3p2)  (G.93) 

Similarly,  and  are  defined  by  (G.94)  and  (G.95), 


JVi  (l  — 


X 


n"'..,  1 

)  n"!.! 

X 


e*(2/3im  ~/3pi  -/3p2 


(G.94) 


^2  1  r 

XS?  =  -  E  jpjo™  [«»  (^x.A.)  (^^,A.)  JV™'] 

(e-fs) 


where  and  are  given  by  (G.96)  and  (G.97), 


+n  V 

^  g«(/5»n-^P2)^l  _ 


_  g^(/5xTi—/3pl  +5z) 

eiifirn-l3p2){ht+S.)\ 


X 


(G.96) 
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j^nu>  _  2S^'j  ei{0zn-fip2)iht+s,)_^  % 

2iS,  e*(^  zn  '-’/5piMx  g»(/5zn  “/5p2  )^x  _ 

i  (ht  +  2S^j  e*(/^Tn-0P2)S2^  ^ 

i  (^hf  +  hi  +  2S^)  ( G.97) 

and  where  and  are  identical  to  and  ,  respectively.  ^ 


D’l^J/3p^,M  =  D2:{/3pi,/3p2) 


(G.98) 


B^^'(/3pi,/3p2)  =  n2:’(/3p:,M 


nn'  - 


(G'.99) 


The  fifth  term,  (TfQ_pc  ,  is  given  by  (G.lOO), 


where 


a/?7P 

pp*»$* 

^TC-TC  =  E  E  E  Mt^fc  C'a/3^^(0)x 

p,«,p', «'=+,“  UjWjU*,w*=TEfTM  a,^,7,p=a:,y,2 

ei(fe±.i-fcxj,+fex».-fcx«.)-FTj.  +P''irL-p'*'i“2  (G.lOO) 


.4 


a^-iP 

pp'ss* 


TC-TC  — 


laT  r.  =(«),^ 


4ir  U 


Pa-H, 


<«)/7:  n" 

J  a 


5, (to) 


X 


(G.lOl) 
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The  sixth  and  seventh  terms,  (Txc^tc  ^?c-ra  ?  given  by  (G,102)  and  (G.103), 


^TC-TC  — 


oi^yp 

/*  /*  pp^3$*qt 

-Um(27rf  E  E  E  dkuArclTc^ 


[k^a  -  ku,Mi  - pkit)  +  R^s2  {ku  -  k±^.,eki:l  - pk\:l)] 

(G.102) 


^rc-rc  —  “  (27r)®  E 

6z-*0 


Ot^-fP 
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(G.105) 
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and  where  Rg^  ,  Rgj  ,  ,  and  Rgj  are  given  by  (G.106)-(G.109). 


^51=  = 


S  A-  - 
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1  r  _ 
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n=l  ^+n  I 

-  {A,0^)  K:j  (G.109) 

The  expressions  for  i\r^=  ,  iVi'=' ,  iV^=  ,  and  iV^='  are  given  by  (G.110)-(G.113). 


N^=  =  (1  _ 


(G.llO) 
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=  i  [{ZT  +  dt^i)  +  6,  ]  e»-^x*„^T 


jyn=  _  j 


N^='  =  i  [S,  -  (S,  +  h-) 


p*(/^*n  ”/^Pl 


The  expressions  for  D'^~  and  D'i~'  are  given  by  (G.114)  and  (G.115), 
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(G.115) 


and  -DJ”  and  D’^~  are  related  to  the  above  by  (G.116)  and  (G.117). 


DT.  (M  =  [0“-:  (I3pn]'  (G.116) 

a;:' (/3fi)  =  [B“:' (*.*)]■  (g.w) 

The  final  two  terms,  (Tfc-^xc  ^fS-rc  j  given  by  (G.118)  and  (G.119), 
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/T  =  ^  — 

^TC^TC  — 


-to  (2,)’  E 

Pt«,P  !«' 


+  v',ty'  =  TB,TAf 


«^7P 

r  r  —  pp^»$*q*v 

X)  /  /  dfcj.,  X 

/3  ./  ./  =n 

oc,(3,y,p=Xyy,z 


Ak±^i-kx^i+k±^,-kxa.)■7Tx 


X 


[jjjr  (*:i.  -  l^x., .  e'kifj’  -  p'klfS)  +  Rl?  {ku  -  kx.  >  «£’■  -  p'dl 

(G.119) 
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and  where  ,  Rg2  >  ?  and  Rg2  are  related  to  ,  Rg2  5  R-sT  >  and 

(G.122)-(G.125). 


fi"  (/3i,/8pi)  =  -  [jj^r  (Mp^')Y 


(/Sx,/3p.) 


fiir  (^x.fe)  =  -  [fiSr  (;ax,^p.‘)]‘ 


Rs^  {01,0P>)  =  -  [flSr  (/9x.fe’)]‘ 


G.2.2.  Clutter /Target  -  Clutter/Target  Correlation 


(G.120) 

(G.121) 

Rs2  by 

(G'.122) 

(G.123) 

(G.124) 

(G.125) 


The  overall  expression  is  again  the  sum  of  nine  terms,  as  shown  by  (G.126). 
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^CT-CT  ~  47rr^  (jta  •  EcT  (kasi  kai^  X  PI  ’  Eq-p  (kbs^kbi^^ 
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(G.126) 


The  first  two  terms,  cr^x-cr  <^ct-ct  >  ^re  given  by  (G.127)  and  (G.128), 
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-ki.,  -qkQ  -  -g'klf  -  s'klf/,K)  + 

R'S  (^x., -^l.,-9kli  -  skQ,-g'kl:T  -  s'kif/,K) 


(G.128) 


where 
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(G.131) 


The  functions  ,  i? ,  ilgf  ,  and  are  defined  by  (G.70)-(G.83). 

The  next  two  terms,  cr'^x-CT  ^ct-ct  ’  given  by  (G.132)  and  (G.133), 


<xp^p 

/*  /*  _  ppfgs^qqUV 
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X 
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and  where  ?  -RSi^  >  and  jRJj  are  defined  by  (G.88)-(G.99). 
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The  fifth  term,  (Tcf-CT  5 


is  given  by  (G.136), 


where 


<^CT-CT  —  XI  X]  X] 
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The  sixth  and  seventh  terms,  <Tcf_CT  and  <Tcf-CT »  given  by  (G.138)  and 


(G.139), 
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and  where  Rg^  ,  Rg2  ,  Rsi  >  and  are  defined  by  (G.122)-(G.125). 


G.2.3.  Target / Clutt er  -  Clutter/Target  Correlation 


(G.142) 


(G.143) 


(G.144) 


(G.145) 


The  overall  expression  is  again  the  sum  of  nine  terms,  as  shown  by  (G.146). 
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The  first  two  terms,  ^rc-cr  ?  given  by  (G.147)  and  (G.148), 
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where 
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The  functions  »  -^52  »  RT  >  ^5^  .  and  -^52  are  defined  by  (G.70)-(G.83). 

The  next  two  terms,  and  <Tx)c-ct  »  are  given  by  (G.152)  and  (G.153), 
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and  where  »  -^Si^  ?  and  Rg2  are  defined  by  (G.88)-(G.99). 


The  fifth  term,  <Tf c-CT  >  ‘s  given  by  (G.156), 
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The  sixth  and  seventh  terms,  Ctc-ct  <^tc-ct  j  given  by  (G.158)  and  (G.159), 
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and  where  ,  and  are  defined  by  (G.106)-(G.117). 

Finally,  the  last  two  terms,  cr^c-cT  ^tc-ct  >  given  by  (G.162)  and  (G.163), 
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^TC-CT  — 
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and  where  ,  Rg^  ,  and  Rg^  are  defined  by  (G.122)-(G.125). 
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Chapter  5 


Scattering  of  an  Electrically 
Large  Plate  Target  in  a  Layered 
Continuous  Random  Media 


This  chapter  continues  the  analysis  of  the  scattering  phenomenology  for  a  target 
buried  in  a  stratified  region  of  continuous  random  media.  The  results  of  Chapters  2-4 
are  extended  by  now  considering  a  more  complex,  electrically  large  target,  composed  of 
flat  perfectly  conducting  polygonal  plate  patches.  Strong  Fluctuation  Theory  is  again 
employed  to  determine  the  effective  permittivity  of  the  random  layer,  and  the  distorted 
Born  approximation  is  used  to  obtain  the  fields  scattered  by  the  random  media.  The 
fields  scattered  by  the  target  are  calculated  by  using  the  Physical  Optics  approximation 
to  the  current  induced  on  each  flat  facet,  and  by  coherently  summing  the  contributions 
from  all  facets.  As  with  the  previous  formulation  for  the  point  target,  the  total  received 
field  is  seen  to  consist  of  a  coherent,  or  direct,  return  from  the  target,  an  incoherent 
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return  directly  scattered  by  the  random  media,  and  two  incoherent  multi-path  terms 
arising  from  interactions  between  the  target  and  random  layer.  The  statistics  of  these 
incoherent,  multi-path  fields  are  calculated,  including  the  variance,  and  the  correlation 
in  both  azimuth  angle  and  frequency.  The  effect  of  a  variety  of  geometrical  and  physical 
parameters  on  these  statistics  is  again  illustrated,  and  the  results  are  compared  with 
those  for  the  simpler  point  target. 


5.1.  Geometry  and  Random  Media  Model 

The  configuration  used  to  investigate  the  scattering  between  an  arbitrary,  electri¬ 
cally  large  target  and  a  layer  of  continuous  random  media  is  shown  in  Figure  5.1.  The 
stratified  media  consists  of  N-2  bounded  regions  with  a  half-space  above  (Region  0 ) 
and  below  (Region  iV  —  1 ).  The  uppermost  interface  is  taken  to  be  at  ^  =  0  ,  and  the 
other  interfaces  at  depths  2  =  -dj ,  where  i  denotes  the  region  directly  above  the  in¬ 
terface.  In  general,  it  is  likely  that  several  regions  may  contain  random  scatterers,  and, 
thus,  lead  to  several  layers  of  random  media.  Since  it  will  be  assumed  here,  however, 
that  each  such  region  is  statistically  independent  of  the  others,  only  a  single  random 
layer  will  be  considered,  and  the  result  for  a  larger  number  of  random  regions  may  be 
found  by  incoherently  summing  the  contributions  from  each. 

The  target  will  be  assumed  to  be  entirely  contained  in  region  < ,  to  be  perfectly 
conducting,  and  to  be  large  in  comparison  to  the  wavelength  of  interest,  such  that  the 
induced  surface  currents  may  be  accurately  approximated  using  the  Physical  Optics 
approach.  It  is  modeled  by  a  collection  of  N  flat,  polygonal  facets,  where  the  ith  such 
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Figure  5.1.  Geometry  of  the  multi-layer  scattering  problem  with 
N  layers,  and  with  the  plate  target  located  in  layer  t , 
and  the  random  media  in  layer  / . 
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facet  will  have  an  arbitrary  number  of  vertices,  Mi ,  ordered  counter-clockwise  about 
the  surface  normal,  fii ,  of  the  top  face.  Each  facet  is  one-sided  such  that  only  the  top 
face  will  contribute  to  scattering,  and  two-sided  plates  must  be  represented  using  two 
such  facets  placed  back-to-back,  A  sample  facet  is  shown  in  Figure  5,2, 


A  I. 


Figure  5.2.  Geometry  of  an  individual  polygonal  facet  composing 
the  target.  Shown  is  the  ith  facet  which  is  arbitrarily 
chosen  to  have  three  vertices. 


It  will  again  be  assumed  that  the  source  of  illumination  is  sufficiently  far  from 
the  target  and  from  the  source  of  the  multi-path  random  media  return,  that  for  the 
purpose  of  calculating  these  contributions  to  the  target  signature,  the  illumination  may 
be  treated  as  being  of  plane  wave  form.  Hence,  the  incident  field  will  take  the  form  of 
(5.1), 


Eo,(r)  =  [Efn{-h^,)+Ej^v{-h^,)] 


5.1.  GEOMETRY  AND  RANDOM  MEDIA  MODEL 


311 


where  h(— fcozj  aJid  v{—ko^^)  are  unit  vectors  in  the  polarization  direction  of  the 
incident  TE  and  TM  waves  respectively,  and  where  the  incident  propagation  vector  is 
given  by  (5.2). 

koi  —  kx^x  -f-  ky.y  k^-z 

=  ko  (sin  0i  cos  4>i  x  +  sin sin  <j>iy-  cos  Oiz)  (5.2) 

A  time  dependance  of  is  omitted  above,  but  again  will  be  assumed  throughout. 

For  convenience,  the  upper-half  space  is  assumed  to  be  isotropic  with  permittivity 
Co .  All  other  regions,  with  the  exception  of  the  random  layer,  are  assumed  to  be 
homogeneous,  but  uniaxial  (untilted)  with  permittivity  tensors  with  the  form  of  (5.3). 

0  O' 

ej  =  0  e,  0  (^•3) 

0  0 

The  continuous  random  media  occurs  in  a  single  arbitrary  layer,  /  ,  where  it  is  assumed 
here  that  this  layer  does  not  coincide  with  the  target  layer  {t  ^  f) .  Hence,  layer  / 
has  a  spatially  random  permittivity  with  a  correlation  function  designed  to  model  the 
inclusion  of  scatterers  which  are  small  in  comparison  to  the  illuminating  wavelength, 
and  which  display  azimuthal  symmetry.  To  allow  high  permittivity  contrasts  between 
the  background  and  embedded  materials.  Strong  Fluctuation  theory  is  again  utilized 
in  determining  an  effective  mean  permittivity,  and  because  of  the  non-isotropic,  but 
azimuthally  symmetric  correlation  function,  this  permittivity  will  be  uniaxial  (untilted) 
as  with  the  other  layers.  The  field  arising  from  scattering  by  the  random  media  can  be 
determined  using  the  first  order  distorted  Born  approximation  given  by  (5.4), 
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~klj<¥  F-)  •«?')•  Efy)  (6.4) 

where  E^f\r)  is  the  mean  field  in  the  random  layer  with  the  calculated  effective  per¬ 
mittivity,  where  Gof{r,r')  is  the  dyadic  Green’s  function  for  the  stratified  configuration 
with  a  source  in  layer  / ,  and  the  observation  point  in  region  0,  and  where  C{r')  is  the 
renormalized  scattering  source  giving  rise  to  incoherent  scattering. 

5.2.  Scattering  Terms 


As  with  the  point  target,  the  return  from  the  conducting  plate  structure  will  con¬ 
sist  not  only  of  the  incident  plane  wave,  but  also  of  the  scattered  field  of  the  target  when 
illuminated  by  this  plane  wave.  Since  the  target  is  electrically  large,  and  its  features 
are  assumed  to  change  smoothly  on  the  scale  of  the  wavelength,  the  induced  current 
on  its  perfectly  conducting  surface  can  be  found  from  the  tangent  plane  approximation 
of  (5.5). 


Jt{r)  =  2h{r)xU{Ht,{r)}  (5.5) 

In  the  above,  n(r)  is  the  surface  normal  at  position  r,  and  Hti{r)  is  the  incident 
magnetic  field.  The  function  li{}  is  an  operator  which  will  select  only  that  portion  of 
the  incident  field  at  r  which  is  unshadowed.  This  shadowing  check  is  necessary,  since 
only  that  portion  of  the  incident  field  which  illuminates  the  top-side  of  the  surface  will 
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contribute  to  the  induced  current.  A  discussion  of  the  specific  form  of  this  shadowing 
function  will  be  postponed  at  present,  but  will  be  treated  shortly. 

By  integrating  the  current  of  (5.5),  the  target  scattered  field  in  the  random  media 
can  be  determined.  Adding  to  this  the  directly  incident  field,  the  total  zeroth  order 
field  in  the  random  layer  is  given  by  (5.6). 


Ef\r)  =  Ef{r)  +  wfi  df'  U{Gftir,r*)  •  (2^(7^)  x  U  |¥j“\r')})  }  (5.6) 

The  second  W{}  in  the  above  integral  arises  from  the  shadowing  which  may  occur  in 
scattering  from  the  plate,  which  for  bistatic  scattering,  is  in  addition  to  any  shadowing 
which  occurs  for  incidence  on  the  plate. 

The  field  scattered  by  the  random  media,  and  observed  at  the  radar  can  then  be 
found  using  the  distorted  Born  approximation  given  below  in  (5.7), 


Gofir^)  .  Q(r')  .  fe"^(r')+ 

Vf 

<¥  u{V)t(¥,f)  ■  (2ft(f')  X  U 


(5.7) 


where  Q{r)  =  kK{r) .  In  addition  to  the  direct  return  from  the  media,  the  field  of 
(5.6)  will  also  be  scattered  by  the  random  layer  in  the  direction  of  the  target,  and  then 
scattered  by  the  target  in  the  direction  of  the  radar  receiver.  The  field  incident  on  the 
target  from  the  random  media,  therefore,  will  be  given  by  (5.8). 
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JVf  ^ 

•  (2ft(r")  X  «{¥<“>(?")})}]  (6.8) 

J  St 

In  the  above,  Vtf{r,r')  is  the  magnetic  field/electric  source  Green’s  function  which 
gives  the  magnetic  field  in  region  t  for  an  electric  current  source  in  region  / .  Finally, 
the  induced  target  current  will  be  given  by  the  tangent  plane  approximation,  and  the 
scattered  field  at  the  receiver,  again  accounting  for  shadowing  will  be  given  by  (5.9). 


=  i  ctr'  U}yGt,t{r,T')  •  2n(r')  X  U{j^  Qtf{r',r"y 

W')  ■  W?(T")  +  iu.;.  /  df"'  u{W,.(7",¥")- 

*■  J  St 

(2j4(OxM{7;r(n})}]}| 


The  two  fields,  and  ,  give  all  of  the  incoherent  returns  which  arise  under  the 

first  order  distorted  Born  approximation.  It  is  again  useful  to  split  these  into  several 
components,  and  to  identify  each  of  the  multi-path  mechanisms.  The  first  term  of  (5.7) 
is  that  returned  directly  by  the  random  media  in  the  absence  of  the  target,  and  as 
identified  previously,  this  is  the  clutter  return,  Ec  • 


Ec{r)  -  f  dr'  Gof{r,r')  •  Q{r')  •  Ef^^ 

JVf 


(5.10) 
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The  second  term  of  (5.7)  is  the  field  scattered  first  by  the  target  and  then  by  the 
random  media.  This  is  again  termed  the  target /clutter  multi-path  field. 


Excij)  =  ^  GQf{r^r')  •  Q{r')  •  /  dr"  uIG ft{T' 

JVf  J  St 

(2n(r")xW{Sl"^(r")})}  (S-H) 

Similarly,  the  first  term  of  (5.9)  is  the  field  scattered  by  the  random  media  and  then 
the  target,  and  this  return  is  again  denoted  the  clutter/target  multi-path  contribution. 


EcT(f)  =  i  /  <if  «{Go,(F,r')  •  [2ft(?')  xU{j^  df" 

(5-12) 

The  second  term  of  (5.9)  is  the  field  scattered  by  the  target,  the  random  media,  and 
then  the  target  a  second  time.  This  contribution  is  again  the  target /clutter /target 
multi-path  field. 


ErcTir)  =  -w/i  d^  ul^Gotiry)  •  [2n{r')  x  U{J^  dr"  C?t/(r',r")- 

5(r")  .  df"  r”')  ■  (2ft(r"')  X  U[lS^\r“')})  }}]  |  (5.13) 

The  three  multi-path  mechanisms  given  above  are  those  which  exist  under  the  first 
order  distorted  Born  approximation.  The  Physical  Optics  approach  taken  to  the  target 


316  CHAPTER  6  -  SCATT.  OF  A  LARGE  TARGET  IN  A  LAYERED  RANDOM  MEDIA 

scattering  problem,  however,  is  inherently  a  single  scattering  formulation  which  neglects 
all  multiple  interactions  between  target  components.  Hence,  it  is  inconsistent  to  include 
the  third  target/clutter/target  multi-path  contribution  which  represents  a  double  target 
interaction.  For  this  reason,  this  last  multi-path  term  is  neglected  hereafter. 

Finally,  in  addition  to  the  incoherent  returns,  a  direct  coherent  return  arises  from 
the  target,  and  this  is  given  by  (5.14)  below. 

Er(r)  =  f  •  [2n(f')  x  (6-14) 

V  St 

Equations  (5.11),  (5.12),  and  (5.14)  constitute  the  target  signature  of  interest,  and  each 
of  these  mechanisms  is  illustrated  in  Figure  5.3. 

E$  =  Et  +  Etc  +  Ect  (5.15) 

Unlike  the  point  target  signature  determined  previously,  the  two  multi-path  mecha¬ 
nisms  IEtc  and  'Ect  may  not  be  reciprocal,  since  reciprocity  is  not  preserved  by  the 
Physical  Optics  approximation.  For  this  reason,  the  scattered  power  will  now  be  given 
by  (5.16), 

P  =  \Et\^+  <  Etc  •  Ect  >  +  <  Ect  •  Ect  >  <  Etc  •  Ect  >  (5-16) 

where  the  first  term  is  the  received  field  strength  in  the  absence  of  fluctuations  of  the 
random  media,  and  where  the  subsequent  terms  represent  the  additional  power  redi¬ 
rected  in  the  receiver  direction  by  scatterers  within  the  random  layer.  In  the  following 
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Figure  5.3.  Scattering  mechanisms  for  target/clutter  interaction 
including  the  target /clutter  multi-path  (a),  clutter/ 
target  multi-path  (b),  and  direct  target  return  (c). 


section,  the  contribution  of  each  of  the  above  terms  to  the  received  field  strength  is 
calculated.  In  addition,  for  the  purpose  of  determining  the  effect  of  the  random  media 
on  the  abihty  to  image  the  target  with  a  SAR  sensor,  the  correlation  of  the  incoherent 
fields  over  azimuth  and  frequency  changes  is  also  determined. 
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5.3.  Field  Calculations 


5.3.1.  Coherent  Field 

The  first  of  the  above  terms  to  be  considered  is  that  of  the  coherent  or  direct 
target  return,  Fr ,  given  by  (5.14).  The  problem  of  Physical  Optics  scattering  from  a 
target  composed  of  polygonal  facets  has  been  discussed  previously  [110-111],  but  the 
analysis  will  be  repeated  here  with  the  additional  complication  that  the  target  is  now 
placed  in  a  stratified  media.  Rewriting  (5.14),  using  the  expression  for  the  incident 
magnetic  field  given  in  Appendix  H,  and  the  far  field  Green’s  function  of  Appendix  E, 
and  replacing  the  surface  integral  with  a  sum  of  integrals  over  each  of  the  polygonal 
patches,  the  expression  of  (5.17)  is  obtained. 


gifer 

Et  =  2i(jju  - — 
47rr 


E  E 


m=l  p=+/- 


EE  E  X 

/-  w^TE.TM  u^TE.TM  ^ 


ik\ 


e 


(5.17) 


In  the  above,  p  is  the  receive  polarization  vector  which  will  be  taken  as  either  h{kQ^) 
or  v{kQ^) ,  corresponding  to  TE  and  TM  receive  polarizations  respectively,  and  N  is 
the  number  of  plates  composing  the  target. 

Before  evaluating  the  surface  integrals  of  the  polygonal  facets,  the  shadowing 
functions  must  be  treated  in  more  detail.  The  shadowing  which  will  be  considered  here 
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is  a  simple  check  to  insure  that  the  incident  and  scattered  wave  vectors  are  directed  at 
and  from  the  top  side  of  the  plate,  since  the  plates  are  again  assumed  to  scatter  only 
from  one  side.  This  check  may  be  performed  by  requiring  that  the  inner  product  of 
the  surface  normal  with  the  scattered  wave  vector  is  greater  than  zero,  and  the  inner 
product  of  the  normal  with  the  incident  wave  vector  is  less  than  zero.  Hence,  the 
shadowing  function  S{n,k)  is  defined  as  in  (5.18), 

and  with  this  function,  (5.17)  can  be  rewritten  as  in  (5.19). 


oikr  N 


=  E  E 


S{h,n,kx. +pki^]z) 

zTEyTM 

S{hm,  -k±i  +  skl^h)p  •  T^Qt^(kx.)  •  [^m  X  X 


ni=l  p^8—+/-~  u^w—TEfTM 
“)/ 


(6.19) 


What  remains  is  to  evaluate  the  surface  integral  of  the  above  expression,  where  only 
the  exponential  phase  terms  have  a  dependance  on  the  integration  variable.  Hence,  the 
integral  has  the  form  of  (5.20). 


J  =  /  dr' 

JSm. 


(5.20) 


To  enable  a  closed-form  evaluation  of  this  integral  for  an  arbitrary  polygonal-shaped 
plate,  it  is  first  necessary  to  create  a  local  coordinate  system  centered  at  the  plate 
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centroid,  with  one  axis  coincident  with  the  plate  normal.  The  centroid  of  the  mth 
plate  is  given  by  (5.21), 


j=i 


(6.21) 


where  is  the  vector  position  of  the  j  th  corner  of  the  m  th  plate,  and  where  Mm 
is  the  number  of  corners  on  the  mth  plate.  The  normal  of  the  plate  surface  can  be 
found  from  the  cross  product  of  the  vectors  from  the  above  centroid  to  each  of  the  first 
two  corners. 


(5<r>  -  c<”)) 

1  X  1 

(4")  _  ,<■.)) 

1  X  1 

(5.22) 


The  other  two  axes  are  defined  such  that  one  is  coincident  with  the  vector  from  the 
centroid  to  the  first  corner,  and  the  second  is  perpendicular  to  both  of  the  other  two 
axes. 


^(m)  _  ^m) 


Cm  —  ^  Cm 


(5.23) 


(5.24) 


Finally,  the  coordinates  of  each  corner  point  can  be  determined  in  the  new  local  coor¬ 
dinate  system.  Since  the  plate  Ues  entirely  in  the  C  ~  C  pl^'iie,  the  h  coordinate  will 
be  zero  for  aU  corners.  The  other  two  coordinates  are  given  by  (5.25)  and  (5.26). 
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47’=  (4”’-^”’)  (5-25) 

47’  =  (5-2«) 

Hence,  the  integrand  of  (5.20)  can  be  rewritten  as  shown  below, 

h.o.{4‘.:„,ku,k.)  =  f  f  (6.27) 

J  J$m 

where 

=  [(fci,  -kx.)-  {pkS  +  ski:^  z]  .  4-)  (5.28) 

ku  =  [(^Xi  -  *1,)  -  {pkiz}  +  skizi)  (5-29) 

k(^  =  [(^x<  -  *x.)  -  {pkS  +  ski^})  z]  .  (5.30) 


To  evaluate  the  surface  integral  of  (5.27),  the  expression  is  now  transformed  to  an 
equivalent  line  integral  around  the  edge  of  the  plate  using  Stoke’s  theorem. 
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Thus,  it  is  necessary  to  find  a  vector  field  F  such  that  the  left  hand  side  of  (5.31)  is 
identical  to  the  integral  of  (5.27). 


(V  X  f)  =  ^  ^ 


(5.32) 


For  convenience,  is  set  equal  to  zero,  and  three  resulting  cases  are  treated  separately. 
The  first  case  is  the  general  case  in  which  and  are  both  neither  zero  or  very 
small.  In  this  case,  (5.32)  becomes  (5.33)  below. 


(5.33) 


and  integrating,  the  vector  field  F  is  determined. 


F  —  ?  JL 

“  '■  iki 


(5.34) 


Hence,  the  surface  integral  of  (5.27)  can  be  rewritten  as  the  line  integral  of  (5.35). 


Ipo  =  {> 

Jc  tkf 


(5.35) 


The  line  integral  above  can  now  be  divided  into  linear  segments  along  the  edges  of  the 
polygonal  plate,  and  expressed  as  a  sum  of  these  contributions.  Along  the  j  th  edge, 
^  can  be  expressed  as  in  (5.36), 


(5.36) 
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where  the  slope  and  intercept  are  given  by  (5.37)  and  (5.38), 


a 


i^)  — 


(m) 

4+1 


(m) 

% 


(m) 

^0+1 


‘^0 


(5.37) 


=  cj"*)  _  (5.38) 

and  where  and  •  Note  that  if  the  slope  is  infinite, 

then  there  is  no  change  in  ^  along  that  edge,  and  consequently,  that  edge  does  not 
contribute  to  the  integral  and  may  be  ignored.  The  integral  of  (5.35)  can  now  be 
expressed  as  shown  in  (5.39), 


Ip^o.  = 


(5.39) 


and  after  performing  the  integration,  the  desired  result  of  (5.40)  is  obtained. 


Ip.o.{4>c„,k4„,k(^) 


g’^cm 


■iWm 

E 


j-1 


iku 


-Ci+1  + 


smc 


(*:<„<>$”> + k.) 


^0+1 


c>.7.  +  c> 


5.40) 


The  above  result  is  appHcable  when  is  not  zero  or  very  small.  In  the  case 
where  becomes  very  small,  evaluation  of  the  above  will  lead  to  numerical  problems. 
Thus,  it  is  preferable  to  treat  this  case  separately.  Provided  that  k(^  is  not  also  very 
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small,  then  (5.33)  reduces  to  (5.41),  where  the  first  two  terms  of  the  Taylor  series 
expansion  have  been  used  to  represent  the  exponential  of  small  argument. 


dF(^ 


=  (1  + 


(5.42) 


Integrating  the  above  expression,  the  vector  field  F  is  again  found. 


(5.42) 


and  the  surface 


integral  of  (5.27)  can  be  put  into  line  integral  form  once  again. 


ip.o.  = 


(5.43) 


Breaking  the  contour  integral  into  hnear  segments,  (5.44)  is  obtained. 


Mm  1/9 

=  +  <“  +  SaHtHc  +  x  e“<-< 

3 — 1  Cj 

(5.44) 

and  performing  the  integration  yields  (5.45), 


i=i 


where 
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(5.46) 


Finally,  if  both  and  are  very  small,  representing  a  case  of  near  specular 
scattering,  then  the  second  exponential  of  (5.41)  may  also  be  approximated  by  the  first 
two  terms  of  its  Taylor  series  to  yield  (5.47). 


=  (5.47) 

Integrating  the  above,  the  vector  field  of  (5.48)  is  obtained,  where  the  linear  expression 
for  ^  on  each  edge  has  been  substituted. 


F  = 


.if’)  +  («(”>  +  +  ihJrhf')  C+ 

+  “i”’*;"’)  C  -  <1  (5-48) 


With  the  above,  the  surface  integral  can  again  be  changed  to  a  contour  integral  com¬ 
posed  of  linear  segments.  After  performing  the  integration,  the  final  desired  expression 
is  given  by  (5,49), 


Mn 


iF.o(4'^,ku,ku) = 


(5.49) 
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(5.50) 


With  the  above  definition  of  the  Physical  Optics  integral  over  the  plate,  the 
coherent  field  scattered  by  the  target  can  be  rewritten  as  shown  below. 


Jkr  N 


4^^  m=l  p,*=+/-  u,w=TE,TM 


P  *  [kxs)  •  ^  iiti 


(5.51) 


Since  the  above  field  is  a  deterministic  quantity,  it  is  not  necessary  to  define  the  corre¬ 
lation  of  the  field  for  one  aspect  and  frequency  with  that  at  a  second  aspect /frequency 
combination.  For  consistency  with  the  incoherent  terms  which  will  be  examined  next, 
however,  this  correlation  will  be  defined  as  shown  below,  as  the  product  of  the  two  field 
quantities. 


4t^{Ks,kai,  h,,  ku)  =  47rr  (p„  •  Exikas,  kai)  X  PI  •  ETihs^kH)) 

N  N  pp'»' 

=  E  E  E  E  Bfir'  X 

m=l  m'=l  p,p', «,«'=+»”  u^u\w^v)*^TE^TM 

ip.o.{4>  Cm  9  9 


(5.62) 
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where 


jy  uu^ww^ 


+pkQ.z)  X  S{nm,-kx^i  + 

TT 

S{hm',k±^,  +p'ki^^]z)  X  S{nm',-kxu  +  ^)x 


(5.53) 


and  where 


=  [(ifex.,  -  Sx..)  -  (pkS.  +  skQ)  z]  ■  ct")  (6.64) 

ku  =  [(^x.,  -  5x..)  -  (pkli,  +  sMS)  x]  •  fm  (6.65) 

k<.  =  [(5x.,  -  kz..)  -  {pkit  +  skli)  z]  ■  U  (5.56) 

=  [(kz„  -lx..)  -  {p'kS  +  «'*.£')  i]  -  J*”'*  (5-57) 

k,„.  =  [(^x.,  -  Ix.,)  -  (p'M”'!  +  »'*£?)  *1  •  (5-58) 

fc(„,  =  [(^x.,  -  tx.,)  -  ( A'S  +  J]  •  <...  (5-59) 
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5.3.2.  Incoherent  Fields 

The  two  incoherent  multi-path  fields  of  interest  are  those  given  by  (5.11)  and 
(5.12).  Using  the  incident  field  and  Green’s  function  expressions  of  Appendices  E  and 
H,  these  two  fields  can  be  rewritten  in  the  form  of  (5.60)  and  (5.61)  below. 


ikr  N 


x:  E  E  ffdkjff  ff 

m=l  P,$,l,q=+,-  U,V,W=TE,TM  ^  J  J  JVf  J 

p  ■  )  ■  W')  ■  u  •  (ft™  X  M  }  X 


gikx'r’J^  g-ifex-rj.  g»fcx,-'pj 


^Ukf^z"  -iqkttz'  g-***'*"^’*' 


(5.60) 


Akr  N 


EcT=2i^—  y:  E  E  H  ^ 

m=l  p,$,l,q=z+,-  u,v,w=TE,TM''  d  J  J  JVf  J  Js„ 

u  (p  •  •  (ft™  X  M  •  W)  ■  } 


g-ifcx.-r'x  g»*=x-rx  g-»fex-r"  gifcxj-r'i^ 


(5.61) 


Before  evaluating  the  statistics  of  the  above  fields,  it  is  necessary  to  again  specify  the 
shadowing  function  in  more  detail.  As  with  the  coherent  term,  only  a  simple  shadowing 
check  will  be  made  to  determine  that  the  incident  wave  is  illuminating  the  top  side  of 
each  plate,  and,  similarly,  that  the  scattering  direction  is  away  from  the  top  side  and 
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not  through  the  plate.  More  complex  shadowing,  such  as  blockage  of  target  features 
by  other  intervening  target  portions,  will  be  ignored  here.  Hence,  the  shadowing  in  the 
above  expressions  for  the  two  multi-path  fields  can  be  represented  using  the  shadowing 
function  S{n,k)  defined  by  (5.18).  The  result  is  given  by  (5.62)  and  (5.63)  below. 


ikr  N 


m=l  p,«,Z,g=+,—  UyVyW^TE,TM  *  ^ 

S{nm,k±  +  qktzz)  S{nm,-k±i  +  sk\'^}z)x 
p  ■  ■  W')  ■  X  X 

^-ikx,-r'l  ^ik±-r'l  gtfexi’^XX 


Jikf^z"  -iqktzz’  -i>k[^^z' 


(5.62) 


ikr  N 


Ecr  E  E  //<iSx  JJl  ^ 

m=l  p,5,?,q=+,--  u,v,w=iTE,TM  ^  ^  J  J  JVf  J  J Sm 

S{nm,  fcx.  +  pk['flz)  S{nm-,  -kx  -  iktzz)x 
P  •  )  •  {n„  X  •  W)  ■  E’t')  X 

g-tfex,-r|L  g»fex-rx  g-i^X-r'l  gikM^-r"  ^ 


j-ipfct*]*'  Jtktzz'  ^-iqkfzz" 


(5.63) 


In  order  to  determine  the  effect  of  the  incoherent  portion  of  the  return  on  the  imaging 
abihty  of  a  SAR  sensor  it  is  again  necessary  to  determine  not  only  the  variance  or  power 
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of  the  above  fields,  but  also  their  correlation  in  both  azimuth  angle  and  frequency. 
Although  bistatic  scattering  need  not  be  considered  for  the  SAR  problem,  for  the  sake 
of  completeness  the  statistics  derived  here  allow  this  generality.  Three  correlations  need 
be  calculated,  namely  the  autocorrelations  of  Etc  and  Ect  and  the  cross-correlation 
of  the  two.  Only  the  derivation  of  the  target /clutter  autocorrelation  is  presented  here, 
but  the  derivations  for  the  other  two  terms  are  similar,  and  the  final  results  are  given 
in  Appendix  I. 

As  with  the  point  target,  the  correlation  Ot'c-tc  normalized  in  such  a  manner 
that  the  resulting  variance  for  zero  azimuth  and  frequency  separation  will  be  equal  to 
the  effective  radar  cross  section  of  the  target  arising  from  the  target /clutter  multi-path 
mechanism  alone.  Hence,  combining  (5.62)  with  a  similar  version  of  itself,  representing 
the  product  of  the  target  clutter  field  a  two  different  azimuths  and  frequencies,  and 
taking  the  ensemble  average,  results  in  the  expression  of  (5.64). 


^t“c-tc  =47rr^  (j>a  •  Excikas,  kai)  X  PI  •  E^cikbs,  kbi)^ 

2  2  iV  N  _ 

=  E  E  E  E  E 

^  m=l  m'=l  u,v,w^TEyTM  u^yV*,w^=TE,TM 

I L  I L  ///v>  //  // 

5(n„„I^,  +  g^H^)  S{nm, -kui  + 
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'g-»feXa-nj.  g»*'Xa,*nX  g»fcXt/r4X  g-i^Xj-^lX  • 


5»fcxfc-r3x  g-»^xi<-?3x  g-*>4“l.*’  e*^*'j'*«*’  e"”*'*^*.*^ 


-»p 


e‘^  e  e  ®  ^  e  * 


(5.64) 


The  correlation  between  the  a/3  element  of  Q{r2)  and  the  7/3  element  of  Qir^)  will 
be  denoted  as  Cap^p{j2  —  ta)  ,  where  the  stationarity  of  the  random  media  has  been 
exploited.  Substituting  this  definition,  and  expressing  the  matrix  multiplication  in 
an  element  by  element  fashion  such  that  the  correlation  can  be  extracted  from  the 
intervening  terms,  the  above  can  be  rewritten  as  in  (5.65). 


„P<^Pb 

^TC-TC 


IT 


N 

E  E 


E 


E 


I L  I L,  I  I Iv,  Hi,  **  //  *^‘  // 

<S'(fim,  *Xa  +  Qkllh)  S{hm,  -k±,i  +  sk\'^}.z)x 
Sifim'iki.^  +  q'kiu^z)  S{hm<,-kLu  + 


p.  ■  -ffw’ (*:x..) 

a 

^  J 

♦  r 

7 

g*(*'Xa-^Xa,)-r2X  g*’(*'Xaj-fcXo)-nX  g»(feXj,  “^^Xj  )-?4X  g»(*Xj-*'Xji  I'^JX  y 


(5.65) 
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To  the  above  a  change  of  variables  in  Z2  ^4  is  made  so  that  the  resulting  integration 

has  limits  from  —hf  to  0 ,  rather  than  the  initial  limits  from  —df  to  — <i/_i .  Since  the 
correlation  is  a  function  of  the  difference  Z2  —  it  is  unaffected,  and  the  only  effect  of 
this  transformation  is  on  the  phase  terms.  In  addition  to  the  change  of  variables,  the 
correlation  is  represented  as  the  Fourier  transform  of  the  associated  spectral  density 
function,  Hence,  rewriting  leads  to  (5.66), 


N 


^TC-TC  —  X]  S  X]  X] 

m,m'=l  p, •.*./.  ,  a,l},y,p=x,y,z 

uStr',ti/'  =  TB,TAf 


I L  IL  //  //  /I, 

apyp 

/*/*_  r  r  _  r  pp^asfqquv  _ 

J I  dk_L^  j j  dk±^  j J  dfi^  j  d/3z  ^ 


g»(fexj,-fcxj+^x)-'"4x 


(5.66) 


where 


B. 


a/37P 
pp^  a  a*  qq*lV 
uu^vv^ww* 

TC^TC 


TT 


+  tkllh)  -fci.,  +  shi“h)x 
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x^:r)]/ 

,  X 


(6.67) 


The  r2x  integral  of  (5.66)  can  be  done  to  yield  a  delta  function  in  /3jl  , 

and  this  delta  function  allows  trivial  integration  over  /3j^ ,  yielding  (5.68). 


N 


*^TC-TC  -  XI  XI 


E  E 

“A-*.'-'.*.* 


/X„  IL  II  L,  /I, 

/ f  / f  J  -k±..,/3,)x 


^i(kj_^.-kxJ-ri±  gi(kx^-k±^.)-rjx  gt(klt,-k±^+kxa-k±a,)-^*X  ^ 

e<(<’.->*K.-A)«  (6.68) 


Similarly,  the  integration  over  fix.  can  be  done  to  yield  a  delta  function  in  fcx»,  —  + 

fcx«  —  fcj.6  j  and  this  delta  function  can  be  used  to  perform  the  fci^  integral  trivially. 
The  result  is  given  by  (5.69), 


^TC-TC  —  XI  !X 


E 

u,v,-w, 

u*  tV^yW*  =  TB,TM 


E 

a,/3,7,p=»,y,z 
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pp^sg^qqUl^ 


/»  /•  /•  pp’SB’qrct.’  _  _ 

j I  dku  j  (27r)'‘  Bt^Ztc'"' 

g»(fcj.ai-fexa)-nx  g*(fex£-fe±w)-’^3X 


where  fcxc  =  ^U.  ~  +  ^J-a  >  where  Btc-TC  is  as  in  (5.67)  with  fex»  replaced 

hy  fej,j .  The  Z2  and  Z4,  integrals  can  now  be  done  directly  to  yield  the  expression  of 
(5.70). 


E  E  E  E 


^TC-TC 


ot/S'yp  ^  /  • 

ppf»s^qqUl*  _  _  — ^ 

(2i)*  Brc-fo*'  e  '■•  '■*■ 

ei^x^-x^J-nx  e‘ffx,-lxj--.x  x 


’  P'4”?.'  -  «'4'?' + A 


(5.70) 


The  integral  remaining  above  can  be  done  using  residue  theory,  splitting  the  integral 
into  a  portion  convergent  in  the  upper  half-plane  of  complex  (3z  and  a  part  convergent 
in  the  lower  half- plane.  Poles  of  the  resulting  integrands  occur  at  f3z  =  “  P^f^as 

and  /3z  =  -p'k^PP  *  •  Although  the  spectral  function  will  have  poles  of  its  own,  in 

the  low  loss  case,  the  above  poles  will  be  dominant,  and  those  of  $(^)  will  be  neglected. 
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It  is  possible  to  include  the  poles  of  the  spectral  function  in  the  same  manner  as  was 
done  for  the  point  target  in  Appendix  F,  however,  this  is  not  pursued  here.  Hence,  the 
result  after  integration  is  given  by  (5.71)  below. 


4t-Tc=^  EE  E 


E 


o/SlP 
rr's,'qq'u> 


I  Is  I  Is  ^^II  X 

- -  _  A 


pHI  -  + «K'  -  P'4‘2'  p4“>..  -  < + «5^?'  -  p'4Xl 


(6.71) 


The  only  dependance  on  r\  and  tz  in  the  integrand  above  occurs  in  the  exponential 
phase  terms.  Hence,  both  the  integral  over  ri  and  the  integral  over  rz  can  be  put  in 
the  form  of  the  Physical  Optics  integral  of  (5.27),  where  <f)c  ,  ,  and  for  the  two 

integrals  are  given  by  (5.72)-(5.77). 


=  [(^x.,  -  Ix.)  -  (^4ri  +  i]  ■  Tl”*  (5.72) 

ku  =  [(Sx.,  -  5x.)  -  (<>4".!  +  ikQ)  i]  ■  (6.73) 
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ku  =  [(*x.,  -  Sx.)  -  (>kS,  +  gkS)  i] .  L 

(6.74) 

=  [(‘x.  -Jx.)  -  (‘’kii>  +  ,'k!i>)  i]  •4”'> 

(5,75) 

‘o  =  [(^x„  -  Jx.)  -  (^'C*  +  i]  •  U' 

(5.76) 

k<„.  =  [(^x,i  -  Jx.)  -  +  j'*:*'.’)  x]  • 

(6.77) 

Hence,  the  final  desired  form  for  o^t°C-TC  given  below  in  (5.78). 


N 


^TC^TC  — (27r)®Z  ^  ^ 


P^»^3^Z'=:  +  ,-  u^t»^w'  =  TJS,TM 


pj>^  ts^qq^iV 


E 

<».^.7.P=a.y.* 


j I  dkx.  BT^s-ir'  X 

r  7  1  \T*  t  A  U  U  \  -»(MV  -p4x’ 

^al3yp{k±^  —  —  P*fcy^2  )  _  ^a/?7p(^-l-«  ~  ~ 


L  -  p'fcjxr 


(5.78) 


It  should  be  noted  that  the  above  expression  has  a  form  very  similar  to  the 
equivalent  term  for  the  point  target.  The  major  difference  in  this  new  result  is  the 
addition  of  the  two  Ip.o.  terms  which  were  absent  for  the  point  target.  These  new 
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terms  form  a  radiation  pattern  such  that  the  energy  scattered  from  the  target  to  the 
random  media  is  stronger  or  weaker  in  certain  directions  which  are  determined  by  the 
shape  of  the  target.  This  is  in  contrast  to  the  point  target,  where  aside  from  the 
dipole-hke  dependance,  the  scattering  was  more  uniform. 

The  derivations  of  the  correlations  (^x-CT  ^c-CT  similar,  and  are  not 
presented  here.  As  noted  earlier,  however,  the  final  expressions  for  all  terms  are  given 
in  Appendix  I. 


5.4.  Variance  and  Correlation  Results 


This  section  presents  a  variety  of  results  in  which  the  above  derived  expressions 
for  the  statistics  of  the  fields  are  used  to  calculate  the  variance  and  correlation  of  the 
multi-path  mechanism,  as  weU  as  the  power  in  the  coherent  return.  The  dependance  of 
these  statistics  on  parameters  such  as  elevation  angle,  media  thickness,  and  target  size, 
orientation  and  depth,  are  shown.  It  is  assumed  here  that  the  target  is  a  single  square 
plate,  located  in  free-space  beneath  a  layer  of  isotropic  random  media.  The  media 
geometry  is,  therefore,  similar  to  that  considered  for  the  point  target  in  Chapter  2.  The 
random  media  again  has  a  fractional  volume  of  fv  —  1.67%  and  a  correlation  length 
of  f  =  0.0052  m,  which  at  a  frequency  of  1.12  GHz  leads  to  an  effective  permittivity 
of  tirn  =  (1.0505  -h  0.001794i)€o  and  a  renormalized  scattering  source  variance  of  ^  = 
.146822 . 

Figure  5.4  shows  the  coherent  or  direct  target  return  from  the  plate  for  this 
configuration  as  a  function  of  elevation  angle.  The  plate  is  60  cm  by  60  cm,  is  located  5 
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m  below  the  random  media,  and  is  oriented  parallel  to  the  stratification  of  the  media, 
such  that  the  plate  normal  is  in  the  z  direction.  Azimuthally,  the  plate  is  oriented 
such  that  the  edges  are  parallel  to  the  x  and  y  axes,  and  the  result  shown  is  for  ^  =  0°  . 
The  random  media  is  taken  to  be  10  m  in  depth  and  both  HH  (dash)  and  VV  (dots) 
polarizations  are  shown.  Also  for  comparison,  the  polarization-independent,  free-space 
result  (solid)  is  shown,  in  which  the  random  slab  is  removed  and  replaced  by  free  space 
permittivity.  All  of  the  results  display  the  characteristic  sine  response  arising  from 
the  Fourier  transform  of  the  square  illumination  aperture.  There  is  a  difference  of 
approximately  3.5  dB  between  the  free-space  and  media  returns  at  normal  incidence, 
and  this  difference  increases  as  the  elevation  angle  is  increased,  and  the  path  through 
the  random  slab  becomes  longer.  The  difference  between  the  free-space  and  media 
cases  is  identical  to  that  seen  for  the  point  target  in  Chapter  2,  since  the  attenuation 
in  the  random  media  for  the  coherent  wave  is  independent  of  the  target.  Also  like  the 
previous  point  target  case,  there  is  very  little  difference  between  the  two  polarizations. 
Because  Physical  Optics  is  polarization  independent  for  monostatic  applications,  the 
only  difference  which  can  arise  between  the  two  polarizations  must  come  from  interface 
effects  in  the  layered  media.  As  discussed  for  the  point  target,  these  effects  are  weak 
here,  because  the  permittivity  contrast  between  the  regions  is  small,  and  there  is  little 
reflection  at  the  boundaries. 

Figures  5.5  and  5.6  show  the  incoherent  returns  for  the  HH  and  VV  polariza¬ 
tions  respectively.  As  noted  before.  Physical  Optics  is  not  a  reciprocal  formulation, 
and  the  multi-path  fields  due  to  target/clutter  and  clutter /target  scattering  may  be 
different.  For  this  reason,  the  target/clutter-target/clutter  (long-dash),  clutter/target- 
clutter/target  (dots),  and  target/clutter-clutter/target  (short-dash)  returns  are  all 
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Figure  5.4.  Dependance  of  the  coherent  target  scattering  cross 
section,  ctt-t  ,  on  elevation  angle  for  a  60  cm  by  60 
cm  square  plate.  Shown  are  the  HH  (dash)  and  VV 
(dots)  returns  at  a  frequency  of  1.12  GHz  for  a  10 
m  thick,  isotropic  random  slab,  with  freespace  above 
and  below,  and  with  the  target  positioned  5  m  below 
the  lower  interface.  Also  show  for  comparison  is  the 
freespace  plate  cross  section  (solid). 
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Figure  5.5.  Dependance  of  the  coherent  target  scattering  cross 
section,  (Jj-t  >  (solid)  and  the  incoherent  multi-path 
terms,  cttc-TC  (long-dash),  (Tct-ct  (dots),  and 
(Ttc-ct  (short-dash),  on  elevation  angle  for  a  60  cm 
by  60  cm  square  plate.  Shown  is  the  HH  polarization 
at  a  frequency  of  1.12  GHz  for  a  10  m  thick,  isotropic 
random  slab,  with  freespace  above  and  below,  and 
with  the  target  positioned  5  m  below  the  lower  inter¬ 
face. 
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Figure  5.6.  Dependance  of  the  coherent  target  scattering  cross 
section,  ct-t  j  (sohd)  and  the  incoherent  multi-path 
terms,  (Ttc-tc  (long-dash),  (Tct-ct  (dots),  and 
o'TC-CT  (short-dash),  on  elevation  angle  for  a  60  cm 
by  60  cm  square  plate.  Shown  is  the  VV  polarization 
at  a  frequency  of  1.12  GHz  for  a  10  m  thick,  isotropic 
random  slab,  with  freespace  above  and  below,  and 
with  the  target  positioned  5  m  below  the  lower  inter¬ 
face. 
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shown  individually.  For  comparison,  the  coherent  return  (solid)  is  shown  as  well.  At 
normal  incidence,  there  is  a  difference  of  approximately  30  dB  between  the  coherent 
and  incoherent  returns.  This  difference  declines,  however,  at  larger  incidence  angles, 
particularly  in  the  HH  polarized  result.  For  the  coherent  result,  the  plate  scatters  most 
of  the  incident  wave  in  the  specular  direction,  such  that  for  larger  incidence  angles,  less 
and  less  of  the  energy  is  scattered  back  in  the  direction  of  the  receiver.  In  contrast,  how¬ 
ever,  for  the  incoherent  return,  the  plate  and  random  media  work  together  very  much 
Uke  a  corner  reflector.  In  the  case  of  the  target/clutter  return  for  example,  the  plate 
scatters  most  of  the  energy  away  from  the  path  back  to  the  receiver  when  the  incidence 
angle  is  large.  However,  no  matter  what  direction  the  plate  scatters  the  incident  wave, 
there  is  random  media  there  to  then  scatter  the  wave  back  to  the  receiver.  This  corner 
reflector-like  double  scattering  accounts  for  the  relatively  angle-independent  behavior 
of  the  HH  polarized  incoherent  return. 

In  contrast,  VV  incoherent  return  drops  more  rapidly  than  the  HH  return,  to  dip 
at  an  angle  of  approximately  45°  ,  and  then  to  actuaUy  increase  slightly  for  larger  angles. 
The  reason  for  the  decrease  at  45°  is  related  to  the  corner  reflector-Hke  behavior  of 
the  multi-path  wave.  For  vertical  polarization  at  an  angle  of  45°  ,  the  wave  specularly 
reflected  from  the  plate  to  the  random  media  will  induce  a  dipole  moment  in  the 
scatterers  of  the  random  media,  which  is  oriented  with  the  axis  of  the  dipole  along 
the  scattering  direction  back  to  the  receiver.  For  this  reason,  the  specular  corner 
reflector  behavior  will  be  absent,  and  the  target/clutter  scattered  wave  will  decrease 
near  45°  .  This  behavior  is  not  unhke  the  Brewster  angle  effect  for  reflection  of  the 
vertical  polarization  by  an  interface  of  a  stratified  media. 

The  effect  is  similar  for  the  clutter/target  fleld,  although  there  is  a  consider- 
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able  difference  between  the  clutter/target-clutter/target  return  and  target/clutter- 
target  /clutter  return  for  angles  near  45° .  The  reason  for  this  difference  arises  from 
the  non-reciprocal  behavior  of  the  Physical  Optics  formulation  for  bistatic  apphcations. 
When  most  of  the  contribution  arises  from  specular  scattering,  then  the  incident  and 
scattering  angles  from  the  plate  are  the  same  for  both  the  target/clutter  field  and  clut¬ 
ter/target  field,  and  the  result  wiU  be  nearly  reciprocal.  Hence,  as  expected  the  HH 
returns  are  nearly  the  same  for  all  angles,  and  the  VV  returns  are  the  same  for  angles 
away  from  45°  .  In  contrast,  as  discussed  above,  near  45°  ,  the  VV  polarized  returns  are 
predominantly  not  the  specular  return,  and  the  scattering  will  arise  from  paths  where 
the  incident/scattering  angle  pairs  for  scattering  from  the  plate  will  be  different  for  the 
target/clutter  and  clutter /target  mechanisms.  Hence,  a  larger  discrepancy  between  the 
returns  is  expected,  as  demonstrated  in  Figure  5.6. 

The  results  of  Figures  5.5  and  5.6  are  considerably  different  from  those  of  the 
point  target  of  Chapter  2,  in  that  there  exists  the  possibility  of  the  incoherent  return 
here  exceeding  the  magnitude  of  the  coherent  return.  The  above  figures  are  somewhat 
misleading,  in  that  edge  diffraction  from  the  plate  is  not  included,  and  the  addition 
of  a  PTD  [112]  term  would  reduce  the  sidelobe  nulls  of  the  coherent  return,  and  limit 
the  level  to  which  the  coherent  return  decreased  for  large  elevation  angles.  However, 
because  the  coherent  return  is  very  aspect  dependant,  and  the  incoherent  return  is  in 
comparison  much  more  independent  of  aspect  angle,  there  exists  the  possibihty  of  the 
incoherent  return  here  playing  a  greater  role  in  Hmiting  the  ability  of  a  SAR  sensor  in 
imaging  the  target. 

Figure  5.7  shows  the  dependance  of  the  coherent  (solid)  and  incoherent  (dash) 
returns  on  the  thickness  of  the  random  layer.  In  each  case  the  result  is  presented  for 
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normal  incidence,  with  the  same  plate  size  and  orientation  as  before,  and  with  the 
plate  located  at  a  depth  of  5  m  below  the  lower  interface  of  the  random  slab.  Of  the 
incoherent  results,  only  the  target/clutter-target/clutter  return  is  shown,  although  the 
others  (CT-CT  and  TC-CT)  were  found  to  be  identical  to  that  shown.  The  behavior 
here  is  similar  to  that  for  the  point  target  of  Chapter  2.  The  coherent  return  decreases 
exponentially  with  increasing  media  thickness,  since  the  path  length  through  the  lossy 
region  increases  linearly  with  the  thickness.  The  incoherent  return  first  increases  with 
thickness,  since  the  thicker  media  provides  more  scatterers  to  contribute  to  the  return. 
Eventually  this  effect  saturates,  however,  and  the  added  propagation  loss  for  the  thicker 
media  begins  to  dominate  and  to  lead  to  a  slow  decrease  in  the  return.  Hence,  the 
incoherent  return  at  normal  incidence  is  largest  for  a  media  thickness  of  approximately 
10  m. 

Figure  5.8  in  contrast  shows  the  effect  of  changing  the  target  depth  for  fixed  media 
thickness.  Both  the  coherent  (solid)  and  target/clutter-target/clutter  multi-path  (dash) 
returns  are  shown  for  normal  incidence,  with  a  10  m  random  slab,  and  with  the  same 
target  size  and  orientation  as  previously.  Again,  the  other  two  multi-path  terms  are 
not  shown,  but  were  found  to  be  identical  to  the  curve  given.  Both  the  coherent  and 
incoherent  results  show  an  independence  with  target  depth  which  parallels  that  seen 
earlier  for  the  point  target.  For  the  coherent  return,  the  target  depth  is  unimportant 
since  the  media  containing  the  target  is  lossless.  In  addition.  Physical  Optics  is  a 
single  scattering  formulation,  so  the  back-and-forth  coupling  between  the  target  and 
boundaries  of  the  slab  layer  is  ignored.  This  neglect  should  have  little  impact  on  the 
results,  however,  because  the  contrast  in  permittivity  between  the  layers  is  small,  and 
the  boundary  reflections  are  weak.  The  incoherent  return  is  also  independent  of  target 
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Figure  5.7.  Dependance  of  the  coherent  target  scattering  cross 
section,  (Tt-t  >  (solid)  and  the  incoherent  multi-path 
return,  (Ttc-tc  (long-dash),  on  media  thickness  for 
a  60  cm  by  60  cm  square  plate.  Shown  is  the  HH 
polarization  at  a  frequency  of  1.12  GHz  and  at  normal 
incidence  to  the  isotropic  random  slab,  with  freespace 
above  and  below,  and  with  the  target  positioned  5  m 
below  the  lower  interface. 
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Figure  5.8.  Dependance  of  the  coherent  target  scattering  cross 
section,  (Tt-t  »  (soHd)  and  the  incoherent  multi-path 
term,  ctc-tc  j  (long-dash)  on  target  depth  for  a  60 
cm  by  60  cm  square  plate.  Shown  are  the  results  for 
normal  incidence  at  a  frequency  of  1.12  GHz  for  a  10 
m  thick,  isotropic  random  slab,  with  freespace  above 
and  below. 
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depth.  At  increased  depth,  the  l/r^  loss  in  scattering  between  the  target  and  random 
layer  becomes  greater,  however,  the  main  beam  of  the  bistatic  scattering  pattern  of  the 
plate  illuminates  a  larger  area,  and  the  two  effects  offset  each  other. 

Figure  5.9  shows  the  dependance  of  the  coherent  (sohd)  and  target/clutter-tar- 
get /clutter  (dash)  returns  on  frequency.  The  results  are  shown  over  a  bandwidth  of  20 
MHz  about  1.12  GHz,  and  are  presented  for  normal  incidence,  a  10  m  random  slab, 
with  the  plate  5  m  below  and  again  oriented  parallel  to  the  boundaries  of  the  layered 
media.  Again  the  CT-CT  and  TC-CT  terms  are  identical  to  the  TC-TC  result,  and  are 
not  shown.  Both  the  coherent  and  incoherent  terms  show  a  relative  independence  over 
frequency,  although  both  increase  slightly  over  the  bandwidth  shown.  For  the  incoher¬ 
ent  result,  this  independence  with  frequency  indicates  that  the  frequency  correlation 
of  the  multi-path  mechanisms  is  at  least  approximately  mean  sense  stationary.  This 
stationarity  can  be  exploited  in  calculating  the  statistics  necessary  for  determining  the 
effect  of  the  random  media  on  the  performance  of  a  SAR  sensor  in  detecting  or  imaging 
the  plate. 

Similarly,  Figures  5.10  and  5.11  show  the  dependance  of  the  coherent  (solid), 
target/clutter-target/clutter  (long-dash),  clutter/target-clutter/target  (dots),  and  tar¬ 
get  /clutter-clutter/target  (short-dash)  returns  as  a  function  of  azimuth  angle  for  a  fixed 
elevation  angle  of  ^  =  50° ,  and  for  HH  and  VV  polarizations,  respectively.  Again  the 
random  media  is  10  m  thick,  with  the  target  5  m  below,  and  oriented  as  above.  In  each 
case,  the  coherent  return  shows  considerable  dependance  of  azimuth  angle,  since  these 
plots  represent  cuts  in  azimuth  through  the  two-dimensional  sine-dependant  monos¬ 
tatic  scattering  pattern  of  the  plate.  The  return  is  largest  at  ^  =  0°  ,  where  in  incident 
propagation  vector  is  perpendicular  to  the  edge  of  the  square  plate.  In  contrast,  the 
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Figure  5.9.  Dependance  of  the  coherent  target  scattering  cross 
section,  (Tt-t  ,  (solid)  and  the  incoherent  multi-path 
term,  ctc-tc  ,  (long-dash)  on  frequency  for  a  60  cm 
by  60  cm  square  plate.  Shown  is  the  HH  polarization 

at  normal  incidence  to  a  10  m  thick,  isotropic  random  # 

slab,  with  freespace  above  and  below,  and  with  the 
target  positioned  5  m  below  the  lower  interface. 
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incoherent  results  are  almost  entirely  independent  of  azimuth  angle.  This  independence 
is  again  due  to  the  corner  reflector-Hke  behavior  of  the  incoherent  multi-path  mech¬ 
anisms.  While  the  backscattered  return  from  the  plate  is  dependant  on  the  azimuth 
angle,  the  specular  bistatic  scattering  is  relatively  independent  of  azimuth  angle,  and, 
thus,  with  random  media  the  same  in  all  directions  about  the  plate,  the  overall  effect  is 
an  independence  of  azimuth  angle  in  the  multi-path  results.  This  independence  is  sig¬ 
nificant  in  making  the  correlation  of  the  multi-path  fields  at  least  approximately  mean 
sense  stationary.  Like  the  above  stationarity  with  frequency,  the  azimuthal  stationarity 
is  significant  in  reducing  the  requirements  on  the  statistics  necessary  for  analyzing  the 
effect  of  the  random  media  in  degrading  SAR  performance. 

Figures  5.12-5.15  show  the  azimuthal  and  frequency  correlations  of  the  incoherent 
scattering  mechanisms  for  the  HH  and  VV  polarizations.  The  geometry  is  again  the 
same  as  in  the  above  variance  results,  with  a  60  cm  by  60  cm  plate  located  5  m  below  the 
10  m  slab  of  random  media.  For  the  azimuthal  correlations  the  center  azimuth  is  chosen 
as  =  0°  ,  perpendicular  to  an  edge  of  the  plate,  and  for  the  frequency  correlations 
a  center  frequency  of  1.12  GHz  was  used.  The  elevation  angle  for  all  results  was 
chosen  as  50°  .  In  the  case  of  the  HH  polarization,  the  TC-TC  correlation  (long-dash) 
decreases  more  sharply  than  the  CT-CT  correlation  (dots)  for  changes  in  either  azimuth 
or  frequency,  although  the  difference  between  the  two  results  is  not  dramatic.  The  cross 
correlation,  TC-CT  (short-dash),  falls  between  the  TC-TC  and  CT-CT  results  in  both 
cases.  In  contrast,  for  the  VV  polarization,  the  clutter/target  return  decorrelates  more 
rapidly  than  the  target /clutter  field,  and  the  difference  between  the  two  results  is 
larger  than  in  the  horizontally  polarized  case.  In  addition,  while  the  cross  correlation 
falls  between  the  autocorrelations  for  the  frequency  correlation  results,  in  azimuth  it 
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Figure  5.10.  Dependance  of  the  coherent  target  scattering  cross 
section,  (Tt-t  ?  (solid)  and  the  incoherent  multi-path 
terms,  (Ttc-tc  (long-dash),  (tct-CT  (dots),  and 
(Ttc-ct  (short-dash),  on  azimuth  angle  for  a  60  cm 
by  60  cm  square  plate.  Shown  is  the  HH  polariza¬ 
tion  at  a  frequency  of  1.12  GHz  and  elevation  angle 
of  ^  =  50° ,  for  a  10  m  thick,  isotropic  random  slab, 
with  freespace  above  and  below,  and  with  the  target 
positioned  5  m  below  the  lower  interface. 
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Figure  5.11.  Dependance  of  the  coherent  target  scattering  cross 
section,  <tt-t  j  (solid)  and  the  incoherent  multi-path 
terms,  cttc-tc  (long-dash),  ctct-ct  (dots),  and 
o'TC-CT  (short-dash),  on  azimuth  angle  for  a  60  cm 
by  60  cm  square  plate.  Shown  is  the  VV  polariza¬ 
tion  at  a  frequency  of  1.12  GHz  and  elevation  angle 
of  ^  =  50° ,  for  a  10  m  thick,  isotropic  random  slab, 
with  freespace  above  and  below,  and  with  the  target 
positioned  5  m  below  the  lower  interface. 
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shows  a  small  increase  away  from  its  center  before  declining,  and,  thus,  does  not  fall 
between  the  TC-TC  and  CT-CT  correlations  over  much  of  the  azimuthal  range  shown. 
Comparing  these  correlation  results  with  the  earlier  variance  results,  it  can  be  noted 
that  for  the  HH  polarization  (at  ^  =  50°)  the  TC-TC  contribution  is  larger  than 
CT-CT,  but  the  comparison  is  close.  In  contrast,  for  VV  the  CT-CT  return  is  larger, 
and  the  difference  is  more  noticeable.  Together  these  variance  and  correlation  results 
suggest  that  the  larger  magnitude  returns  (TC-TC  for  HH  and  CT-CT  for  VV)  arise 
because  the  contributing  regions  are  larger,  and,  hence,  the  corresponding  correlations 
decline  more  rapidly. 

Similarly,  comparing  the  HH  and  VV  results  for  each  type  of  correlation,  it  is 
seen  that  for  the  TC-TC  correlation  the  two  polarizations  are  very  similar  over  both 
azimuth  and  frequency.  The  CT-CT  results,  however,  are  very  different  for  the  two 
polarizations.  This  result  for  CT-CT  is  expected  since  the  VV  polarization  experiences 
a  loss  of  the  contribution  specularly  reflected  from  the  plate  when  the  incidence  angle  is 
near  45° .  Hence,  for  the  50°  incidence  angle  considered  here,  the  VV  return  consists 
of  more  contributions  spread  further  from  the  specularly  illuminated  region.  Hence, 
the  VV  result  is  faster  to  decorrelate  than  HH. 

Figure  5.16  shows  the  effect  of  the  target  depth  on  the  rate  of  decorrelation  for 
azimuthal  changes.  The  results  shown  above  for  a  target  depth  of  15m  (dash),  or  5m 
below  the  lower  interface  of  the  random  media,  are  compared  with  a  more  shallow 
depth  of  10m  (solid),  which  places  the  target  immediately  below  the  slab.  In  each 
case,  only  the  TC-TC  correlation  is  shown.  The  results  for  both  polarizations  show 
a  faster  decorrelation  for  a  greater  separation  between  the  target  and  random  media. 
As  with  the  point  target,  at  greater  depths,  the  scattering  of  the  target  illuminates  a 
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Figure  5.12.  Correlation  of  the  incoherent  multi-path  scattering 
terms,  cttc-tc  (long-dash),  <rcT-CT  (dots),  and 
cttc-ct  (short-dash),  over  changes  in  azimuth  angle 
for  a  60  cm  by  60  cm  square  plate.  Shown  is  the  HH 
polarization  at  a  frequency  of  1.12  GHz  for  incidence 
at  50°  to  a  10  m  thick,  isotropic  random  slab,  with 
freespace  above  and  below,  and  with  the  target  posi¬ 
tioned  5  m  below  the  lower  interface. 
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Figure  5.13.  Correlation  of  the  incoherent  multi-path  scattering 
terms,  <ttc-tc  (long-dash),  (Tct-ct  (dots),  and 
<^TC-CT  (short- dash),  over  changes  in  azimuth  angle 
for  a  60  cm  by  60  cm  square  plate.  Shown  is  the  VV 
polarization  at  a  frequency  of  1.12  GHz  for  incidence 
at  50°  to  a  10  m  thick,  isotropic  random  slab,  with 
freespace  above  and  below,  and  with  the  target  posi¬ 
tioned  5  m  below  the  lower  interface. 
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Figure  5.14.  Correlation  of  the  incoherent  multi-path  scattering 
terms,  (Ttc-tc  (long-dash),  <tct-ct  (dots),  and 
<^TC-CT  (short-dash),  over  changes  in  frequency  for  a 
60  cm  by  60  cm  square  plate.  Shown  is  the  HH  polar¬ 
ization  for  incidence  at  50°  to  a  10  m  thick,  isotropic 
random  slab,  with  fireespace  above  and  below,  and 
with  the  target  positioned  5  m  below  the  lower  inter¬ 
face. 
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lOm^l 


e  J  =  (1.0505  +  0.001794i)eo 

d  =  10m 
zx  =  15  m 
e  =  50° 

(^  =  0° 
t  =  1.12  GHz 
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Figure  5.15.  Correlation  of  the  incoherent  multi-path  scattering 
terms,  <ttc-tc  (long-dash),  (Tct-ct  (dots),  and 
(Ttc-CT  (short-dash),  over  changes  in  frequency  for  a 
60  cm  by  60  cm  square  plate.  Shown  is  the  VV  polar¬ 
ization  for  incidence  at  50°  to  a  10  m  thick,  isotropic 
random  slab,  with  freespace  above  and  below,  and 
with  the  target  positioned  5  m  below  the  lower  inter¬ 
face. 
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l&rg6r  region  of  the  random  media,  and  this  increase  in  the  dimension  of  the  effective 
scattering  region  causes  a  more  rapid  phase  change  with  changing  azimuth  or  frequency, 
and  a  more  rapid  decorrelation. 

Similarly,  Figure  5.17  shows  the  effect  of  elevation  angle  on  the  azimuthal  decor¬ 
relation  rate,  comparing  the  previous  result  at  ^  =  50°  (dash)  with  a  smaller  angle  of 
30°  (solid).  For  both  polarizations,  the  steeper  incidence  angle  of  30°  leads  to  a  slower 
decorrelation,  which  parallels  the  results  seen  earlier  for  the  point  target.  Again  much 
of  this  result  is  due  to  the  geometrical  fact  that  at  the  steeper  angle,  a  given  change  in 
azimuth  will  cause  less  phase  change  across  the  region  of  contributing  scatterers. 

Figures  5.18  and  5.19  show  the  effect  of  the  center  azimuth  and  frequency  on 
the  azimuthal  and  frequency  correlations,  respectively.  Unlike  the  point  target,  the 
square  plate  is  not  azimuthaJly  symmetric,  and  the  correlation  need  not  be  stationary 
in  azimuth.  The  results,  however,  show  almost  no  dependance  on  center  azimuth  or 
frequency,  indicating  that  both  the  azimuthal  and  frequency  correlations  can  be  treated 
as  stationary. 

Finally,  Figure  5.20  shows  the  effect  of  plate  size  on  the  azimuthal  correlation,  by 
comparing  the  previous  result  for  the  60  cm  by  60  cm  plate  (dash)  with  that  for  a  larger 
270  cm  by  270  cm  square  plate  (dots),  placed  at  the  same  depth  and  with  the  same 
orientation.  Also  shown  for  comparison  is  the  result  of  replacing  the  plates  with  the 
point  target  of  Chapter  2  (solid).  As  the  plate  becomes  larger,  the  bistatic  scattering 
pattern  of  the  plate  develops  a  narrower  main  lobe,  leading  to  scattering  of  more  of 
the  incident  power  in  the  specular  direction.  Consequently,  the  region  of  the  random 
media  contributing  to  the  multi-path  return  becomes  smaller  for  the  larger  plate,  and 
the  decorrelation  of  this  field  in  azimuth  becomes  slower.  The  point  target  provides 
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even  less  gain  than  the  small  plate,  and,  thus,  has  the  largest  effective  scattering  region, 
and  the  fastest  decorrelation.  These  results  show  the  effect  of  the  target  in  shaping  the 
scattering  pattern  illuminating  the  random  media,  and  affecting  both  the  variance  and 
the  correlation  statistics  of  the  multi-path  mechanism. 
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Figure  5.16. 


Correlation  of  the  incoherent  multi-path  scattering 
term,  (Ttc-tc  »  over  changes  in  azimuth  angle  for  a 
60cm  by  60cm  square  plate  at  depths  of  10m  (solid) 
and  15m  (dash)  below  the  upper  interface  of  the  ran¬ 
dom  slab.  Shown  are  the  results  at  a  frequency  of  1.12 
GHz  for  incidence  at  50°  to  a  10  m  thick,  isotropic 
random  slab,  with  freespace  above  and  below. 
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Figure  5.17. 
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Correlation  of  the  incoherent  multi-path  scattering 
term,  <ttc-tc  >  over  changes  in  azimuth  angle  for  a 
60cm  by  60cm  square  plate,  and  for  incidence  at  30° 
(sohd)  and  50°  (dash)  to  the  random  slab.  Shown 
are  the  results  at  a  frequency  of  1.12  GHz  for  a  10 
m  thick,  isotropic  random  slab,  with  freespace  above 
and  below,  and  with  the  target  located  5  m  below  the 
lower  interface  of  the  slab. 
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Figure  5.18.  Correlation  of  the  incoherent  multi-path  scattering 
term,  (Jtc-tc  >  over  changes  in  azimuth  angle  for  a 
60cm  by  60cm  square  plate,  and  for  center  azimuths 
of  0°  (soUd),  10°  (dash),  and  20°  (dots).  Shown  are 
the  results  at  a  frequency  of  1.12  GHz  for  incidence 
at  an  elevation  angle  of  50°  to  a  10  m  thick,  isotropic 
random  slab,  with  freespace  above  and  below,  and 
with  the  target  located  5  m  below  the  lower  interface 
of  the  slab. 
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Figure  5.19.  Correlation  of  the  incoherent  multi-path  scattering 
term,  (Txc-tc  j  over  changes  in  frequency  for  a  60cm 
by  60cm  square  plate,  and  for  center  frequencies  of 
1110  MHz  (solid),  1120  MHz  (dash),  and  1130  MHz 
(dots).  Shown  are  the  results  for  incidence  at  an  ele¬ 
vation  angle  of  50°  to  a  10  m  thick,  isotropic  random 
slab,  with  freespace  above  and  below,  and  with  the 
target  located  5  m  below  the  lower  interface  of  the 
slab. 
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Figure  5.20.  Correlation  of  the  incoherent  multi-path  scattering 
term,  (Ttc-tc  ?  over  changes  in  azimuth  angle  for  a 
point  target  (solid),  a  60cm  by  60cm  square  plate 
(dash),  and  for  a  270cm  by  270cm  plate  (dots).  Shown 
are  the  results  at  a  frequency  of  1.12  GHz  for  inci¬ 
dence  at  an  elevation  angle  of  50°  to  a  10  m  thick, 
isotropic  random  slab,  with  freespace  above  and  be¬ 
low,  and  with  the  target  located  5  m  below  the  lower 
interface  of  the  slab. 
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Appendix  H 


Magnetic  Field  /  Electric  Source  Green’s  Function  and  Incident  Magnetic 
Field  Expressions  for  a  Uniaxial  Layered  Media 


This  Appendix  gives  the  expressions  for  the  Green’s  function  which  yields  the 
magnetic  field  at  an  observation  point  in  one  layer,  p ,  of  a  uniaxial  layered  media,  for 
an  electric  current  excitation  in  a  different  layer,  m .  Also  given  is  the  form  of  the 
magnetic  field  in  each  region,  which  arises  from  an  incident  plane  wave  illuminating 
the  medium  from  region  0. 

The  magnetic  field/electric  source  Green’s  function  is  defined  such  that  the  field 
at  an  observation  point  r  in  layer  p ,  arising  from  an  electric  current  excitation,  Jmij)  y 
in  layer  m ,  is  given  by  (H.l). 

(H.l) 

From  Appendix  E,  the  electric  field  at  the  observation  point  is  given  by  (H.2), 


X 


(fr.2) 
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Figure  H.l.  Geometry  of  the  layered  media  for  which  the  Greens 
function  and  incident  field  expressions  are  calculated. 
For  the  Greens  function,  Qpm{T^¥)^  the  terms  con¬ 
tributing  to  the  propagation  of  the  wave  from  layer 
m  to  layer  p  are  shown  for  the  case  where  p  <  m. 


and  from  Maxwell’s  equations,  the  magnetic  field  is  related  by  (H.3). 


tu^fl 

Substituting  (H.2)  in  (H.3)  and  applying  the  curl  operator  yields  {H.4), 


(H.3) 


A9=+j  — 


^  //X  X 

TE,TM  ^  ^  J  J 


gtfcjL.(rx-rY)  ^itk]p:}z  ^-iqk\!^lz^ 


{HA) 


and  comparing  (H.4)  with  (H.l),  it  can  be  seen  that  the  Green’s  function  takes  the 
form  of  (H.5), 


V,^{r,¥)=  E  2: 

M=+,-  v=TE,TM^  ^ 

^ikj_-{r±-r^j^)  ^iik]p^z  ^-iqk\i^\z* 


X 


(H.5) 


z={v)^^  — 

where  {k±)  is  given  by  (H.6), 


^XVi)  =  (kx  +  «S>«)  X  ?;!“'(hx) 


f  /I 


and  {k±)  is  given  in  Appendix  E. 


(H.6) 


Similarly,  the  magnetic  field  which  results  in  each  layer  from  an  incident  plane 


wave  of  the  form  of  (H.7), 
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£i(F)  = 


(H.7) 


can  be  derived  from  a  similar  approach,  and  takes  the  form  of  (H.8), 


H,,{T)  = 


a=+,-  w=TEyTM 


gifex,-rx 


(H.8) 


where 


and  where 


is  given  in  Appendix  E. 


{H.9) 


Appendix  I 


Correlation  of  Scattered  Field  Components  for  an  Electrically  Large  Target 
Buried  in  a  Layered  Random  Media 


The  following  Appendix  gives  the  correlations  of  the  multi-path  scattering  compo¬ 
nents  for  the  case  of  an  electrically  large  target  composed  of  flat,  perfectly  conducting, 
polygonal  facets,  scattering  in  the  presence  of  a  layer  of  continuous  random  media. 
Also  given  is  the  autocorrelation  of  the  coherent  direct  target  return.  The  function 
Ip.o.{4*c^k(,k()  is  deflned  in  (5.40),  (5.45)-(5.46),  and  (5.49)-(5.50),  for  the  three  sep¬ 
arate  cases  in  which  ,  k(  and  k( ,  or  neither  is  small.  The  function  ^cc0-yp  is  the 
spectral  function  associated  with  the  correlation  of  the  renormalized  scattering  source, 
^(r) ,  such  that  Cai3yp{7)  is  given  by  (I.l), 


Ca^yp{ri  -  ra)  =  k^  ( [?(ri)]^^  [^(^2)]  *,)  (^-1) 

and  ^afi'Ypi/S)  is  deflned  by  (1.2), 


=  jipj;  j j j ‘‘f 


(1.2) 


Finally,  the  shadowing  function  S{h,  k)  is  given  by  (5.18). 
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I.l.  Target /Clutter  -  Target/Clutter  Correlation 


^PaPh 

^TC-TC 


{kas^  fcai?  —  AjTT  (^pa  *  ExC  as}  kai  ^  X  PI '  Ej’c  bs^  hi)) 


=  {27rfi  5] 


ot^yp 

Y,  JJ  dku  Bt^ItF'  X 

a,/3,7,P=®,y»^ 


Ip.O.{Pcm'>hmlhm  )  -^P.O.  (^C„,  »  5  ^C^,)  X 


^a/37P  (fe-Lg  -  -  P'^/Xn 

(ti.  -  -  ytW,) 

4-  * 


where 


<x^yp 

pp*  gg*qq^tt* 
JD  u%i*vv*ww* 

^TC^TC 


’-^S  (hm,  fcx.  +  -S'  (nm,  -fcxai  +  X 

s  (nm',^x.  +  q'kil'h)  S  (nrrt',-kxii  +  s'k^^'Jz)  x 


P«  •  Sj./,(*1..)]  [•F'/t,(*’i.)  •  (*•"  X  -ff-'i"’)].  ^ 


n„,  X 
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k±,  =  k±^,  -  fci.,  +  A:i.  (/.5) 


• 

=  [(fcj.„-  -fe±a)  -  {skQi  +  9^S) 

(IS) 

ku  =  [(fci..-  -^x«)  -  {ski^l  +  9^S)  •  U 

(1.7) 

• 

ku  =  [(^Xai  -kx.)  -  {^kQi  +  qkQ)  z]  ■  Cm 

(IS) 

• 

K>  =  -  kx.)  -  +  q'kS) 

(1.9) 

<• 

ki^,  =  [(fc±„  -  kx.)  -  {s'ki^J  +  q'kltj)  z]  ■  Cm' 

(I.W) 

ki„,  =  [(fcx„  -  fexc)  -  +  q'kt'])  z]  •  Cm' 

(1.11) 

# 
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1.2.  Clutter/Target  -  Clutter/Target  Correlation 


^PaPb 


^CT^-CT 


(kas,  kai,  kb,,kbi^  =  47rr  (^Pa  •  EcT  (kat^  kai^  X  PI  •  EqT  {k  bsj  fcit)) 


ly  /•  /»  _  PP’ 

=  (27r)®i  ^  XI  X  X  // 

y..w:/'’=+.-  wyXr'E.TM 
/p.o.  {4>cmiku'>ku)Ip.o.  > ki^nh^)  X 

q'^fZa  +  q  '^f^c  ■* 

^ccfiyp  (k±ai  -  fcXa,  -qk%[  - 


g4i  +  •s4^..  -  -  ^'k^flll 


where 


a/3-irp 

pp‘  $s^qq^£V 
D  uu^vv^wv)^ 

^CT-CT 


(n„,  +  p4rl4  ^ 

s  (iim'Jiu.  +p'4r24  {^m',-kxc  -^'kizjz)  X 

•  (n^  X 


X 


Pb  ■  Hotj,t{k±i„)  •  X 


7  >- 


■Ei»'.(«'') 
^hi 


a^yp 

33fqqUV 

J  vv^  ww^ 

-CT 


(7.12) 


(7.13) 


*:x.  =  *!i„  -  Aix.1  +  *!x. 


(/.14) 


[(*;x.  -  ku) + («a  -  pkti)  z]  ■  j*”) 

(1.15) 

[(^x.  -  Sx..)  +  {(kill  -  pkj^l)  i]  • 

(1.16) 

[(^x.  -kx.,)  +  {lk[tl  -pkl“l,)  z]  •<„ 

(1.17) 

[(ix.  -  Ix..)  +  (ni:'}  -  p'k!S)  J] 

(J.18) 

[(^x.  -  5x..)  +  (I'kSfJ  -  p'ig;)  *]  •  L' 

(1.19) 

[(^x.  -  Sx..)  +  («L”?  -  p'k<:2)  k]  ■  („■ 

(1.20) 
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1.3.  Target/ Clutter  -  Clutter/Target  Correlation 


<^TC-CT  ^*>0  ”  (P“  ‘  ^  (^6*  >  ^w)) 


iV 


(2ir)’i 


E 


+  u',r',u;'=TB,TAf 
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p^t  -  -  9'*=S'  -  '’'*’^2' 


(/.21) 


where 


B. 


a/37P 

ppfss^qq*££^ 

uu^vv^ww^ 

TC-CT 


—S  (n^n,  kx^  +  S  {hm,  -kx^i  +  skl^}.z^  x 

•S'  (n^',  fell,,  +  ^  {f^m'j  —kxc  ~  ^  ^tz}^  X 

h  ■  ffl;’(Sx.,)l  K!,(fcx.)  •  (ft™  X  HZ 


fhi 


{1.22) 
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fci.  =  fcx,,  +  ku.  -  ku  (^-23) 


=  [{kx^i  -  fcxa)  -  +  9^2) 

(7.24) 

ku  =  [(^la.-  -  ^Xa)  -  +  9^*2)  z]  ■  Im 

(7.26) 

• 

k(~  =  [(^’J-..  -  *'J-.)  -  +  ikQ)  z]  •  <„ 

(7.26) 

# 

=  [(*1.  -  kM.)  +  («!:?  -  p'O  i] 

(7.27) 

• 

*=£».  =  [(^j-.  -  +  (<'*=o?  -  p'*^!“2)  *]  •  f-' 

(7.28) 

=  [(‘z.  -  Ix..)  +  («!"?  -  p’C)  *]  •  Cn.. 

(7.29) 
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1.4.  Target  -  Target  Correlation 


—  47rT’  •  Et  (j^as^  ^  Ph  * 
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B.  uu’ww' 


-  X]  X)  ^T-T 

m,m'=l  p,p',j, «'=+,—  yWjW^=TE,TM 
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■^T —T 
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P.  •  tltffx..)  •  (ft~  X  BTi”’)]  [w  -Slvffx..)  •  (ftm.  X  <:'”'*)]■ 


(/.SI) 


^C„  =  [(*>x.,  -  «;x.,)  -  (pfcLl  +  »*:£)  i\  •  c<”'  (^-32) 

ku  =  [(^X.|  -  ^x..)  -  (pktl,  +  »*:£!)  *]  •  im  (/-SS) 


[(fclai  -  *la.)  -  {Pkizl.  +  Z]  •  Cm  (/•34) 
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[(fei.  -  kx,.)  -  (p'k^2  +  s'k^})  z]  .  e.,  ( J.37) 
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Chapter  6 


Scattering  from  an  Electrically 
Small  Target  in  a  Layered 
Continuous  Random  Media 


The  previous  chapter  treated  the  problem  of  scattering  from  a  deterministic  tar¬ 
get  buried  in  a  layered  continuous  random  media  for  the  case  where  the  target  was 
electrically  large  and  the  induced  surface  currents  could  be  approximated  by  the  Phys¬ 
ical  Optics  method.  For  smaller  targets,  or  for  targets  which  contain  structures  which 
possess  rapid  changes  in  shape  on  scales  comparable  to  or  smaller  than  a  wavelength, 
this  high  frequency  approach  is  no  longer  accurate.  Instead  an  exact  method  which 
solves  numerically  for  the  unknown  surface  currents  must  be  employed. 

This  chapter  again  considers  the  problem  of  scattering  from  a  target  in  a  layered 
continuous  random  media,  but  now  for  an  electrically  small  target,  using  the  numerical 
Method  of  Moments  (MoM)  approach  to  target  scattering.  As  previously,  an  effective 
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mean  permittivity  for  the  random  media  is  derived  using  Strong  Fluctuation  theory, 
and  the  incoherent  field  scattered  by  the  random  media  is  determined  from  the  first 
order  distorted  Born  approximation.  An  integral  equation  is  derived  for  the  surface 
current  induced  on  the  target,  and  this  current  is  represented  as  a  weighted  series  of 
basis  function  terms,  each  of  known  form,  but  with  unknown  amplitude.  The  integral 
equation  is  then  tested  by  multiplying  by  a  series  of  testing  functions,  and  integrating 
over  the  target  surface.  The  result  is  a  linear  system  of  equations,  which  may  be  solved 
for  the  unknown  basis  function  weights. 

This  method  is  applied  to  an  arbitrary  target  using  bi-triangular  subdomain  basis 
functions,  and  point  testing  of  the  integral  equation.  The  target  signature  is  again  seen 
to  consist  of  a  coherent  or  direct  scattering  return,  and  an  incoherent  portion  arising 
from  interactions  with  the  random  media.  Expressions  for  the  statistics,  variance  and 
correlation,  of  the  incoherent  fields  are  again  derived. 

6.1.  Method  of  Moments  Formulation 

The  geometry  of  the  scattering  problem  considered  here  is  shown  in  Figure  6.1. 
The  space  surrounding  the  target  is  stratified  vertically  into  N  —  2  bounded  regions, 
with  a  half-space  above  (region  0 )  and  below  (region  N  —  1).  The  target  is  located 
in  region  t ,  and  is  a  perfectly  conducting  object  of  arbitrary  shape,  but  for  practical 
reasons  will  be  assumed  to  be  relatively  small  electrically.  Again  it  is  possible  to  syn¬ 
thesize  the  effects  of  several  independent  random  layers,  by  treating  each  individually, 
and  incoherently  combining  the  results.  Hence,  only  a  single  region,  / ,  will  be  consid- 
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ered  to  have  random  permittivity  fluctuations,  and  only  the  case  in  which  <  7^  /  will 
be  treated  here.  The  properties  of  the  random  media,  the  Strong  Fluctuation  Theory 
method  of  determining  an  effective  mean  permittivity,  the  correlation  function  of  the 
random  media,  and  the  distorted  Born  approximation  are  all  identical  to  their  usage 
in  previous  chapters,  and  a  description  of  these  will  not  be  repeated  here. 

The  total  field  scattered  by  the  target  is  given  by  (6.1), 


Es{r)  =  iu3n  j dS'  G{r,¥')  •  Jsi^')  (6.1) 

where  G(r,r')  above  is  the  Green’s  function  which  accounts  not  only  for  the  presence 
of  the  boundaries  of  the  layered  media,  but  also  for  the  random  fluctuations  of  per¬ 
mittivity  in  region  / .  Hence,  both  the  induced  target  surface  current,  J s{r) ,  and 
the  scattered  field,  Es(¥) ,  will  contain  both  a  mean  coherent  part,  and  an  incoherent 
portion  arising  from  the  presence  of  the  random  scatterers.  In  the  Method  of  Moments 
(MoM)  approach,  the  current  is  expanded  in  the  series  representation  of  (6.2), 


Js(7)  =  T,^nBnir')  (6.2) 

n 

where  Bn{r)  are  a  set  of  known,  deterministic  basis  functions,  and  where  /„  are  a  set 
of  corresponding  weights  of  unknown  value,  which  for  the  present  problem  will  consist 
of  both  a  deterministic  mean  part,  and  a  zero-mean  random  portion.  Substituting  the 
above  into  (6.1)  yields  the  result  of  (6.3). 
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Figure  6.1.  Geometry  of  the  multi-layer  scattering  problem  with 
N  layers,  and  with  the  electrically  small  target  located 
in  layer  t ,  and  the  random  media  in  layer  /  . 
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•  The  above  equation  is  now  tested  by  multiplying  in  turn  by  each  of  a  set  of  N  testing 

functions,  Wmij)  ■,  and  then  integrating  the  result  over  the  target  surface  to  obtain 
(6.4). 


I  dS  Wm{r)  ■  Es{t)  =  ^  J dS  j dS'  Tr„(r). 

V{r,r')-Bn{r')  m  =  l,...,N  (6.4) 

Finally,  for  a  perfectly  conducting  target,  the  total  surface  electric  field  will  vanish, 
so  the  incident  and  scattered  fields  must  cancel.  Since  the  testing  functions,  Wm(r) , 
are  always  taken  to  lay  parallel  to  the  surface,  the  scattered  field  in  the  above  can  be 
replaced  by  the  negative  of  the  incident  field.  The  above  set  of  equations  can  then  be 
rewritten  in  the  matrix  form  of  (6.5), 


V  =  Z  I 


(6.6) 


where  the  excitation  vector  and  impedance  matrix  elements  are  given  by  (6.6)  and 
(6.7). 


V„  =  -jJdSW„{¥).%(r) 


(6.6) 


Z„„  =  iwfc  j dS  dS'  W„(t)  ■  V(r,¥)  ■  'Er,(¥) 


(6.7) 
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Both  the  impedance  matrix  and  excitation  vector  above  will  contain  randomly  varying 
components,  and  each  element  will  be  given  by  a  Born  series,  where  the  first  term  will 
be  the  deterministic  value  which  results  when  the  random  fluctuations  are  ignored, 
and  where  the  higher  order  terms  are  incoherent  contributions  which  arise  from  the 
presence  of  the  random  scattering.  Hence,  the  elements  of  the  excitation  vector  will 
take  the  form  of  (6.8), 


VL  =  KtW  +  + 

'171  '171  I  '171  l  '  m  I 


where  the  zeroth  order  term  is  given  by  (6.9). 


In  the  above,  E^^\r)  is  the  zeroth  order  incident  field  in  the  target  region,  which  will 
be  assumed  to  arise  from  an  incident  plane  wave  and  its  reflections  between  the  layer 
boundaries  of  the  media.  Similarly,  the  first  order  term  is  given  by  (6.10), 


(6.10) 


where  (r)  is  the  first  order  incoherent  term  arising  from  the  first  order  distorted 


Born  approximation.  Replacing  by  this  approximation  yields  (6.11), 


6.1.  METHOD  OF  MOMENTS  FORMULATION 


385 


where  Ef^{r)  is  the  zeroth  order  field  in  the  random  layer,  and  'Q{r)  =  klJ{r)  where 
1(f)  is  the  renormalized  scattering  source.  ,  and  other  higher  order  terms 

can  be  obtained  by  replacing  Ei(F)  in  (6.6)  with  higher  order  terms  of  the  Born  series 
for  the  incident  field,  where  each  subsequent  term  includes  the  effect  of  one  more 
interaction  with  the  random  media. 

Similarly,  the  impedance  matrix,  Z  ,  has  elements  in  the  form  of  (6.12), 


Zmn  =  +  ZmrP''>  +  •  •  •  (6.12) 

where  is  a  deterministic  propagation  term  which  accounts  for  the  field  resulting 

on  the  target  from  the  direct  radiation  of  the  surface  current  of  the  target,  and  which 
is  given  by  (6.13). 

dS  dS'  W^(f)  •^tt(r,r')  •  B„(r')  (6.13) 

The  first  order  term,  Zmn^^^ ,  accounts  for  the  propagation  from  the  target,  to  the 
random  media,  and  back  to  the  target,  and  this  term  is  given  by  (6.14). 


Gft{r',f")  •  Bn(r")  (6.14) 

The  liigher  order  terms,  Zmn^^K  Zmn^^\  etc.  reflect  propagation  from  the  target  to 
the  random  media,  multiple  scattering  within  the  random  media,  and  then  propagation 
back  to  the  target. 
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Finally,  the  scattered  field  obtained  in  the  far-field  of  the  target  can  similarly  be 
written  as  a  series  as  given  by  (6.15), 


Es{t)  =  Ef{v)  +  Ef{r)  +  '^s\r)  +  •  •  *  (6-15) 

where  the  zeroth  order  term  is  the  field  arising  from  direct  radiation  of  the  target 
surface  current,  and  is  given  by  (6.16). 

'Zinff  dS  Votir^)  •  Bn{r')  (6.16) 

The  first  order  term  is  the  field  which  radiates  from  the  target,  then  scatters  from  the 
random  media  before  reaching  the  receiver,  and  this  field  is  given  by  (6.17). 


:^;^(r)  =  iiVf^Zrn  j dS'l j dV"  Go/(r,r')  •  Q(f')  •  G/t(r',r")  •  S„(r")  (6.17) 

The  higher  order  terms,  ^5  \r) ,  ^5  ^(r) ,  etc.  arise  from  fields  which  are  scattered 
multiple  times  in  traveling  from  the  target  to  the  receiver. 

To  determine  the  scattered  fields  above,  the  unknown  current  amplitudes,  7„ , 
must  be  determined.  These  unknown  weights  can  be  found  by  solving  the  matrix 
equation  of  (6.5).  Rewriting  this  linear  system  with  the  contributions  to  Z  and  V 
expanded  yields  (6.18). 
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^0) 


The  above  is  now  multiplied  by  the  inverse  of  Z  ,  resulting  in  (6.19). 


^7  +  +  •  • . j  7  =  f V')  +  f v^)  ^  , 

(6.19) 

The  left  hand  side  of  the  above  must  be  inverted  and  multiplied  through  to  obtain  7 . 
Since  successive  terms  in  the  Born  series  should  contribute  less  and  less,  the  desired 
matrix  inverse  can  be  approximated  as  in  (6.20). 


~7 


(6.20) 


Therefore,  the  desired  solution  for  the  weight  vector  is  given  by  (6.21). 


I  =  Z^°^  V*°’+7*”*  V*‘*  +  J*”*  - 

-  '¥”>■  V”’  -  V’>  -  f*'”’ V^>  - . . . 

_  ^0)->^2)^0)-y  0)  _  =(0)-'=(2)^0)-y  „  _  =(0)->^2)^0)-y _  _ 

(6.21) 


From  (6.15)-(6.17),  the  scattered  field  can  be  expressed  as  in  (6.22), 


.  I  +  .  J  + /  +  . . . 


(6.22) 
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where 


iW  =  ia.,.  Jj  dS'  P  ■  GoiiT,^)  ■  (6.23) 

£(.■)  =  dS'f  j f  dV"p-V^,(T,¥)  ■5(r')  •5«(f',F")  (6.24) 

Finally,  substituting  (6.21)  into  (6.22)  yields  the  expression  for  the  scattered  field  which 
is  given  by  (6.25)  below. 

Efg  V'*  +  £*“•  'v*’’  + .  ■  ■ 

J*”*"  V”>  -  i<">f  V‘'  -  £<“>  V"> _ 

*T^°’  + 'v<’'  + . . . 

V“>  -  V‘>  -  x<'>f‘“’''f‘®¥°’' V=>  - . . . 

+i'®¥“’“  V°) + x(’¥”'' V'> + !<“¥“*"  V'®>  + . . . 

V"'  -  x<®¥°'''f‘'¥“'‘ V*>  -  x<®¥”’'¥'¥°'' V®>  - . . . 
-x'®¥°'''¥'¥”’‘ V”>  -  V'"  -  V®>  -  •  • . 
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The  above  includes  terms  up  to  high  order  in  the  number  of  times  the  field  may  be 
scattered  by  the  random  media  in  traveling  from  the  radar  to  the  target,  and  in  traveling 
from  the  target  back  to  the  radar.  Also  included  is  the  field  scattered  from  the  target 
to  the  random  media,  where  it  may  be  scattered  an  arbitrary  number  of  times  before 
it  is  re-incident  on  the  target.  What  is  neglected  in  the  above,  however,  are  the  fields 
which  are  re-incident  on  the  target  more  than  once,  and  which  scatter  back-and-forth 
between  the  target  and  random  media  several  times.  These  terms  are  neglected  because 
of  the  first  order  Taylor  series  approximation  to  the  matrix  inverse. 

As  with  the  previous  analysis  for  the  point  target  and  electrically  large  target, 
the  analysis  here  will  again  be  restricted  to  the  first  order  terms,  or  a  single  interaction 
with  the  random  media.  Under  this  approximation,  (6.25)  reduces  to  the  four  terms  of 
(6.26). 


The  first  term  is  the  coherent  or  direct  return  depicted  in  Figure  6.2a.  The  second  term 
is  the  field  scattered  first  by  the  random  media,  and  then  by  the  target,  and  this  field 
is  again  denoted  the  clutter/target  contribution  as  pictured  in  Figure  6.2b.  Similarly, 
Figure  6.2c  shows  the  third  term,  which  is  scattered  first  by  the  target  then  by  the 
random  media,  and  denoted  the  target/clutter  return.  Finally,  the  last  term  is  that 
which  is  scattered  by  the  target,  then  the  random  media,  and  then  is  re-incident  on  the 
target.  This  target/clutter/target  return  is  pictured  in  Figure  6.2d.  For  practical  rea¬ 
sons,  this  final  term  is  difficult  to  calculate,  and  if  the  coupling  between  the  target  and 
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random  media  is  weak,  this  term  will  be  less  significant  than  the  other  two  incoherent 
contributions.  Hence,  the  target /clutter/target  field  is  again  neglected. 


Figure  6.2.  Scattering  mechanisms  for  target/clutter  interaction 
including  the  direct  target  return  (a),  clutter/target 
multi-path  (b),  target /clutter  multi-path  (c),  and  tar¬ 
get/clutter/target  multi-path  (d)  returns. 


What  is  desired  is  again  the  correlation  of  the  field  received  at  one  angle  and 
frequency,  with  that  at  another  angle  and  frequency.  This  correlation  is  given  by 
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(Ki,  ka„  ku,  ki,)  =  4:rr“  (k^i,  k„)  ■  jB|*’  (ku,  *:i,)  ) 


+ 


(6.27) 


To  simplify  the  above,  the  quantities  /W  and  5^)  are  defined  as  in  (6.28)  and  (6.29). 


4°^  =  E 


y(0) 

^  m 


(6.28) 


LW 


Hence,  (6.27)  can  be  rewritten  as  (6.30)  below. 


(6.29) 


ff-PaPb  _4^j.2 


na  -^na  ^mi^rrih 


+ 


n  m 

(4Vk<V)  +  4?«’  (41,>£!;>'> 


(6.30) 
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The  correlation  terms  <  > ,  etc.,  which  appear  in  the  above 

are  given  by  (6.31)-(6.34), 


ci,l3,y,p=x,y,z  n  m  7  7 


X 


(6.31) 


( E  /X.  /X.  X/X,  *■  X/X, 

a,^,7,p=aj,y,2  n  m  7  / 

[p,  ■  5‘„(r,i's)]  ’  •  [B‘„(r3,F4)  •  ’  (6.32) 


{iiVKi;**}  =•■"!•  E  /X  XX„  X/X,  XX/r, 

[pa  •'^/(r,ri)]^  •  \Gft{ri,r2)  •  Bnirz)]  x 


(6.33) 


a,fi,‘y,P=x,y,z  n  m  f  f 

[pa  •  |Gyt(ri,r2)  •  -Bn(r2)]^  X 

[p6  •  •  [C?yt(r3,r4)  •  .Bm(r4)]  (6.34) 


where 
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C'a^7p(^i  ^3)  —  (6.35) 

In  the  next  section,  the  above  formulation  is  used  with  a  specific  set  of  basis  and  testing 
functions  to  predict  the  coherent  and  incoherent  signatures  of  an  arbitrary  target. 


6.2,  Triangular  Patch  Modeling 


^  To  treat  the  problem  of  scattering  from  an  arbitrary  target,  a  basis  function  for 

the  current  must  be  chosen  which  can  be  fit  to  an  arbitrary  surface.  One  popular 
technique  which  has  been  used  previously,  is  a  triangular  mesh  representation  of  the 
®  target  surface  employing  a  bi-triangular  subdomain  basis  function  [87]  defined  over 

pairs  of  adjoining  triangular  patches.  The  geometry  of  this  bi-triangular  configuration 
is  shown  in  Figure  6.3. 

Mathematically,  this  basis  function  is  given  by  (6.36), 


Bn{n  =  Bt{T)  +  B-{r) 


(6.36) 


where  the  portions  on  each  of  the  two  patches  are  as  in  (6.37)  and  (6.38). 


r  in  r+ 
else 


(6.37) 


B-A7)  = 


T  in  T- 
else 


(6.38) 
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Figure  6.3.  Geometry  of  the  bi-triangular  subdomain  patch, 
where  T'^  and  T~  are  the  two  connected  triangu¬ 
lar  regions  of  the  domain,  and  where  and  r~  are 
the  respective  centroids  of  these  regions. 

In  the  above,  is  the  length  of  the  shared  edge,  and  is  given  by  (6.39), 


(6.39) 


and  and  are  the  areas  of  the  two  triangular  regions,  and  are  given  by  (6.40) 
and  (6.41). 


) 


(6.40) 
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^n=l\  (^m„  -  ^e„)  X  (^m„  “  |  (6.41) 

The  basis  function  above  is  designed  such  that  the  current  is  always  directed  away 
from  the  isolated  corner,  ,  on  ,  and  towards  the  isolated  corner,  r~^  ,  on  T~  . 
The  amplitude  of  this  current  goes  to  zero  at  these  end  corners,  and  reaches  a  maximum 
at  the  center  where  the  two  patches  meet.  In  addition,  there  is  no  component  of  current 
at  the  patch  boundaries  which  is  directed  perpendicular  to  the  edge. 

The  testing  procedure  which  will  be  employed  here,  is  an  averaged  point  testing, 
where  the  integral  equation  is  tested  at  the  center  of  and  ,  and  the  two  resulting 
equations  are  averaged.  Hence,  the  testing  functions  are  each  in  the  form  of  the  sum 
of  two  impulses,  as  given  by  (6.42), 


W„{r)  =  wt(T)  + 


(6.42) 


where 


W-^{r)  = 


(6.43) 


(6.44) 


and  where  the  centers  of  and  are  given  by  (6.45)  and  (6.46). 
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r'^ 

Cm 


J.+  _|_  J. 

'  Cm  ^  '  rUm  ^  mm 


(6.45) 


^Cm 


^Cm  +  ^mrn  + 


(6.46) 


In  solving  for  the  target  signature,  it  is  first  necessary  to  solve  for  the  coher¬ 
ent  part,  determining  ,  and  .  The  first  of  these  may  be  obtained  by 

substituting  the  above  testing  function  into  (6.9),  yielding  (6.47). 


a,a'=4-,“- 


(6.47) 


The  incident  electric  field  can  then  be  replaced  by  its  representation  from  Appendix  E, 
yielding  the  final  result  of  (6.48). 


e>  =  -  E  E  E  <■ 

a,a'=+,^  w=TE,TM 


'  Cm 


Cm  Cm 


cXm  e 


(6.48) 


The  zeroth  order  impedance  elements  are  defined  by  (6.13),  and  after  substituting  the 
above  expressions  for  the  testing  function,  and  after  utilizing  the  delta  function  to 
perform  one  of  the  integrals,  the  result  of  (6.49)  is  obtained. 


Z^°'>  = 


tUjJ, 


s  IL 


dr 


a 


a,a'=+,— 


(6.49) 
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The  above  expression  is  the  sum  of  four  integrals,  each  a  combination  of  the  two  source 
regions  and  two  observation  points.  Let  each  individual  integral  be  defined  by  (6.50), 

/r;  =  iu.;.  / (K„y)  ■Xif')  (6.60) 

where  is  given  by  (6.51). 


=  a 


(6.51) 


The  first  case  to  be  considered  in  evaluating  (6.50)  is  that  in  which  the  observation 
point  is  not  contained  on  the  surface  of  the  source  (i.e.,  ^  T^' ).  It  is  possible  that 

part  of  the  source  region  T“’  will  be  above  the  observation  point  (z'  >  ),  and  part 

below  {z'  <  z^^  ).  Since  the  Green’s  function  is  different  for  these  two  cases,  integration 
must  be  done  over  these  two  regions  separately.  Let  the  two  regions  be  denoted  T®’ 
and  r“'  -  T«'  as  shown  in  Figure  6.4.  If  >  z'  for  T"'  -  T®' ,  then  the  integral  of 
(6.50)  will  be  given  by  (6.52). 


Cn  =  i"/* / <  •  G.U  •  wav’) 

+  ‘"I* / L  •  P>n  (?;„,?')  -  (c,?-)  -]  • 

n 

=  P  +  I^  (6.52) 


Otherwise,  if  <  z'  for  T“'  —  T®’ ,  then  the  integral  is  given  by  (6.53). 


<  X 
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A 

Z 


Figure  6.4.  Geometry  of  the  integration  over  each  triangular  sub- 
domain  region.  Shown  is  the  case  where  >  z'  for 
the  unshaded  region,  T^'  —  T“’ . 

Cn  =  jj,  ^  ^ 

ft 

+  JJ  df'  -  5.r,  -]  • 

n 

=  !<  +  !<  (6.53) 


For  each  of  the  triangular  integration  regions  of  the  above  integrals,  the  following  three 
coefficients  are  defined,  using  the  subregion  areas  shown  in  Figure  6.5. 
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Figure  6.5.  Geometry  of  the  subregions  for  the  substitution  of 
variables  in  the  integration  of  a  triangular  region.  An 
arbitrary  position,  r' ,  is  expressed  as  a  weighted  av¬ 
erage  of  the  triangle  corners,  ri ,  ¥2,  and  F3  ,  where 
the  weights  are  found  from  the  ratio  of  the  subregion 
areas,  Ai ,  A2 ,  and  A3  to  the  overall  area  of  the 
triangle. 


(6.55) 


(6.56) 


Each  of  the  integrals  can,  therefore,  be  rewritten  using  the  transformation  of  (6.57). 
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J j  9{r')  =  j  dv  f  9i^ri+T]r2  +  {l-$-r])r3)  (6.57) 

0  0 

Hence,  the  four  integrals  of  (6.52)  and  (6.53)  can  be  rewritten  substituting  the  Green’s 
function  expressions  of  Appendix  E,  and  the  basis  function  expressions  of  (6.37)  and 
(6.38),  to  yield  (6.58)-(6.61)  below. 


# 


i>  =  2iu,i,Ai  j'  d-n  T”  di  Y,  12  If 

t,q=+,- v=:TE,TM'' 


•  2^  [(«  -  1)<  +  ’!V.'  +  (1  -  e  -  >?X]  X 


exp  {-i  [fcx  +  qkilh]  •  +  (1  -  ^  -  v)^^] } 


(6.58) 


dk 


I>  =  r  drj  E  E  // 

•  [7lt(Sx)  -  7j:’„(rx)]  •  2^  [X + X  +  (1  - « -  -(X  -  <] 

exp  {-z  px  +  qkilh]  •  +  rjrll  +  (1  -  ^  -  v)KI]  } 


X 


»  cj-m  g  tx  Cm 


(6.59) 


I<  =  2iu,y,Ai:  f  drj  r^i  ^  E  // 

^,9=+,-  v=TE,TM  ^  •' 


dk\ 


«'*m  •  F^X^k^) .  ^  [(^  -  l)r:'  +  +  (1  -  ^  -  vyij[  x 


2A: 


6.2.  TRIANGULAR  PATCH  MODELING 


401 


exp  {-i  [k±  +  qki^h]  •  [^r^'  +  777^“'  +  (1  -  ^  -  rj)f^^] } 


(6.60) 


A 

1— 1 

1 

II 

V 

M 

(6.61) 

Three  types  of  integrals  are  contained  in  the  above  expressions, 

lo,  I(,  and  Ir,  as  in  (6.62)-(6.64). 

and  these  are  denoted 

Jo  =  r  dj]  ^ 

Jo  Jo 

(6.62) 

=  r  drj  ^ 

Jo  Jo 

(6.63) 

dr]  r  di  7] 

Jo  Jo 

(6.64) 

The  first  of  these  integrals  can  be  evaluated  directly.  Performing  the  inner  integral 
yields  (6.65), 


and  performing  the  outer  integral  yields  (6.66), 


1  f  1  —  1  —  1 

i<t>(  \  i<f>r,  j 


(6.65) 


(6.66) 
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which  can  be  rewritten  in  the  final  form  of  (6.67). 


To  =  (^^n/2)  -  e  *'^</^sinc  [{4>r,  -  4>i)  /2]} 


(6.67) 


Similarly,  for  the  inner  integral  is  the  same  and  yields  (6.68). 


=  £  dT]^ 


(6.68) 


The  outer  integral  can  be  done  using  integration  by  parts,  with  the  final  result  given 
by  (6.69). 


1  f  ,  1 


(6.69) 


Finally,  in  evaluating  ,  the  inner  integral  must  be  done  by  parts  to  yield  (6.70), 


fi  r 
^  Jo 


i{4>T,-4>i)v _ 7^  g-i{4>ri~4>()ri 


(6.70) 


the  parts  of  which  can  then  be  integrated  either  directly  or  by  parts  to  yield  the  final 
form  of  (6.71). 
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h 


e  1  +  i<f>(  /  _  e  + 

<t>\  i{4>r,  -4>{)^  '  i<f)(  {<f>„  -  <f>^Y 


*(^77— 


e-iH  I  i_  ^-i4>n 

(^*7  -  ^ 


(6.71) 


Hence,  for  ^  T®  and  with  ^  z'  G  T“’ ,  the  zeroth  order  impedance  elements 
can  be  expressed  as  in  (6.72). 


= 


ioJix  ^  f  f  x 

a,o'=+,-  ^,g=+,-  v=TE,TM^  ^ 

[a'4*®  .^u^Jfc^).«-Ox 
Jo  ((*x + . «  -  o ,  (fc^ + 5fc(:)i) .  (r^-®j  -  o) 

+  a'4n;®  •  •  (r’:'  -  X 

In  ((^x  +  qk\t>z)  •  (r^l  -  ,  (fej.  +  qkll^z)  •  (r'"'  -  r^J) 

+  a'4<  .  f ^(Ix)  •  «  -  X 

h  ((^±  +  qki”^z)  •  «  -  r^J  ,  (k^  +  qkit>z)  •  (r”®'  -  J)] 

+  e-i(fcx+9Mx’2)-^?l  X 

K^<  ■  -  ^  ?„<‘-))  ■ « -  0  X 

h  ((ix + «^ir'x)  ■ « -  <) .  (tx + ■ « -  <)) 
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+  •  (Ptlikl)  -  F^likj.))  .  «  -  <)  X 

4  {(kj-  +  -  rti)  ,  (fcx  +  qkil^z)  ■  -  7^' )) 

+  -  rll(kl))  •  «  -  <)  X 

I(  ((kx  +  gkt^z)  •  (^-L  +  qktz^z)  •  (rfl  -  r^l 


(6.72) 


In  the  above,  the  vectors  ,  and  are  the  corners  of  the  smaller  triangular 

region  T®’ .  To  find  these  corners,  the  corners  ,  rf^  ,  and  of  the  larger  triangular 
region  are  assigned  from  the  set  of  ,  and  r  ~  ^  such  that  is  the  vertex  shared 

by  both  r“*  and  T®’ .  The  first  vector  is  assigned  to  this  corner. 


# 


9 


a' 

ttji 


(6.73) 


The  z- coordinate  of  the  other  two  vertices,  and  ,  will  be  the  same  as  the  z- 
coordinate  of  the  observation  point,  . 


CL*  a*  CL 

^6n  = 


On  the  segment  connecting  and  ,  r  is  given  by  (6.75), 


(6.74) 


’■=K  +  *{K-  K) 

with  t  an  arbitrary  parameter,  such  that  at  , 


(6.76) 


<  =  c  =  <+t «  -  4) 


(6.76) 
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or  t  is  given  by  (6.77). 


t  = 


(6.77) 


Therefore,  is  given  by  (6.78), 


^bn 


and  in  a  similar  manner,  can  be  found  to  be  as  given  by  (6.79). 


(6.78) 


(6.79) 


Equation  (6.72)  above  is  limited  to  the  case  where  the  observation  point,  , 
is  not  contained  in  the  triangular  region,  ,  of  the  source.  If  is  in  the  source 
region,  then  there  is  an  added  term  due  to  the  singularity  component  of  the  Green’s 
function,  and  this  singularity  term  is  given  by  (6.80), 


Z^y  =  iivfi  II  df'  <  .  DS  (r:^  -  r)  .  :^'(r') 

71 

=  O  (6.80) 

where  D  is  defined  in  Appendix  E. 

Finally,  the  last  zeroth  order  quantity  to  be  calculated  is  the  zeroth  order  scat¬ 
tering  vector,  ,  which  is  given  by  (6.81)  below. 
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(6.81) 


After  substituting  the  far-field  Green’s  function  expression  of  Appendix  E,  the  above 
can  be  written  as  in  (6.82), 


Akr  -  » 

=  E  E  E 

a,a'=:+,-p=+,-  urzTE.TM^ 

P  ■  (5^-0 


(6.82) 


and  using  the  coordinate  system  of  (6.57)  to  express  the  integral,  it  can  be  put  in  the 
form  of  (6.83). 


=  E  E  E  finpa 

a,a'=+,~  P=+,~  uz:zTE,TM 

P  ■  ^0^(4.)  •  <>'4  [«  -  !)<  +  -?5’4'  +  (!-«-  iX]  X 

eip{-i[5i,  +fkQi\  ■  [X  +  +  (1  -  f  -’!X]} 


(6.83) 


After  performing  the  integration,  the  final  result  is  given  by  (6.84),  again  in  terms  of 
the  functions  Jq  ,  ,  and  defined  earlier. 


=  '  E  E  E 

a,a'=:+,-p=+,-  uzzTE.TM 
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I 


10  ((t.  +pki"!z)  ■  ,  (ix, +mL“’s)  ■  (f;;"'  -k!.)) 

+p-S'.I^(4x.)-(f;s;'-Ox 

4  ({ku  +  pkliz)  ■  «  -  O  ’  •  (’'m.'  -  5^;!.)) 

11  ((^x.  +?*£>*)  •  «  -  O ,  (Sx.  +  pk^z)  ■  -  <.))  j 


(6.84) 


What  remains  to  be  evaluated  is  the  incoherent  terms  of  (6.31)-(6.34).  After 
substituting  the  Green’s  function  and  Electric  field  expressions  from  Appendix  E,  the 
first  of  these  terms,  <  >  ,  is  given  by  (6.85). 


a,o'=+,- 


E  E 

cc,/3t'y,p=:xyy,z 


(K!.''KiV)  =  E  E 

a^=+ 

IL  IL  III  III  If  II 


X 


ffx.)]’ 

-*'fej.a-r2±  g-ffcxa-nj.  X 


-ifeXfc-riX  e-*±i-?3X  *4  ^3  o-ifexx.-r3X 


(6.85) 


•^PP^yi^g  ^  change  of  variables  to  the  z\  and  Zz  integrals,  and  expressing  the  corre¬ 
lation  function  as  the  Fourier  transform  of  its  associated  spectral  function,  the  above 
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can  be  rewritten  as  in  (6.86), 


CLyCi^  =  ’\-y - 


1>' w'=T£7,TAf 


E  //  dr,ff  dnf  dz,r 


dzs 


//*-  Jhu  jj^.  ijd0. 


a/S'ip 


aa'  3  qq^  ll* 
vy*ww*  ^ 


^V--V 


oc01fp 


g»(fcXa<-fc±.-^±)Tlx  gtfex.-rji  g»(fexj-feXt,-+/3±>r3X  g-»fcXj-r4Xx 
g-i(9fe<."4+»fc^^>.+/3x)*i  ^ilk\llz2  +»'*/x2 


where 


«/37P 

(6.87) 

The  r2  and  integrals  can  be  done  trivially,  and  the  ru.  integral  can  be  done  to 
produce  another  delta  function. 


{K!.‘''lf)=  E  E  E  E 


a,a'=+,- 
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4  4  II  Ih-- 1 II  II 


ei^-iP 
aa*$s*qq^tV 


{2T:fKy:^--'  #„/3^p(/3)  S  (fcx„.  -  A:x.  -  y^x)  x 

eifex.-nx„  e’(*^6-*x,,+^x)-3x  ^ 

gn9''/,,+*«/x^.  9fc,Xi, 


(6.88) 


The  delta  function  can  be  used  to  perform  the  integral  and  obtain  (6.89). 


{Ke'K<'/)=  E  S  E 


v»,wf=TE,TM  •*'»*'»* 


/-t,  L,  //  II  II  II 


Ot^yp 
aa*s$*qq'llf 


{2TrYAy2\I--'  $„/37a.  x 

gt(fcXj-fcxM+fex„i-feXa)-?3X  e-*(9''/4+*''/*L+^*^^* 


(6.89) 


Similarly,  the  rsx  integral  can  be  evaluated  to  obtain  another  delta  function,  and  that 
can  be  used  to  evaluate  the  kxf,  integral.  The  result  is  given  by  (6.90), 


a,a'=+,-- 


E 

•  xqA 


E 

V,Wt 

v',w'  =  T^,TM 


E 

a,/3,7,P=«,y,« 
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(27r)‘*A^J’|r'””"'  (k±ai  ~  k±^,l3z^  e**'-^«’’’<=-Ln  e-**®  J-c ‘’'cim  X 

g-»(9<'j.V,+»4*L+'^*)^‘  g*(9'fc/Vi  +*'*'/*»,• 


(6.90) 


where  Ajj.^  is  given  by  (6.91). 


k±^  =  kxu  -  k_L^.  +  A:j.„ 

The  Zi  and  Zz  integrals  can  be  performed  directly  to  obtain  (6.92). 


(6.91) 


(K.Wr>=  E  E  E  E 


«/37P 
oa^j 


/ /  / 1  {kui  -  k±,,0z)  X 

g-ife±,-F“l„  x 

1  _  +/5x)/i/ 

+  ‘’‘‘hi  +  A  «'4”?' +  <■'<’■  + A 


(6.92) 


Finally,  the  /3z  integral  can  be  done  using  complex  residue  theory,  splitting  the  inte¬ 
grand  into  portions  convergent  in  the  upper  and  lower  complex  fiz  plane,  closing  the 
contour  upwards  and  downwards  in  these  two  cases  respectively,  and  summing  the  pole 
contributions.  Only  the  effects  of  the  two  principal  poles  in  the  last  line  of  (6.92)  will 
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be  considered,  and  the  poles  of  the  correlation  function  are  neglected.  The  final  result 
is  given  by  (6.93). 


=  (2x)'i  E  E  E  E 


i*  i*  aa* $$*qq* tV 

X)  JJ  X 


x 


^<»/37p  (fej.,,-  -  fei,,  -  ■s'4^2*) 

-  9  -  •»  «/zj,. 


The  second  incoherent  term  to  be  computed  is  that  of  (6.32),  which  after  rewriting 
using  the  expressions  of  Appendix  E  is  given  by  (6.94). 


E  E  E  E 

a,a^=:+»”’  a,/3,‘7,p=»,y,2 

/I  /X,  JIfv,  *■  IIIv,  //  // 


C<.s„  (F,  -  Fs)  [<  <  (f,  -  it.) .  X 

^  =^w')  ~  1  *  =(v0  /y-  X  /  \  CL^im 

Pb-Hof  {kxj  •  X 

*■  -'T'  L 


b**'Xo’^2X  --t'^X-'Fij.  ^iik{llz2  . 


;ifcxi,-r3x  e-»<'xi-r3x  e»*'xj-r4x  (6.94) 
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A  variable  transformation  is  applied  to  z\  and  zz ,  such  that  the  new  upper  limits  of 
each  integral  are  both  zero.  In  addition,  the  correlation  function  is  replaced  by  the 
Fourier  transform  of  its  spectral  function.  The  result  of  these  changes  is  (6.95)  below, 


T.  E  E  E  /X 

j j  f  j  f  j 


dz^ 


aj97p 

aJ!!""'  (i-,  -  O  X 

s  {rz  —  rl^  g»fexe-?2x  e*(fcx(,;-fex»+^x)-?'jx  gifcxj-r4Xx 

g‘9'*'«*fc^  *4  (6.95) 


where  Kv^l  is  given  by  (6.96). 


«/37P 

aa^p^  $qq^  iV 

(^")  =  -wp 


^^ikr 


47rr  L 


a 

^  (T  ^ 

■  ^0/y(^J.»J 

♦ 

=^’’')  (T  \  f-\ 

2^0' 


(6.96) 


The  rz  integral  can  be  performed  trivially,  and  the  rix  integration  can  be  done  to 
obtain  another  delta  function. 


(K!;>i!^r)  =  E  E 

a,a'=+,— 

p', 


E  E 

a,fi,y,p=x,y,z '' 


u',v'=TB,TM 
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j I  drzx  j I  dkxa  j f  j j  j  d^^{2irf^^^^p{l3)x 

a/37P 

aafp>sqqUV  .  ,  \  /^  ^  _  \ 

Ay (r4  -  rt™)  ^  -  fcx.  -  /3±)  X 

g»'(9feSpV.+»4"L-P'''/“?.  +^'*=1-^ X 


e‘*'Xa-^X„  e*^*'‘*l*“n  g»feXfc-?’4Xx 

gVfcl:'>%4 


(6.97) 


Using  the  resulting  delta  function,  the  (3^  integration  can  be  done  to  yield  (6.98). 


(v;<.‘'xSJr>  =  E  E  E  T.  J[  <<-.  /”  <*-3 

J I  drzx  j I  dkx^  j j  dkx^  j  d0^{2Trf^a/}yp  (kx^i  -k±,,^z)  x 


ci(3yp 


(r.  -O 

e’^Xa-’^Jxn  +^-La.- "^Xe I’^JX  g<fc±j-?4Xx 

^-.•(?fc).V„+4fe^^^.+/3r)*i  g*(p'*/X^.  ■'■^*^** 


(6.98) 


Similarly,  the  r^x  integral  can  be  done  to  obtain  a  delta  function  which  enables  eval¬ 
uation  of  the  kxt  integral.  The  result  is  (6.99), 


(K'.‘'i«*)=  E 


E 


a,o'=:4-,- 


u>,v*=TE,TM 


E  //  dr,f  dz,f 
^  J  V  Sm  ^  —  hf  V — h 

o‘,l3,'f,P=x,y,z  ”•  f 


dzz 
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<xl3'yp 

aa*  p*  »qq^  IV 


I f  dku  j  c^^z(27r)^A7-F'“  (r4  -  <)  (fcx„  -  x 

gtfex.-r4X  f,Wk\l'J  24  +/5*)*J  (6.99) 


where  fej.^  is  given  by  (6.100). 


^Xc  =  kj-b.  +  -  k-i-a 


(6.100) 


After  performing  the  Zi  and  Zs  integrals,  (6.101)  is  obtained. 


(Ki.-'iSiD  =  E  E 


^IL 


apyp 

i»  A  aa*p* »qq* i£^  y 


/ /  (27r)'‘Ar-F'“  (^4  -  rtl)  (A;x„-  -  A:x„/?z)  x 

e*(9*'/’i+*42L-P'*’/nl  e*^xa-’'?x,  6*^**'*^*“” 


(6.101) 


The  Z?*  integration  can  again  be  done  using  complex  residue  theory  to  yield  (6.102). 


(k<.''££>’)  =  (2-rfi  E  E 


S  n- 


f’J'X'*.-  .'..'-a.TM 


/t 


dr  4  A 


a(3^p 

aa*p*  aqqHt* 


4 


-  o 


,tfcXc*^4±  JQ'fHzJ 
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(fcx,..  -  fcx.,  f 

■ 

^a^7P  (fel.<  -  fel.>  -gfe/X  - 
qk^/l  +  -  p'A:(“2*  + 


(6.102) 


Finally,  the  integral  of  the  second  line  above  can  be  rewritten  using  the  variable 
transformation  of  (6.57),  as  shown  by  (6.103)  below. 


0/37  p 

aa^p^  aqq^  il^ 


f  t  aa^p*aqqUV  ,  \  -T  .  i.fvM*  ,  /•! 

J L'  ^  =  2^m  I  I  dC 


0^7  p 

aa*  P*  $qq^  IV 


a/S'yp 

acJp^  aqq*  tV 


a.p-ip 

aa^p^  aqq^il* 


U  -  1)  ^V-T''"  (KJ  +  riKv-L^''"  +  (1  -  ^  -  ^)  (n»™)  }  X 


exp  {i  [fcx.  +  q'k[t}*i]  •  +  rfr^^i  +  (1  -  ^  -  7?)  } 


(6.103) 


The  above  can  then  be  evaluated  in  terms  of  the  functions  Jo ,  Jf ,  and  Ir,  defined 


earher. 


a/37p 

/*  P  aa*p* aqq^tl* 


J  z.. 

gtg  Z4  _ 


.  «/37P 

I  aa'p'  aqqUt* 

0  \  V.^VV^-W 


i”'”  {n,^-Kjx 

h  (-  (t,  +  q'kQ'i)  •  (5^1  -  (ix,  +  •  {^L  -  Kl. 
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aa*p*  $qq^iV 

V^L 


(rZ.-K^^)x 

Ir,  (-  {k±.  +  q'ki:'}*z)  .  ,  -  (kj_,  +  q'kil'J^z)  •  (r-“j  -rtjj) 


afB^p 

aa*p*  Mqq*  it* 


I  A  u*vv*w  _  -^a  \  ^ 

-r^V^L  \^em  X 

h  (-  (ku  +  q'k\t}*z)  .  (f:;^  -  ,  -  (fcx.  +  9'fei:?*^)  •  (^mi 


(6.104) 


Hence,  the  final  desired  expression  for  <  >  is  given  by  (6.105). 


(KWiLf)  =(2>r)'i  E  E 


^(2')‘i  E  E  E  E  //*J..2< 

{ot/37P 

aa*p*sqq*iV  .  ^ 

lo  (-  (fci.  +  •  (rtl  -  ,  -  (k±.  +  q'kll'J^z)  ■  (r"^  -  r^^)) 

C^PlP 

aa*p*sqq*U*  . 

+  AvJ‘i—  (s'r.-Cjx 

In  (-  (^1.  +  •  (ill  -  ii»)  .  “  (^J-.  +  s'*’u?’*)  '  (i";;!  “  5^„)) 

af3yp 

aa*p*aqq*U*  .  ^  ^  . 

h  (-  (Jx.  +  All’’*)  ■  (nl  -  ii,)  .  -  (Sx,  +  «'«:!”?’*)  •  (r;.;  “  i^!.))  j 

(^x.,  - ^x., -?'<(• + «g>')  (ix.,  - ix., 

■  + ''4:1  -  p'4"2' + <<>■  «4:l. + *4:1  -  P'4:;’.’ + ^'4:?’ 


^rnm  j  j  f  ^ 


(6.105) 


r 
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The  third  incoherent  term  is  <  >  which  is  given  by  (6.33),  and  which 

can  be  written  with  the  expressions  of  Appendix  E  in  the  form  of  (1.06). 


(iSKSO  =  E  E  E  S  /X  /X 

a,a'=+,-  P.9.t.  u,v,v',w'=TE,TMcc,P,'f,p=x,y,z'' 


//X,*‘//X,  drs  j j  dk±^  j j^k±^Caf}yp{rl  —  rz) 


X 


Ja  [ 

g-ifexa.-nx  g-ifexa-^sx 

g-ifex»-?4x  gifex,-?>x  (6.106) 


After  a  variable  transformation  in  zi  and  zz ,  and  after  representing  the  correlation 
function  as  the  Fourier  transform  of  its  spectral  function,  the  above  becomes  (6.107), 


(W.0=  E  E  E  E  // 

a,a'=+,—  ?.«.<.  u,v,v',w'=:TE,TM  a,l3,y,p^x,y,z  n  m  f  f 

//  //  //  jjS  II 


a/3'7  p 
aa^-pt*  qq*  tV 


aa’pt’qq-LZ’  .  .  . .  .  ^  v 

A^_r'“'  (f2  -  f:J  (^)  5  (r4  -  rtj  X 


g»(fcXa-*Xa.-^x)'’^lX  g-»feXa'»^2X  gt(fex»-*Xii +^x)'^3X  g-»fcXi'r4X  ^ 


(6.107) 
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where  Kl-v  is  given  by  (6.108). 


aa'pt'qq'W  gikr  r  =(u)  —  .1  iT  \  /— \ 

(^)  =  •  (r)  — 


X 


fbi 


(6.108) 


The  r4  integral  can  be  done  trivially,  and  the  r\±_  integral  can  be  done  to  obtain  a 
delta  function.  This  delta  function  can  then  be  used  to  evaluate  the  (3^  integral.  The 
result  is  given  by  (6.109). 

(£ii'Ki‘.'‘)  =  E  E  E  T,  I /I  /.I 

a,a'=+,-  u,v,u',xa'=r£J,rMa,/3,7,p=a;,y,2:  ri  f  f 

api/p 

aa*p$^qqU£'  .  . _  _  v 

{f2  -  Kn)  X 

e  /*a.  ^  ®  f*hi  ^ 

ei(fex,-fcx»,+^x)-3x  (6.109) 

Similarly,  the  vzji  integral  can  be  done  to  obtain  another  delta  function,  and  the  k±^ 
integral  can  be  evaluated  from  this  delta  function.  The  result  is  given  by  (6.110), 


(iiVKlf)  =  E  E  E  E  // *^  /I 


a,a'=+,-  PW.^.  w,v,v',tD'=rJ57,TM  ct,fiy'i,p-x,y,z 
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a(3-fp 

j f  dkL^  j  “  (r2  -  (fcx.  -  x 

g-tfeXa-’^2i  £-*9^1*1  *2  e-»*Xc-^?lmX 


(6.110) 


where  k±^  is  given  by  (6.111). 


k±,  =  -  kxa  +  kxa. 

The  zi  and  zz  integrals  can  be  evaluated  to  obtain  (6.112). 


(6.111) 


SEE  E  jl‘‘kijdff, 

a,a'=:+,-“  w,u,v^u;'=:TE,TMa,/3,7,p=«,y,2 


atS'ip 

r  r  ^  aa'ps^qqUV  .  . 

/  /  dr2  {2TzfKL-v''^'  ir2  -  7tj  x 

*/  «/5n 

^a)37p  (^±o  ~  kxa,1^^  X 


(6.112) 


The  /Jj  integral  can  then  be  evaluated  as  before  using  complex  residue  theory,  yielding 
(6.113). 


(iffvif)  =  (2x)'i  E 

a,a'=4',-’ 


E  E  E  //*x. 

p<9>X  u,v,v',w'=TE,TM  a,/3,‘y,p=:x,y,z '' 
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t  t  aafpsfqqUif  .  _  _  .  ,(t») 

j  dr 2  (^2  -  rt„)  x 


^cl3yp  (fcjL,  -  A!x,.,-^^A!{,^2*  ~  ) 

^0,97P  (fexg  -  fe-l-a.^  -P^SL  + 

ofcH  _  /fcW  _  ^ 


Cm  X 


(6.113) 


Finally,  the  integration  over  the  triangular  region  can  again  be  done  using  the  trans¬ 
formation  of  (6.57),  and  the  result  expressed  in  terms  of  /q  >  7^  ,  and  . 


(£Mf)  =  (2<rfi  E  E  E  E  //*i.24;x 

a,a'=+,—  p>!/>  u,v,v',w'=TE,TM  a,/3,7,p=«,j/,2 " 

{<x0yp 

aa>p$*qqUV  .  . 

h  {ifu  +  9feS^)  •  (^„  -  .  (^X,  +  •  (7^“  -  5^„)) 

<x/3yp 

aa*p»^qq^  iV  .  . 

Ar-r'"' 

((fcx.  +  qk^zlz)  ■  (Kn  -  Kn)  ’  (^-La  +  9^S^)  *  (r~“  -  KJ) 

a/3yp 

aa*ps*qqUl'  .  > 

A^_w..  (r^^-T^Jx 

((fcx.  +  9feS^)  •  (7e„  -  C„)  ,  (fcx.  +  qkliz)  •  (r-“„  -  ^J)  |  x 
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^ocjS'yp  ^^JLo  J  ^  ^ 

-  ik%\  -  s'k^f 

Hi  ^  '^fH 

^Ocfin/p  (^J-a  ~  ^Xaj  5  ■ 

-p4“L+«S) 

X 


(6.114) 


The  final  incoherent  term  is  given  by  (6.34).  After  substituting  the  Green’s 
function  expressions  of  Appendix  E  and  the  basis  function  expressions  defined  earher, 
<  >  can  be  rewritten  as  in  (6.115)  below. 


U.V' 


E  E 


f47r7’)^ 

V  /  a,a'=+,—  u^v^u\v*r=.TE^TM  a,/3,7,p=a?,y,z 

I  I Iv,  I  I Iv,  II  J I 


P.  ■  <(Sx.)  ■  (r,  -  ft.)  || 

L  n 

'p.'<’(^xj]’  •  fe, (*,.)• 

J  7  L 

-»fcxa.-5"ix  e"*’*‘*»** 


X 


e**'xt.-V3x  gifex^-^.x  *’  (6.115) 


After  the  usual  transformation  of  zi  and  ,  and  the  change  to  the  spectral  function 
representation  of  the  correlation  function,  the  above  can  be  expressed  as  in  (6.116), 


a,a'rr+,- 


E  E  E  II 
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j  dzi  j  ^  dzz  J  j  dtrii.  j j  dfsL  j  j  dk±^  j j  dk±^ 


a/Syp 

aa*pp*qqUl*  .  ,  \  / — \ 

(^2  -  , ^4  -  $0/37^  \p)  X 

gi(feJ.^,-fex^+^±)•7sx  gifeXfc-F4X  g-i9fcl:i*2X 


(6.116) 


where  Ai,_i  is  given  by  (6.117). 


CL^-iP 

aa^PP*  qq*  tV 

Ai-r'”^'  (^a,n) 


(4;rr)2  J«  *  •^‘'4  ■^“  '  2A“ 


X 


/? 


mj  p 


(6.117) 


The  rix  integral  can  be  done  to  obtain  a  delta  function,  and  that  can  be  used  to 
evaluate  the  ^ ^  integral. 


E  E  E  E 

a,o'=+,-  TA,t,  u,o,«',«'=rE,TiWa,/3,7,P=®.y,2  ^  ^ 

p'.9'<'=  +  .- 

j I  drzx  j  j  dk±,  J  j  dkx^  J  djd^ 


af3-ip 

aa*pp*qq^lV  >  .  x  —  /-«  \ 

{2Trfkx-L^^‘  (^2  -  ^„,P4  -  KJ  ^c/3yp  (ku  “  X 

e-»9*trl*2  e*®’*'‘*‘*  x 

gi(fext.-feXt+feXa-^Xa.)-P3X  g-*(P''/“i. (6.118) 
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Similarly,  the  rsj.  integral  can  be  evaluated  to  obtain  another  delta  function  which 
then  can  be  used  to  evaluate  the  k±^  integral.  The  result  is  given  by  (6.119), 


SEE  E 

a,a'=+,—  p,iA  u,v,u',v'=TE,TM  a,/3,'r,p=x,i/,z 

//  / /  df4  f  dzi  [  dzz  ! !  dfcj.a  /  djdz 

J  J Sji  J  ^ Sm  J —hf  J  J  V 

0.^*1  p 

aatppfqqUif  .  .  \ 

(27r)'‘Ai_r'-'  (r2  -  (fcj-.  -  X 

g-tfcXa-r2X  g-*9fetli*2  g»feXc-’'41 

gi(p'feS. 


(6.119) 


where  k±^  is  given  by  (6.120). 


A:  I ,  =  k 


U. 


kx^.  +  k 


-La 


(6.120) 


The  Zi  and  zz  integrals  can  be  performed  directly  to  yield  (6.121). 


(£Si!ir>=  E  E  E  E  //*=//*« ■'A 


a,a'=+,—  u,v,u',v'=rJE?,TMa,^,7,p=»,y,2  ’ 

ot/97P 
aa^  pp^  qq^ 


(27r)^A^_l’‘'-’  (r2  -  -  <)  (fcx«  -  kx..,^z)  X 

e-i*Xa-r2X  gifcxc-r4X  gWk\l'j' Zi  ^ 


(6.121) 
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Finally,  using  complex  residue  theory,  the  (5z  integral  can  be  evaluated  to  obtain  • 

(6.122). 


a,a'=+,—  UjVyU* ^v*:=^TEyTM 

a/97P 

aa*pp*qq^  tV 


2 

J  /»—**•  II  »  "T?» 


aa'pp’qq’li’  .  .  ^  _  Iv’) 

(^2  -  -  ^1)  '''-c  x 

(fci.  -  ti.. , 


-  p'4X’.’ + 

(^1.  -  fei.., 

*  -4- 


X 


(6.122) 


The  r2  and  integrals  over  triangular  surface  facets  can  be  evaluated  as  before  in 
terms  of  the  functions  /q  ,  lij  and  .  The  final  result,  therefore,  is  given  by  (6.123). 


a,a'=+,—  u,v,u',v'=TE,TM  a,fi,-y,p=:x,y,z 


E  jj  dk^.iA-„Ai^ 


(iWiW-)  =  (2.)>i  E  E  E 

a,a'=+,— 

^fza  P  «/*e  X 

{ci^yp 

aa>pp*qqU£f  .  ,  ,  \ 

^0  ((^1.  +  •  (r:,  -  ,  (^x„  +  qkQz)  •  (?““  -  r^J)  x 

lo  (-  {ku  +  q'klzT^)  •  {ftl  -  ,  -  (^1.  +  q'kizT^^)  •  -  i^„)) 
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aa*pp*qq*W 


+ [k,.  - 

h  ((^X.  +  •  (»t.  -  C.) .  (t.  +  qk'-t^.i)  ■  (y-*  -  c.))  X 

ir,  (-  (^x. + q'k\":ri)  ■ « -  o ,  -  (Jx. + s'Cx)  •  (v:  -  <.)) 


ct^yp 

aa^pp^qq*  tV 


iff  hh  ,  V 

+  Ai,_r'”'  (fi, -n.,n„-K,^) 

h  ((Jx.  +  qk'fj^z)  ■  (it,  -  it,.)  ,  (Ix.  +  qk\"^,z)  •  (f-*  -  C.))  X 

i(  (-  (^x, + •  (ill  -  it;„) ,  -  (^x. + •  (f-“1  -  it;.)) 

aafppfqqUV  ,  ,  ,  \ 

4,  +  qkilh)  •  ,  (fe.La  +  qkiiz)  •  (r'"  -  r^J)  x 

lo  (-  (fci.  +  s'fcL"?*^)  •  «  -  -  (fcx.  +  q'kllTz)  .  (r-“J  -  f^^)) 

OL^yp 

aa^ppfqqUif  .  t  t  \ 

+  Ai_r'"'  {^°.-K.,r;z-K,„) 

I„  ((tx.  +  qkl’h)  ■  (it.  -  it..) ,  (5x.  +  qkQi)  ■  (f”*.  -  it.,))  X 

I-,  (-  (^x. + q'ki:?'-z)  ■ « -  in:.)  ■  -  (Sx. + ^ki’jz)  ■  (itii  -  it;.)) 

a/3-fp 

aa*pp*qqUt>  .  ,  ,  \ 

Ir,  {(k±a  +  qklllz)  •  +  qkQz)  •  (r""  -  7^^))  x 

I(  (-  (^Xc  +  q'kilTz)  .  (f:;^  -  7^^)  ,  -  +  q‘kll'}*z)  .  (r-;  -  t^^)) 

apyp 

aa^ppfqqUV  .  »  ,  \ 

+  Ar-"'"'  (i1.-i=^..F;;.„-it.) 

h  ((^x.  +  qk'fj,i)  ■  (it.  -  it..)  ,  Ifx.  +  qktJ.i)  ■  (?■“  -  it..))  X 
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h  (-  ■  (’ll  - -  (kx.  +  q'ki:?'i)  ■  {T-„i  -Tii))  ♦ 

I  A  XLU*VV^  _ 77^  j 

y'en  *  trim  J 

It  ((^1.  +  qkiii)  ■  (k.  - K..) ,  i^x.  +  qkQi)  ■  {tz  - C.))  X  • 

I,  (-  {kx,  +  •  (’ll  -  5^,)  ,  -  (Si,  +  q'kQ  S)  •  {rZl  - 


aa^pp^qq^W 


u,a.  yp  qq  .  t  t  \ 

I  A  UU^VV^  a*®  1 

'  ^^L-L  \^^Cn  ^m-n  ?  ^em  ^ruyn ) 

I(  ((Si.  +  qk^^j)  ■  (k.  -  C.) .  (Si,  +  qk'ili)  ■  (r;“  -  C.))  x 
k  (-  (Si.  +  <^k<t:}'i)  ■{<.-<.)-  (Si,  +  q'k<ii}'i)  ■  {rz:  - ’=“1.)) I X 


r$a/37/> 

[k±,  -  kx..,-p'kfP^*  +  t'kfJl  ■ 

^Of/37p 

{k±^  -  kx,.,  -Pk^j^l,  + 

_  v 

(6.123) 


Chapter  7 


SAR  Imaging  of  a  Point  Target 
Beneath  a  Layered  Continuous 
Random  Media 


The  purpose  of  formulating  the  scattering  models  of  the  proceeding  chapters  was 
to  enable  an  analysis  of  the  performance  degradation  experienced  by  a  SAR  sensor  in 
detecting  and  imaging  targets  obscured  by  one  or  more  layers  of  random  media.  The 
results  presented  in  these  chapters  show  both  the  attenuation  and  phase  fluctuation 
effects  of  the  random  media,  and  give  some  insight  into  the  possible  reductions  in 
signal-to-clutter  level  and  resolution  which  are  associated  with  these  effects.  In  this 
chapter,  the  performance  degradations  are  examined  more  expUcitly,  utilizing  a  simple 
model  of  a  SAR  processor  and  applying  the  above  results  to  characterize  the  received 
signals  input  to  the  processor.  The  receiver  model  employed  is  first  described,  and  the 
results  obtained  above  for  the  statistics  of  the  scattering  components  are  related  to  the 
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statistics  of  the  input  signals,  and  used  to  characterize  the  output  of  the  processor. 
SAR  images  of  a  point  target  are  then  generated  with  and  without  the  presence  of 
an  interfering  random  layer,  and  several  effects  of  the  random  layer  on  the  image  are 
demonstrated. 


7.1.  SAR  Processing 

The  processor  which  is  considered  here  is  the  simple  linear  scheme  diagrammed 
in  Figure  7.1.  The  received  signal  is  first  mixed  down  to  a  baseband  frequency,  passed 
through  an  arbitrary  Hnear  filter,  h{x,t)  ,  and  finally  through  a  square  law  detector. 
The  detection  process  consists  of  comparing  the  output  of  the  square  law  device  with  a 
threshold  level,  uq  .  The  received  signal,  5(aj,t)  is  assumed  to  be  a  continuous  function 
of  both  time,  t ,  and  the  linear  position,  x  ,  of  the  SAR  platform  along  its  flight  path. 
This  later  simplification  avoids  the  samphng  and  associated  ambiguity  issues  which 
may  arise  in  the  more  realistic  case  where  measurements  are  taken  at  only  discrete 
locations  along  the  flight  path.  These  sampling  issues  serve  only  to  obscure  the  issues 
presently  of  interest. 

The  output  of  the  linear  filter  is  given  by  the  convolution  integral  over  x  and  t 
which  is  shown  in  (7.1). 


q(^x,t)  =  f  dx‘  f  dt'r[x' ,t')h[x  —  x\t —  t')  (7-1) 

t/  — oo  J —  oo 

The  limits  of  integration  in  the  above  are  infinite,  however,  the  hnear  filter  will  include 
a  finite  window  in  x  corresponding  to  the  finite  integration  angle  of  the  SAR  system. 
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Mixer  Linear  Filter  Detector  Comparator 


exp(-i2jrf^t)  Threshold 


Figure  7.1.  Block  Diagram  of  the  simple  SAR  processor  used  in 
the  analysis  of  the  random  medium’s  effect  on  the 
imaging  of  a  point  target. 

It  will  also  be  assumed  shortly  that  the  processing  is  performed  over  only  a  finite 
bandwidth,  and,  thus,  the  transform,  h{x,  f)  ,  is  of  limited  duration  in  both  space  and 
frequency.  The  mean  output  of  the  square  law  device  is  found  by  multiplying  (7.1)  by 
its  conjugate  and  averaging,  as  shown  in  (7.2), 

(u(®,<))  =  f  dxi  (  dx2  f  dt\  f  dt2  {r{xi,ti)r*{x2,t2))  h{x  —  xi,t  —  ti)x 

J ’-OO  J —  OO  */— -OO  t/  — oo 

h*{x  —  X2,i  —  <2) 

B  B 

=  j  dXiJ  dx2  j\df2{f{xx,fi)f*{x2,f2))  X 

-  ®x,/i)h*(®  -  ®2,/2)e'2"*‘e-'='"*‘  (7.2) 

where  the  later  result  is  obtained  by  representing  the  time  correlation  as  the  inverse 
Fourier  transform  of  the  product  of  transformed  quantities.  Finally,  r{x,f)  can  be 
replaced  by  a  shifted  version  of  !(«,/) ,  and  5(»,/)  can  be  spht  into  its  contributions 
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due  to  each  of  the  scattering  mechanisms  discussed  previously.  The  resulting  expression 
is  given  by  (7.3). 


B  B 

{u{x,t))  =  j  dxi  j  dx2  y  dfi  y  df2h{x  -  xi,fi)h*{x  -  «2,/2)x 

gi27r/itg-t2ir/2<>^ 

(sr(®ij/i  +  /c)5r(®2j/2  +  fc))  +  {sTc{^i,fi  +  /c)5rc(®2,/2  +  fc))  + 

(3cr(®i,/i '+  /c)5cr(®2,/2  +  fc))  +  {5c(®i,/i  +  /c)5c(®2,/2  +  fc))  + 
(5c(®lj/l  +  /c)53’c(®2>/2  +  fc))  +  (5c(®l»/l  +  /c)5cr(®2>/2  +  fc))  + 

{sTcixi,  fl  +  /c)Scr(®2>/2  +  fe))  +  fl  +  /c)5rc7(®2  j /2  +  fc))  + 


{sTci^lifl  +  fc)Sc{^2,  f2  +  fc))  +  {^CTi^lifl  +  /c)Sc(®2j/2  +  fc)) 


(7.3) 


It  is  now  necessary  to  relate  each  of  the  transformed  signal  quantities  shown 
above  with  the  cross  section  results  derived  earlier.  It  is  assumed  that  the  waveform 
transmitted  is  a  modulated  pulse  of  the  form  given  by  (7.4)  and  (7.5). 


p{i)  = 

(7.4) 

p{f)  =  m{f  -  fc) 

(7.6) 

The  modulating  pulse,  m{t) ,  can  have  arbitrary  shape,  but  will  be  normalized  such 
that  the  time  integral  of  the  power  in  the  pulse  will  equal  1. 
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The  absolute  power  transmitted  is  unimportant,  since  the  only  noise  source  considered 
here  is  the  return  from  the  clutter.  Hence,  from  the  radar  range  equation  it  is  possible 
to  calculate  the  returned  power  at  a  given  frequency  as  shown  in  (7.7). 


Pr  = 


*(/  - 


(7.7) 


The  above  must  be  further  modified  for  the  correlation  terms  in  which  Xx  ^  Xi  or 
fi  ^  h'  For  these  cases  (7.7)  becomes 


Pr  = 


G(®i,/i)G(a;2»/2)AiA2  . 


(47r) 


m{fi  -  /c)m*(/2  -  /c)<t*(®i,®2,/i,/2)x 


.kx  xl-k2xl 


— ^2  )^min 


(7.8) 


where  a  phase  term  has  been  added  using  a  quadratic  approximation,  and  where  the 
portion  arising  from  the  standard  radar  range  equation  has  been  split  to  refiect  the 
differences  at  the  the  two  frequencies  or  positions.  In  addition,  the  time  dependance 
initially  assumed  in  calculating  a  in  previous  sections  has  the  opposite  sign  of  that  used 
in  (7.4).  Hence,  <t  is  replaced  by  <r(®i,  ®2, -/i,  — /2)  =  fx,  fz)  and  the  phase 

terms  in  (7.8)  now  also  have  opposite  signs.  Because  the  bandwidths  considered  are 
relatively  small,  a  final  approximation  is  introduced  in  which  the  gain  term  is  expressed 
as 


G{xx,fx)G{x2,f2)XxX2  «  G{xx,fc)G{x2,fc)Xl 


(7.9) 
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If  it  is  now  assumed  that  the  squared  magnitudes  of  the  signal  components  Sy  ,  stc  ? 
scT »  and  sc  are  equal  to  the  returned  power  calculated  above,  then  it  can  be  seen 
that  the  correlation  of  signal  terms  is  given  by  (7.10)-(7.16). 


(5r(®i, /i)5r(®2, /2))  =o-r_r(a!i, ®2, h , ^3 


X 


•O  A 

Mh  -  fc)m*{f2  -  fc)e  '“’•ml. 


(7.10) 


rh{h  -  fc)rh*{f2  -  fc)e  '•’•mi.  ‘  e 


(47r) 

/i»?- 


X 


■/2»2 


(7.11) 


(5c-r(®i  j  /i)5cr(®2  5  A))  — <^cr-cr(®i j  ®2)  /i j  /z) — 4^  2>/c) 


(47r) 


3^4 
'  min 


X 


*(/i  - 


(7.12) 


(47r) 


nun 


^(/i  -  /c)2n*(/2  -  fc)e  '•’•mi.  '  e 


(7.13) 


(5c(®l,/l)S3'c(®2,/2)) 


—O'C-Tci^l  >  ®2j  /l>  /2) 


G{xr,f,)\lGix2jc) 

(4^r)®r^n 
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A(/i  -  /.)*•(/>  - 


(T.14) 


(47r)V^„ 


X 


m(/i  - /c)m*(/2  — /e)c  ’e 


(7.15) 


(4jr) 


3«4 
'  min 


X 


*(/i  -  /.)*‘(/2  -  /,)e-"'<'‘-*)^ 


(7.16) 


The  last  expression  above  differs  in  that  the  near-field  definition  of  <tc-c  in  Chapter  2 
utilizes  the  peak  gain  of  the  antenna,  which  is  assumed  here  to  be  the  gain  in  the 
direction  of  the  target  when  the  radar  is  positioned  at  a:  =  0  .  In  addition,  the  quadratic 
phase  delay  to  individual  ground  patches  is  accounted  for  in  (Tc-c  ,  and  only  the 
absolute  phase  delay  from  the  radar  to  the  center  point  of  the  beam  on  the  ground 
must  be  included  in  the  above  expression. 

Equations  (7.3)  and  (7.10)-(7.16)  together  specify  the  output  of  the  SAR  pro¬ 
cessor  for  a  given  linear  filter,  h{x,f) .  As  a  final  step,  however,  it  is  necessary  to 
determine  the  relation  between  the  linear  position,  x ,  and  the  angles  6  and  <f)  for 
which  ^2>  <f>it<j>2)  was  previously  calculated.  The  geometry  of  the  SAR  flight  path 
is  shown  in  Figure  7.2.  The  minimum  separation  between  the  radar  and  target  occurs 
for  a;  =  0 ,  and  this  distance  is  given  by  (7.17), 
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A 


Figure  7.2.  Geometry  of  the  SAR  flight  path  deflning  the  incident 
and  scattering  directions  for  the  random  media  multi- 
path  problem. 


^min  — 


\Jyt  +  H 


(7.17) 


where  yt  is  the  distance  along  the  ground  between  the  target  and  the  position  directly 
below  the  radar  at  a;  =  0 ,  and  where  hr  is  the  altitude  of  the  SAR  platform.  The 
separation  of  radar  and  target  for  arbitrary  values  of  x  is  given  by  (7.18), 


rt  —  +  yt 


(7.18) 


and  the  projection  of  this  along  the  ground  is  as  in  (7.19). 
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'^a  =  +2/t  (7.19) 

From  the  geometry,  the  incidence  and  scattering  angles  at  the  target  are  given  by 

(7.20)-(7.22). 


=  ^.  =  tan-'(^) 
hr 

(7.20) 

+tan  ^(-) 

^  Vt 

(7.21) 

=  -  +  tan  ^(— ) 

^  yt 

(7.22) 

As  described  above,  the  SAR  antenna  is  assumed  to  be  oriented  such  that  for  x  =  0 
the  peak  of  the  main  lobe  falls  directly  on  the  target.  For  x  ^  0 ,  it  can  be  shown  that 
the  separation  angle  between  the  direction  of  the  main  lobe  peak  and  the  direction  of 
the  target  is  given  by  (7.23). 


ttant  =  sin 


(7.23) 


The  above  expression  allows  evaluation  of  the  antenna  gain  as  a  function  of  x ,  using 
the  usual  far  field  gain  pattern  defined  over  angle. 
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7.2.  Approximate  Evaluation  of  the  SAR  Response 


Equation  (7.3)  of  the  previous  section  gives  the  SAR  response  in  range  and  cross¬ 
range  as  a  four-fold  integral  over  the  bandwidth  and  aperture  of  the  SAR  processing 
system.  In  this  present  form,  evaluation  of  the  expression  requires  considerable  compu¬ 
tational  effort,  and  is  not  particularly  practical.  In  addition,  this  result  is  more  general 
than  what  is  sought,  since  the  analysis  here  will  not  consider  general  filters,  h{x,f) , 
but  wiU  be  limited  to  the  case  where  h(x,f)  is  a  matched  filter.  In  this  section,  a 
simplified  version  of  (7.3)  is  derived  by  taking  advantage  of  the  particular  form  of  the 
signal  received  and  filter  employed.  This  approximate  form  will  not  only  reduce  the 
computational  burden  in  producing  the  images  which  follow  in  the  next  section,  but 
will  also  lend  insight  into  the  effect  of  the  incoherent  target  signature  in  blurring  the 
resultant  images. 

To  simplify  the  derivation  presented  here,  only  the  contribution  of  a  single,  arbi¬ 
trary  pair  of  received  signal  components  will  be  considered,  and  these  will  be  denoted 
by  5mi(®,  /)  and  Sm2(®)  /)  •  Hence,  (7.3)  takes  the  following  form  when  only  this  single 
correlation  pair  is  considered. 

{u{x,i))  =  j  dfji{x  -  X 

h(x-  {»„,  (i.,/,  +  f,)sl,(x2,h  +  f,))  (7-24) 

In  the  above  the  ensemble  average  notation  is  used  to  imply  the  possibihty  that  s„ii 
and  Sm2  may  be  incoherent  terms,  however,  the  result  hold  equally  well  for  the  coherent 
contribution  where  this  averaging  is  unnecessary. 
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As  noted  above,  the  processing  filter  will  be  assumed  to  be  a  matched  filter,  such 
that  h[x,t)  is  taken  as  a  weighted  version  of  the  expected  coherent  response  which  has 
been  temporally  and  spatially  reversed  and  then  conjugated. 

h{x,t)  =  W{-x)r^{—x,—t)  (7.25) 

Fourier  transforming,  h{x,f)  is  then  given  by  (7.26). 


h{x,f)  =  J^{W{-xyj,{-x,-t)} 

=  J  dtW{-xy{-x,-t)e-'^^^^ 

=  y  dtW{-x)rTi-x,t)e-^^^f*  * 

^w*{-xy{-xj) 

=  TF*(-®)4(-a:,/  +  /,)  (7.26) 

Substituting  this  form  of  the  filter  for  h[x,f)  ,  and  then  further  replacing  the  received 
signal  components  by  the  representations  of  (7.10)-(7.16)  yields  (7.27). 


(u(x,  ())  =  jf'*  ■  dx,  dx,  dh  J  df,W{xi  -  x)W(x,  -  x)  X 

<rr-T(x.  -  x.x,  -  X,/.  +  A,  f2  +  ~ 

(4^j3^4 

e<2.(/.-/.)v;;,(x.,x2,  A  +  A,  A  + 


r®+T 


(47r) 


[12)^  e 


(7.27) 
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Removing  the  phase  terms  which  cancel,  the  above  can  be  rewritten  as  in  (7.28), 


(w(®,<))  =  dx2  j^^dfx  j^^df2F{x,Xi,X‘i,fuf7)^ 

exp  [(/i  -  /2)  (<Cor  +  -  2x  {fiXx  -  fiX^)  -  2xfc  {xi  -  X2)]  | 


(7.28) 


where 


F{x,xx,X2jx,f2)  =  w*  (xi  -  X)W{X2  -  x)  |m(/i)|"  \rh{h)f  x 

<Tt-T  (®1  -X,X2-  X,  /i  +  /c,  /2  +  fc)  X 
<T*m  («1,  ®2,  /l  +  fc,  h  +  fc)  X 

G(xi  -X,/c)(?(x2  -X,/c)G(xi,/c)G(x2,/c)A^  on\ 

(47r)6r8 

Several  of  the  phase  terms  appearing  in  (7.28)  are  small  and  can  be  neglected  for  the 
case  of  a  relatively  narrow  bandwidth  system.  In  particular,  the  quadratic  phase  terms 
in  the  difference  frequencies  can  be  ignored,  as  shown  by  (7.30)  and  (7.31). 


27r 


CqX  4 

(7.30) 

2x(/iXi  -  /2X2)  ^  TT 

Cor  4 

(7.31) 

7.2.  APPROXIMATE  EVALUATION  OF  THE  SAR  RESPONSE 


430 


Hence,  (7.28)  can  be  rewritten  as  in  (7.32). 


{tt(a:,<))  =y^_^  dxx  dxz  j_gdfx  J  ^df2F{x,Xi,X2,  fx,  h)x 


exp  |*27r 


CoT 


] 


(7.32) 


A  change  of  variables  is  now  applied,  such  that  the  new  x[  and  Xj  defined 

relative  to  x  ,  rather  than  in  the  absolute  coordinate  frame.  Hence, 


®i  =  Xx  -X  (7.33) 

X  (7.34) 


exp  |i27r 


(/l  -  f2)t  +  —  (®2  -  ®i)  ®  I 

Cor  J  J 


(7.35) 


F'{x,x[,x',Jxj2)  =  W^ViW®2)M/i)nm(/2)|='x 

<TT-T  {x'x  ,  ®2,  fl+fc,f2+  fc)  X 

^*M  (®i  +  a:,  ®2  +  ®>  /i  +  /c>  /2  +  /c)  X 

G  {x\ ,  /o)  g  (x^„  /,)  \\G  {x\  +  X,  /o)  (?  (ic^  +  a;,  f,) 
(47r)®r® 


(7.36) 
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To  simplify  the  above  further,  it  is  now  assumed  that  the  real  antenna  gain  remains 
relatively  constant  about  the  center  of  the  main  lobe  for  an  angular  extent  equal  to  the 
integration  angle  of  the  system.  Thus  the  real  antenna  gains  above  can  be  approximated 
as  in  (7.37). 


G{x[,fc)  =  G!(®',/c)  =  Gix[  +  x,f,)  =  +  ®,/o)  =  Go  (7.37) 

Since  the  absolute  amphtude  of  the  result  is  also  unimportant,  all  scaling  constants 
will  be  neglected,  and  (7.36)  can  be  rewritten  as  (7.38). 


F'{x,x[,x'„hj2)  =  W*{x[)W{x',)\n^{fl)Mf2W^T-T{x[,x•„f^+f,J2+fc)x 


<T*m  (®i  +  ®,  «2  +  ®,  /l  +  /c,  /2  +  fc) 


(7.38) 


The  two  correlations  which  appear  in  the  above  expression  are  both  stationary  in 
azimuth,  and  depend  only  on  the  azimuthal  difference  angle,  <t>d  5  which  for  the  second 
correlation,  ,  is  given  by  (7.39), 


<j)d  =  tan  ^ 


(7.39) 


where  6  is  the  elevation  angle. f  For  relatively  small  integration  angles,  the  two  arctan¬ 
gent  expressions  can  be  expanded  in  Taylor  series,  and  sufficient  accuracy  is  obtained 
by  keeping  only  the  first  term  to  yield  (7.40). 

t  Note  that  the  elevation  angle  will  also  change  with  x ,  but  9d  =  O2  —  0i  will  be 


very  small,  and  this  difference  is  neglected  here. 


7.2.  APPROXIMATE  EVALUATION  OF  THE  SAR  RESPONSE 


441 


<i>d  ^ 


r  sin^ 


(7.40) 


The  correlations  are  not  stationary  in  frequency  as  they  are  in  azimuth,  however,  as 
demonstrated  earher,  over  small  bandwidths,  the  dependance  on  center  frequency  is 
weak.  Hence,  without  too  great  an  error  it  is  possible  to  express  the  correlations  as 
fd)  •  A  sUghtly  better  result  is  possible  if  a  variance  correction  is  applied,  such 
that  the  shape  of  the  correlation  is  assumed  stationary,  but  the  power  returned  at  each 
frequency  is  corrected.  This  approximation  is  given  by  (7.41). 


(Tm  («i  +  «,  ajj  +  X,  fi  +  /c,  /2  +  fc)  = 


{<f>d,  fd) 


(/l  +  fc)  (Tit  (/2  +  fc) 


(7.41) 


The  above  gives  the  correct  result  for  all  /i  =  /z ,  even  when  /i  ^  fc-  The  functions 
<T%i  and  o-jif  are  defined  by  (7.42)  and  (7.43). 


{^d,  fd)  =  (Tm  (®2  -  =  ^4>d  sin  0,  /c,  /c  +  fd)  (7-42) 


if)  =  (®2  -  ®i  =  0,  /,  /) 


(7.43) 


Using  the  approximation  of  (7.41),  the  function  F'  can  again  be  rewritten  as  given 
below. 
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=  W(x[)W(x’,)\m(h)mU2)?x 


^T-T  I  “ 


r  sin^ 


N/rf  Ud 


_  ^2  f  \ 

rsin^  ’•'7 


(fl  +  /c)  ih  +  fc)  C^T-T  (/l  +  fc)  O'f-T  (/2  +  fc) 
\  (fc)  <^M  {fc  +  fd)  <^T-T  {fc)  <^T-T  {fc  +  fd) 


(7.44) 


Another  substitution  of  variables  is  now  made  in  the  integration  of  (7.35),  such  that  the 
outer  integrals  are  over  the  positional  difference,  Xd  ,  and  the  frequency  difference,  fd  . 
The  coordinate  ^ange  is  shown  by  Figure  7.3  for  the  ,  a:^  to  ,  Xd  transformation. 


Figure  7.3.  Coordinate  transformation  geometry  for  the  transfor¬ 
mation  from  the  integration  variables  x[  and  aij  to 
Xd  and  Xi .  The  integration  region  is  shaded  in  each 
case. 


The  actual  transformation  is  given  by  (7.45)  and  (7.46). 


Xd  —  2?2 


(7.46) 

(7.46) 
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The  limits  of  the  outer  xj  integration  run  from  —L  to  L ,  and  the  limits  of  the  inner 
xi  integration  run  from  xu{xd)  to  xiu{xd)  ,  where  these  functions  are  given  by  (7.47) 
and  (7.48). 


Xu 


(g.  )  _  /  —L/2  ,  Xd>0 


(7.47) 


j.  (jp  )  _  /  <  0 


(7.48) 


Similarly,  the  transformation  for  the  fi  and  /2  integrals  is  given  by  (7.49)  and  (7.50). 


fd  =  fi-  h  (7.49) 

/i...  =  h  (7-50) 

The  limits  of  the  fd  integral  extend  from  —B  to  B  ,  and  the  lower  and  upper  limits 
of  the  /2  integral  are  given  by  (7.51)  and  (7.52),  respectively. 


MU)  =  \ 

r  -.8/2 

l  -U  -  8/2 

A  IV 
o  o 

(7.51) 

hAU)  =  \ 

f  8/2  , 

18/2-*  , 

o  o 

V  A1 

(7.62) 

The  integration  of  (7.35)  can  then  be  rewritten  as  shown  by  (7.53), 
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where  x'  =  2fcx/cor  ,  and 


A{xd,fd)=  f  ^  dxi  f  df2W*{xi)W{xi +Xd)\m{f2)m{f2  + fd)f 


i 


(/2  +  fc)  (Th  (/z  +  /c  +  fd)  <T^-T  (/2  +  fc)  <^T-T  {h  +  /e  +  fd) 

ifc)  {fc  +  fd)  CTt-T  ifc)  <^T-T  {fc  +  fd) 


(7.54) 


Equation  (7.53)  is  now  clearly  in  the  form  of  a  two  dimensional  Fourier  transform. 
To  evaluate  this  efficiently,  it  is  desirable  to  discretize  the  expression,  and  to  put  it  in 
the  form  of  a  2-D  Discrete  Fourier  transform  which  may  be  evaluated  by  FFT  methods. 
Hence,  shifting  the  integration  variables  to  obtain  lower  limits  of  zero,  (7.55)  is  obtained. 


p2L  p2B 

{u  (x',  t)}  =  _  LJ^  -  B)  X 

Jo  Jo 

Now  sample  the  Xd  integration  at  Ni  points  and  the  fd  integral  at  N2  points  such 
that  for  the  (711,712)  sample,  Xd  and  fd  are  given  by  (7.56)  and  (7.57), 


^  (2L) 


(7.56) 


f^  =  ^m 


(7.67) 
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and  for  the  {mi^m^)  resultant  sample  output  from  the  processor,  x  and  t  are  given 
by  (7.58)  and  (7.59), 


c^r  mi 

i  _ 

2Bp2 

where  pi  and  p2  are  zero  padding  factors  used  to  obtain  a  finer  increment  in  the  result. 
The  integral  of  (7.35)  can  then  be  rewritten  as  the  double  summation  of  (7.60), 


N1-1N2-1  / 

{u  [mi, m2])  =  ^  ^  A  -  L,2^B  -  B 

ni=0n2=0  \  iVi  N2 

<^T-T  ^ 


ni=0  712  = 

2^L  -L  n,  \ 


\  r  sii 


r  sin^ 


) 


(7.60) 


and  the  above  can  be  evaluated  using  a  2-D  FFT  algorithm  approach.  Before  evaluating 
the  above,  however,  A{xd,fd)  must  be  evaluated  over  all  sample  points  in  Xd  and  fd . 
If  the  frequency  dependance  of  the  variance  over  the  processing  bandwidth  is  neglected 
entirely  (i.e.,  assuming  complete  stationarity  in  frequency),  and  if  uniform  weightings 
are  assumed  for  the  aperture  and  frequency  bandwidth,  then  (7.54)  can  be  evaluated 
analytically  to  obtain  (7.61). 


(7.61) 
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Before  considering  results  in  which  (7.60)  is  used  to  produce  simulated  SAR  im¬ 
agery,  it  is  of  interest  to  show  what  insight  into  the  effect  of  the  random  media  may 
be  obtained  directly  by  examining  the  above  expression.  For  this  analysis,  it  is  easiest 
to  consider  the  result  given  by  (7.55),  which  is  in  the  form  of  a  2-D  Fourier  transform 
of  the  product  of  several  functions.  To  obtain  further  insight  in  this  result,  it  is  con¬ 
venient  to  write  the  term  representing  the  correlation  of  an  arbitrary  incoherent 
contribution,  as  the  product  of  several  terms,  as  shown  in  (7.62). 

"M  (4’1,  U)  =  tS-.t  M  /4  (7.62) 

^r-r  ifc) 

The  arbitrary  correlation  is  therefore  represented  as  the  product  of  the  response  for  the 
coherent  target  return,  a  ratio  of  the  power  in  the  incoherent  mechanism  to  that  in  the 
coherent  mechanism,  and  a  normalized  correlation  which  represents  the  decorrelation  of 
the  incoherent  mechanism  in  angle  and  frequency.  Hence,  if  the  arbitrary  mechanism 
were  actually  the  coherent  mechanism,  then  the  ratio  would  be  1,  and  CM{<f>d,  ff) 
would  be  1  for  all  and  /a .  Hence,  the  expression  for  the  detector  output  can  be 
rewritten  as  in  (7.63), 


(8) 


{•t‘1  =  7^.  A  -  b)  <'t-t  {4’j  =  -  -b)  -l,U-  s)} 


(7.63) 


where  the  Fourier  transform  of  the  product  is  rewritten  as  the  convolution  of  the  Fourier 
transforms  of  two  quantities.  The  second  Fourier  transform  is  simply  the  response 
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to  the  coherent  part  of  the  target  signature.  Hence,  the  response  to  the  incoherent 
mechanisms  is  formed  by  scahng  the  coherent  response  by  the  ratio  of  the  powers  in 
the  incoherent  and  coherent  returns,  and  then  by  convolving  this  weighted  coherent 
response  by  the  Fourier  transform  of  a  normalized  correlation  function,  which  behaves 
as  a  blurring  function. 

Several  individual  cases  can  now  be  considered.  Firstly,  if  the  correlation  function 
is  slow  to  drop  off  in  both  frequency  and  azimuth,  and,  thus,  is  approximately  unity 
over  the  entire  processing  range,  then  the  transform  of  C{(j)difd)  will  be  impulse-like, 
and  convolution  with  the  coherent  response  will  not  introduce  significant  blurring. 
Hence,  the  incoherent  response  will  be  a  scaled  copy  of  the  coherent  response,  and 
the  effect  of  the  random  media  will  be  only  to  increase  the  overall  power  of  the  target 
return,  increasing  the  signal-to-clutter  ratio  (for  a  fixed  clutter  level),  and  improving 
the  detectability  of  the  target. 

In  contrast,  if  C{<f>d,fd)  is  very  sharply  peaked,  and  decorrelates  rapidly  over 
the  processing  bandwidth  and  aperture,  then  its  transform  will  be  relatively  flat,  and 
tremendous  blurring  will  be  introduced  in  the  incoherent  response  when  this  transform 
is  convolved  with  the  coherent  response.  In  the  limit  when  the  multi-path  process  is 
white,  and  C{<}>difd)  is  an  impulse,  the  incoherent  response  will  be  totally  blurred 
so  that  all  resolution  is  lost  in  this  part  of  the  response.  The  effect  on  the  overall 
response  which  results  when  the  severely  blurred  incoherent  portion  is  added  to  the 
coherent  response,  wiU  depend  on  the  ratio  of  the  powers  of  the  incoherent  and  coherent 
scattering  mechanisms.  If  this  ratio  is  small,  then  the  coherent  return  will  dominate, 
and  only  in  the  sidelobes  where  the  coherent  return  drops  off  will  the  blurring  of  the 
incoherent  mechanism  be  seen.  As,  however,  this  ratio  approaches  unity,  the  incoherent 
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result  will  begin  to  have  a  greater  effect  on  the  overall  response,  and  eventually  the 
main  peak  of  the  overall  response  will  be  affected  and  the  3dB  resolution  reduced. 

Hence,  it  can  be  seen  from  the  above,  that  in  order  for  the  multi-path  return  to 
have  a  significant  blurring  effect  on  the  overall  response,  not  only  does  the  multi-path 
field  have  to  decorrelate  rapidly  across  the  integration  angle  and  bandwidth,  but  also 
this  field  must  have  significant  power  when  compared  to  the  power  of  the  direct  target 
scattering  mechanism.  In  the  following  section,  a  number  of  results  are  presented,  and 
these  effects  are  illustrated  more  clearly. 

7.3.  SAR  Point  Target  Imaging  Results 

In  this  section,  the  above  formulation  is  utihzed  to  examine  the  effects  of  a  layer 
of  random  media  on  the  ability  to  image  a  point  target  located  beneath  the  random 
layer.  As  seen  in  the  above  formulation,  the  degradation  experienced  in  the  SAR 
system  depends  on  the  correlation  of  the  incoherent  portion  of  the  return  over  both 
azimuthal  and  frequency  offsets.  Previous  chapters  have  shown  cuts  of  this  correlation 
function,  either  over  azimuthal  shifts  for  fixed  frequency,  or  over  frequency  offsets  for 
fixed  azimuth.  Figures  7.4  and  7.5  now  show  the  complete  correlation  function,  for  the 
HH  and  VV  polarizations  respectively.  In  each  case,  the  correlation  is  given  for  a  10 
m  slab  of  random  media,  assuming  an  isotropic  exponential  correlation  function  with 
correlation  length  t  =  0.0052  m,  and  a  fractional  volume  of  scatterers  of  /  =  1.67%, 
which  lead  to  an  effective  permittivity  of  tim  =  (1.0505  -f  0.001794i)eo .  Above  and 
below  the  random  slab  are  half-spaces  of  free  space  permittivity,  and  the  point  target 
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is  located  in  the  region  beneath,  at  a  depth  of  5  m  below  the  lower  interface  of  the 
random  layer.  The  results  are  computed  for  an  elevation  angle  of  70° ,  and  with  a 
center  frequency  of  1.12  GHz. 

Several  features  are  apparent  in  the  two  correlation  functions.  Firstly,  the  corre¬ 
lations  drop  more  rapidly  in  the  azimuthal  direction  than  in  the  frequency  direction. 
This  result  is  due  to  the  extents  of  the  correlation  shown  in  each  direction.  The  ±2° 
extent  in  azimuth  corresponds  to  a  SAR  integration  angle  which  is  capable  of  yielding  a 
higher  resolution  in  cross-range  than  can  be  obtained  in  range  with  the  40  MHz  band¬ 
width  suggested  by  the  ±40  MHz  extent  of  the  correlation  in  frequency.  Hence,  in 
this  sense,  a  greater  extent  of  the  correlation  function  is  shown  in  the  azimuthal  offset 
direction  than  in  the  frequency  offset  direction,  and,  thus,  the  decorrelation  appears 
more  rapid  in  azimuth. 

Secondly,  it  can  also  be  seen  that  the  correlation  function  is  not  separable,  and 
can  not  be  expressed  as  the  product  of  a  correlation  in  azimuth,  and  a  correlation  in 
frequency.  This  is  apparent  by  comparing,  for  instance,  cuts  in  azimuth  at  different 
frequency  offsets.  It  is  clear  that  the  decorrelation  in  azimuth  is  most  rapid  at  a 
frequency  offset  of  0  MHz,  and  is  slower  for  larger  frequency  offsets.  Physically,  this 
results  because  at  a  frequency  offset  of  0  MHz,  any  change  in  the  azimuth  will  introduce 
a  phase  change  across  the  region  of  random  media  contributing  to  the  multi-path 
return,  and  will  lead  to  decorrelation  of  the  incoherent  return.  In  contrast,  at  a  non¬ 
zero  frequency  offset,  a  phase  difference  already  exists  from  the  frequency  difference, 
and  changing  the  azimuth  as  well  may  actually  act  to  reduce  this  phase  difference 
for  some  pairs  of  scatterers.  The  overall  effect  is  still  a  decorrelation  with  increasing 
azimuthal  offset,  but  the  decorrelation  is  slower.  As  will  be  shown  shortly,  this  non- 
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separable  nature  of  the  correlation  function  has  an  effect  in  the  SAR  system  of  coupling 
the  range  and  cross  range  responses.  The  resolution  and  extent  of  blurring  in  cross¬ 
range,  for  instance,  will  depend  not  only  on  the  SAR  integration  angle,  but  also  on  the 
bandwidth  of  the  SAR  system.  Similarly,  the  resolution  in  range  will  depend  on  the 
integration  angle  as  well  as  the  processing  bandwidth. 

Finally,  comparing  Figures  7.4  and  7.5,  it  is  clear  that  the  azimuthal  decorrelation 
is  more  rapid  for  the  VV  polarization  than  for  HH,  while  the  frequency  decorrelations 
are  comparable  in  the  two  cases.  This  is  a  result  which  was  seen  earlier,  which  arises 
because  the  random  multi-path  scattering  region  is  wider  for  VV  than  for  HH,  leading 
to  a  more  rapid  phase  change  with  azimuth  in  the  VV  case.  In  contrast,  for  both 
polarizations,  the  length  of  the  region  along  the  incident  and  scattering  propagation 
directions  is  similar,  and  the  rates  of  decorrelation  are  comparable. 

Figures  7.6-7.8  show  SAR  range-cross  range  image  results  for  the  point  target 
geometry  for  which  the  correlations  above  were  calculated.  The  images  were  generated 
using  an  integration  angle  of  approximately  2°,  and  a  bandwidth  of  40  MHz.  In 
addition,  the  weightings  across  the  processed  aperture  and  bandwidth  are  uniform, 
resulting  in  the  characteristic  two-dimensional  sine  function  behavior  for  the  free  space 
case  of  Figure  7.6,  where  the  random  medium  effects  were  removed  for  comparison. 
Figures  7.7  and  7.8  show  the  results  in  the  presence  of  the  random  media  for  HH  and 
VV  polarizations,  respectively. 

Several  features  are  evident  when  comparing  the  obscured  cases  with  the  free 
space  case.  Firstly,  the  peak  response  of  the  images  of  Figures  7.7  and  7.8  is  lower 
than  that  of  the  free  space  case,  since  the  random  media  is  lossy,  and  scattering  and 
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7«4.  Azimuth- Frequency  Correlation,  ^tc—tc  5  of  the  HH 
polarized  target/clutter  multi-path  field  for  a  two- 
layer  geometry  with  a  10  m  slab  of  isotropic  ran¬ 
dom  media,  and  with  the  target  positioned  5  m  below 
the  slab.  Results  are  shown  for  an  elevation  angle  of 
0  =  70°  ,  and  with  a  center  frequency  of  1.12  GHz. 
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Figure  7.5.  Azimuth-Frequency  Correlation,  cttc-tc  »  of  the  VV 
polarized  target/clutter  multi-path  field  for  a  two- 
layer  geometry  with  a  10  m  slab  of  isotropic  ran¬ 
dom  media,  and  with  the  target  positioned  5  m  below 
the  slab.  Results  are  shown  for  an  elevation  angle  of 
9  =  70°  ,  and  with  a  center  frequency  of  1.12  GHz. 
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Figure  7.6.  Range  -  Cross  Range  SAR  response  of  a  Point  tar¬ 
get  in  free  space  using  a  40  MHz  bandwidth  and  an 
integration  angle  of  approximately  2°  .  Rectangular 
weightings  were  used  over  the  integration  aperture 
and  frequency  bandwidth. 
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Figure  7.7.  Range  -  Cross  Range  SAR  response  of  a  Point  tar¬ 
get  5  m  below  a  10  m  slab  of  random  media  for  the 
HH  polarization,  using  a  40  MHz  bandwidth  and  an 
integration  angle  of  approximately  2°  .  Rectangular 
weightings  were  used  over  the  integration  aperture 
and  frequency  bandwidth. 
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Figure  7.8.  Range  -  Cross  Range  SAR  response  of  a  Point  tar¬ 
get  5  m  below  a  10  m  slab  of  random  media  for  the 
VV  polarization,  using  a  40  MHz  bandwidth  and  an 
integration  angle  of  approximately  2°  .  Rectangular 
weightings  were  used  over  the  integration  aperture 
and  frequency  bandwidth. 


460 


CHAPTER  7  -  IMAGING  OF  A  POINT  TARGET  BENEATH  A  RANDOM  SLAB 


7.3.  SAR  POINT  TARGET  IMAGING  RESULTS 


461 


absorption  lead  to  a  weaker  coherent  return  from  the  point  target. f  In  addition,  the 
peak  of  the  two  random  media  cases  is  shifted  slightly  in  the  direction  of  positive 
range.  This  later  effect  is  due  to  the  fact  that  the  SAR  processing  was  done  using  a 
filter  matched  to  the  free  space  case.  The  intervening  layer  of  random  media  is  more 
electrically  dense  than  free  space  and  adds  a  mean  delay  which  effectively  shifts  the 
position  of  the  point  target  to  a  greater  range. 

Finally,  both  HH  and  VV  polarizations  exhibit  considerable  blurring,  where  in 
particular  the  nulls  of  the  response  have  been  fiUed  in  by  the  phase  errors  introduced 
by  the  random  media.  The  blurring  in  cross  range  appears  symmetric,  but  the  blurring 
in  the  range  direction  is  much  greater  at  positive  ranges  than  for  negative  ranges. 
This  asymmetry  arises  because  the  multi-path  return  between  the  point  target  and  any 
scatterer  will  always  take  a  longer  path  than  the  direct  target  return.  Each  such  multi- 
path  return  contributes  a  scaled  and  shifted  version  of  the  basic  sine  response  seen  in 
the  free  space  case,  and  because  of  the  longer  distance  for  the  multi-path  returns,  each 
wiU  be  shifted  to  positive  range.  The  blurring  seen  for  negative  ranges  is  due  to  the 
sidelobes  of  these  responses.  In  contrast,  scatterers  are  equally  distributed  to  each  side 
of  the  target,  so  the  blurring  is  symmetric  in  cross  range. 

Comparing  the  two  polarizations,  the  extent  of  the  blurring  in  cross  range  along 
the  zero  range  axis  is  comparable,  where  as  the  HH  result  shows  more  blurring  in  range 
along  the  zero  cross  range  axis  than  does  the  VV  case.  Examining  the  correlations  of 
Figures  7.4  and  7.5  again,  it  can  be  seen  that  the  average  cut  in  the  azimuthal  direction 
of  both  HH  and  VV  cases  is  very  similar.  The  VV  result  drops  more  quickly  in  the 

f  The  free  space  case  is  normalized  to  have  a  peak  response  of  0  dB,  and  the  same 
normalizing  factor  was  applied  with  the  obscured  results. 
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immediate  vicinity  of  a  0  MHz  frequency  difference,  but  away  from  the  zero  frequency 
axis,  azimuthal  cuts  are  similar.  The  overall  extent  of  the  blurring  in  the  SAR  images 
can  be  thought  to  arise  from  the  average  cut  of  the  correlation,  and  since  the  azimuthal 
averages  for  HH  and  VV  are  similar,  the  cross  range  blurring  will  be  similar,  as  seen.  In 
contrast,  frequency  cuts  of  the  two  correlations  for  fixed  azimuthal  difference  are  similar 
only  near  an  azimuthal  difference  of  0°  .  Away  from  this  centerline,  the  frequency  cuts 
of  the  VV  polarization  actually  increase  with  increased  frequency  difference,  while  for 
the  HH  polarization  these  cuts  are  still  peaked  in  the  center.  For  this  reason,  the 
average  frequency  cut  for  the  VV  polarization  decorrelates  less  rapidly,  and  the  VV 
polarized  SAR  image  shows  less  blurring  in  range  than  the  HH  result. 

Many  of  the  effects  of  the  random  media  which  were  identified  above  can  be  sen 
more  clearly  by  examining  individual  cuts  of  the  SAR  images.  Figures  7.9-7.12  show 
cuts  of  the  above  images  in  the  range  direction  for  a  fixed  cross  range  of  0  m.  Figures  7 .9 
and  7.10  compare  the  free  space  result  (solid)  to  the  overall  responses  with  the  random 
media  present  (dash)  for  HH  and  VV  polarizations,  respectively.  Figures  7.11  and  7.12 
show  the  individual  coherent  (solid)  and  incoherent  (dash)  components  which  compose 
the  total  response  of  the  previous  figures.  The  attenuation  of  the  random  media  on  the 
peak  response  is  seen  to  be  approximately  9  dB,  and  the  center  of  the  peak  is  shifted 
to  a  positive  range  of  approximately  1.5  m.  Once  again  it  is  apparent  that  the  blurring 
is  non-symmetric  as  evidenced  by  the  higher  sidelobe  nulls  at  positive  ranges  than 
at  negative  ranges.  This  asymmetry  can  be  seen  even  more  clearly  in  the  incoherent 
results  of  Figures  7.11  and  7.12,  where  particularly  for  the  HH  polarization,  the  positive 
extent  of  the  response  looses  resemblance  to  a  sine  function. 

The  coherent  responses  of  Figures  7.11  and  7.12  show  a  small  ripple  in  the  first 
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Figure  7.9.  Range  SAR  response  of  a  point  target  in  free  space 
(soKd)  and  5  m  below  a  10  m  slab  of  random  media 
(dash)  for  the  HH  polarization,  using  a  40  MHz  band¬ 
width  and  an  integration  angle  of  approximately  2°  . 
Rectangular  weightings  were  used  over  the  integration 
aperture  and  frequency  bandwidth. 
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Figure  7.10.  Range  SAR  response  of  a  point  target  in  free  space 
(solid)  and  5  m  below  a  10  m  slab  of  random  media 
(dash)  for  the  VV  polarization,  using  a  40  MHz  band¬ 
width  and  an  integration  angle  of  approximately  2°  . 
Rectangular  weightings  were  used  over  the  integration 
aperture  and  frequency  bandwidth. 
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Figure  7.11.  Coherent  (solid)  and  incoherent  (dash)  SAR  response 
in  range  of  a  point  target  5  m  below  a  10  m  slab  of 
random  media  for  the  HH  polarization,  using  a  40 
MHz  bandwidth  and  an  integration  angle  of  approx¬ 
imately  2° .  Rectangular  weightings  were  used  over 
the  integration  aperture  and  frequency  bandwidth. 
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Figure  7.12.  Coherent  (solid)  and  incoherent  (dash)  SAR  response 
in  range  of  a  point  target  5  m  below  a  10  m  slab  of 
random  media  for  the  VV  polarization,  using  a  40 
MHz  bandwidth  and  an  integration  angle  of  approx¬ 
imately  2° .  Rectangular  weightings  were  used  over 
the  integration  aperture  and  frequency  bandwidth. 
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null  to  the  positive  range  side  of  the  main  peak.  This  effect  is  beheved  to  be  caused 
by  the  presence  of  coherent  multiply  reflected  returns  which  reflect  one  or  more  times 
between  the  interfaces  bounding  the  random  media,  before  or  after  scattering  from  the 
point  target. 

Overall,  the  effect  on  the  range  response  is  primarily  a  filling  of  the  sidelobe 
nuUs.  The  peaks  of  the  range  response  are  relatively  unaffected  by  the  addition  of 
the  incoherent  multi-path  component,  since  this  term  is  considerably  weaker  than  the 
coherent  response.  Hence,  for  the  random  media,  SAR,  and  geometrical  parameters 
chosen  here,  the  3  dB  resolution  in  range  is  unchanged  by  the  intervening  random 
media. 

The  bias  in  the  position  of  the  point  target  in  range  can  be  corrected  if  the 
electrical  and  geometrical  parameters  of  the  lossy  random  slab  are  known.  In  particular, 
the  SAR  processing  can  be  done  with  a  filter  matched  to  the  true,  expected,  coherent 
return,  rather  than  that  for  free  space.  The  result  is  shown  in  Figure  7.13,  where  this 
new  processing  (dash)  is  compared  with  the  previous  free  space  processing  (solid).  The 
new  result  can  be  seen  to  have  removed  the  bias,  and  is  now  centered  at  zero  range. 

Figures  7.14-7.17  show  cross  range  cuts  of  the  SAR  images  for  a  fixed  range  of 
either  0  m  in  the  free  space  case,  or  at  the  peak  of  the  range  response  (1.5  m)  for 
the  random  media  cases.  Again,  Figures  7.14  and  7.15  compare  the  free  space  (solid) 
and  media  obscured  (dash)  results  for  the  HH  and  VV  polarizations.  Figures  7.16  and 
7.17  show  the  individual  coherent  and  incoherent  contributions  in  the  presence  of  the 
random  media. 

In  contrast  to  the  range  cuts,  the  cross  range  response  is  symmetric  about  its 
center  peak.  Also  in  contrast,  the  difference  between  the  HH  and  VV  results  is  much 
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Figure  7.13.  Range  SAR  response  of  a  point  target  5  m  below  a 
10  m  slab  of  random  media,  processed  with  a  filter 
matched  to  the  freespace  case  (solid)  and  to  the  case 
of  a  slab  of  equivalent  effective  permittivity  (dash). 
Shown  is  the  HH  polarization,  using  a  40  MHz  band¬ 
width  and  an  integration  angle  of  approximately  2°  . 
Rectangular  weightings  were  used  over  the  integration 
aperture  and  frequency  bandwidth. 
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smaller.  From  the  overall  responses  of  Figures  7.14  and  7.15  it  can  be  seen  that  the 
blurring  has  less  effect  on  the  cross  range  image,  since  the  blurring  is  spread  to  both 
sides  rather  than  being  concentrated  on  one  side  as  in  the  range  case.  The  incoherent 
components  of  the  return  seen  in  Figures  7.16  and  7.17,  however,  show  that  the  multi- 
path  contribution  is  now  blurred  to  a  greater  extent  than  for  the  range  cut.  Again 
this  arises  because  the  incoherent  return  decorrelates  more  over  the  processed  aperture 
than  over  the  chosen  bandwidth. 

Unlike  the  range  response,  the  coherent  portion  of  the  cross  range  result  lacks 
the  sidelobe  mill  ripple  seen  previously.  This  difference  is  expected,  since  there  is 
no  coherent  multiple  reflection  or  scattering  mechanism  which  spreads  the  target  in 
cross  range  as  the  layered  media  interfaces  can  in  range.  Like  the  range  response, 
however,  the  overall  effect  of  the  incoherent  scattering  of  the  random  media  is  only  a 
filhng  of  the  sidelobe  nulls,  and  the  peaks  of  the  response  are  unaffected.  Hence,  the  3 
dB  resolution  in  cross  range  is  unchanged  by  the  presence  of  the  intervening  random 
media.  It  is  apparent  from  these  results  that  for  the  effect  of  the  random  media  to  be 
significant,  the  incoherent  return  both  must  be  blurred  considerably  with  respect  to 
the  coherent  portion  of  the  response,  and  must  be  of  a  magnitude  comparable  to  the 
coherent  response.  While  the  incoherent  cross  range  response  in  particular  is  severely 
blurred,  it  is  of  too  small  a  peak  magnitude  to  significantly  corrupt  the  overall  result. 

The  results  shown  above  were  aU  given  for  a  SAR  aperture  of  250  m  (or  approx¬ 
imately  a  2°  integration  angle)  and  a  bandwidth  of  40  MHz.  Figures  7.18  and  7.19 
show  the  effect  of  changing  these  SAR  processing  parameters.  Figure  7.18  gives  the 
total  (sohd)  and  incoherent  (dash)  cross  range  responses  for  several  choices  of  system 
bandwidth,  where  in  all  cases  the  aperture  is  held  fixed  at  250  m  and  the  results  are  HH 
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Figure  7.14.  Cross  range  SAR  response  of  a  point  target  in  free 
space  (solid)  and  5  m  below  a  10  m  slab  of  random 
media  (dash)  for  the  HH  polarization,  using  a  40  MHz 
bandwidth  and  an  integration  angle  of  approximately 
2°  .  Rectangular  weightings  were  used  over  the  inte¬ 
gration  aperture  and  frequency  bandwidth. 
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Figure  7.15.  Cross  range  SAR  response  of  a  point  target  in  free 
space  (solid)  and  5  m  below  a  10  m  slab  of  random 
media  (dash)  for  the  VV  polarization,  using  a  40  MHz 
bandwidth  and  an  integration  angle  of  approximately 
2° .  Rectangular  weightings  were  used  over  the  inte¬ 
gration  aperture  and  frequency  bandwidth. 
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Figure  7.16.  Coherent  (solid)  and  incoherent  (dash)  SAR  response 
in  cross  range  of  a  point  target  5  m  below  a  10  m  slab 
of  random  media  for  the  HH  polarization,  using  a  40 
MHz  bandwidth  and  an  integration  angle  of  approx¬ 
imately  2° .  Rectangular  weightings  were  used  over 
the  integration  aperture  and  frequency  bandwidth. 
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Figure  7.17.  Coherent  (solid)  and  incoherent  (dash)  SAR  response 
in  cross  range  of  a  point  target  5  m  below  a  10  m  slab 
of  random  media  for  the  VV  polarization,  using  a  40 
MHz  bandwidth  and  an  integration  angle  of  approx¬ 
imately  2° .  Rectangular  weightings  were  used  over 
the  integration  aperture  and  frequency  bandwidth. 
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polarized.  Thus,  the  40  MHz  result  corresponds  to  the  results  given  above,  the  5  MHz 
case  to  a  much  narrower  bandwidth  system,  and  the  0  MHz  case  to  a  CW  system.  It  can 
be  seen  that  as  the  system  bandwidth  is  decreased,  the  incoherent  response  increases 
in  magnitude,  and  also  becomes  flatter  or  more  blurred.  This  additional  blurring  for 
decreasing  bandwidths  is  due  to  the  inseparable  nature  of  the  correlation  function, 
which  was  seen  earUer  to  decorrelate  more  rapidly  in  azimuth  for  frequency  differences 
near  zero.  Since  the  degree  of  blurring  exhibited  in  the  cross  range  cuts  shown  will 
depend  on  the  average  azimuthal  correlation,  averaged  over  frequency  differences  span¬ 
ning  the  bandwidth  of  the  system,  the  smaller  the  bandwidth,  the  sharper  the  average 
correlation,  and  the  greater  the  degree  of  blurring.  Alternately,  the  purpose  of  the 
large  bandwidth  is  to  separate  returns  in  range  as  well  as  cross  range.  Thus,  when  the 
bandwidth  is  large,  the  contributions  of  scatterers  adding  to  the  incoherent  response  is 
spread  in  range  such  that  any  given  cross  range  cut  shows  the  effect  of  fewer  scatterers. 
In  contrast,  when  the  bandwidth  is  reduced,  in  the  CW  limit,  all  of  the  multi-path 
contributions  formerly  spread  in  range  are  compressed  into  one  unresolved  range,  and 
the  single  cross  range  cut  resulting  shows  the  effect  of  all  the  scatterers. 

Figure  7.19  shows  a  similar  result  for  the  range  response  obtained  processing  with 
several  synthetic  aperture  lengths.  Again  as  cross  range  resolution  is  lost,  aU  of  the 
blurring  is  compressed  into  fewer  resolvable  cross  range  bins,  and  a  range  cut  through 
one  such  bin  shows  greater  blurring.  These  two  results  demonstrate  that  in  the  presence 
of  the  random  media,  the  range  and  cross  range  processing  is  coupled.  The  resolution 
and  response  in  cross  range  depend  not  only  on  the  integration  aperture,  but  also  on 
the  bandwidth.  Similarly,  the  range  resolution  and  response  depend  not  only  on  the 
system  bandwidth,  but  also  on  the  synthetic  aperture  length. 
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Figure  T.18.  Total  (solid)  and  incoherent  (dash)  SAR  responses  in 
cross  range  of  a  point  target  5  m  below  a  10  m  slab 
of  random  media  for  the  HH  polarization,  and  for  an 
integration  angle  of  approximately  2° ,  Shown  is  the 
effect  of  the  processing  bandwidth  on  the  cross  range 
response.  Rectangular  weightings  were  used  over  the 
integration  aperture  and  frequency  bandwidth. 
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Figure  7,19.  Total  (solid)  and  incoherent  (dash)  SAR  responses 
in  range  of  a  point  target  5  m  below  a  10  m  slab 
of  random  media  for  the  HH  polarization,  and  for  a 
bandwidth  of  40  MHz.  Shown  is  the  effect  of  the  in¬ 
tegration  aperture  on  the  range  response.  Rectangu¬ 
lar  weightings  were  used  over  the  integration  aperture 
and  frequency  bandwidth. 


Chapter  8 


Summary  and  Future  Work 


The  preceeding  chapters  have  presented  a  number  of  models  which  lend  insight 
into  the  eifects  of  a  random  environment  on  the  scattering  characteristics  of  a  buried 
target.  Foliage,  snow,  ice,  and  other  natural  environmental  media  represent  ensembles 
of  scatterers  which  are  not  easily  described  in  a  deterministic  manner,  and  which  re¬ 
quire  a  stochastic  description  in  treating  their  interaction  with  electromagnetic  waves. 
The  existence  of  these  complex,  random  surroundings  has  been  shown  to  modify  the 
signature  of  a  deterministic  target,  providing  a  source  of  coupling  with  the  target, 
which  lends  an  incoherent  component  to  the  target  scattered  field.  Furthermore,  the 
effects  of  the  random  media  on  the  target  signature  have  been  seen  to  cause  a  degra¬ 
dation  in  the  performance  of  systems  designed  to  image  the  target.  It  has  been  the 
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purpose  of  this  thesis  to  develop  simple  models,  which  permit  an  understanding  of  the 
physics  governing  the  interaction  of  a  deterministic  scatterer  and  surrounding  random 
media,  and  which  allow  illustration  of  the  qualitative  effects  of  the  random  media  on 
the  synthetic  aperture  radar  imaging  of  a  target. 

Many  of  the  qualitative  aspects  of  the  scattering  between  target  and  random 
media  and  the  resulting  incoherent  contribution  to  the  target  signature  can  be  shown 
by  considering  a  simple  point  target,  which  provides  an  impulse  response  description 
of  the  random  media  effects.  The  point  target  geometry  first  considered  consisted  of  a 
two-layer  vertically  stratified  region,  with  a  finite  thickness  slab  of  isotropic,  continuous 
random  media  obscuring  the  point  target  placed  in  the  homogeneous  half-space  below. 
The  strong  fluctuation  theory  was  used  to  determine  an  effective  mean  permittivity  for 
the  slab,  and  the  first  order  distorted  Born  approximation  was  utilized  in  computing 
the  incoherent  field  scattered  by  the  random  media.  The  total  scattered  field  was 
shown  to  be  composed  of  a  target  return  characteristic  of  scattering  in  the  presence 
of  the  mean  permittivity  alone,  a  clutter  return  representing  direct  scattering  by  the 
random  media,  and  two  interaction  terms  describing  the  multi-path  scattering  between 
the  target  and  random  layer.  The  statistics  of  these  scattered  fields  were  computed, 
including  the  variance  and  correlations  for  varied  aspect  angle  and  frequency.  The 
coherent  portion  of  the  return  was  shown  to  experience  an  attenuation,  arising  from 
scattering  and  absorption  in  the  lossy  random  layer.  The  variance  and  correlation  of 
the  incoherent  portion  of  the  return  was  seen  to  depend  primarily  on  the  size  and  shape 
of  the  region  of  random  media  contributing  most  significantly  to  the  multi-path  return. 
In  particular,  the  correlations  of  the  field  over  changes  in  azimuth  angle  and  frequency 
were  shown  to  depend  on  the  dimension  of  this  scattering  region  perpendicular  to  and 


parallel  to  the  incident  propagation  vector,  respectively.  A  larger  dimension  region 
experienced  a  more  rapid  phase  change  between  scatterers  on  opposite  sides  of  the 
region  as  the  azimuth  or  frequency  was  changed,  and  led  to  a  more  rapid  decorrelation. 
Polarization,  elevation  angle,  and  target  depth  were  shown  to  be  several  parameters 
which  affect  the  size  of  the  multi-path  scattering  region,  and  consequently,  the  rate  of 
decorrelation. 

To  allow  comparison  with  previous  work  expressing  S  AR  degradation  as  a  function 
of  the  phase  error  across  the  synthetic  aperture  or  bandwidth,  an  alternate  represen¬ 
tation  of  the  obscured  target  signature  was  considered,  where  the  total  return  was 
represented  by  the  freespace  return  modified  by  a  complex  phase  term.  This  complex 
phase  was  shown  to  give  the  phase  and  amplitude  fluctuations  introduced  by  the  in¬ 
tervening  random  layer,  as  well  as  the  mean  attenuation.  For  the  case  of  small  phase 
fluctuations  where  the  degradation  is  not  catastrophic,  expressions  for  the  variance  and 
correlation  of  the  phase  fluctuations  were  derived.  Results  showed  that  the  variance 
of  these  fluctuations  was  given  approximately  by  the  ratio  of  the  received  incoherent 
multi-path  power  to  the  power  of  the  coherent  return.  In  addition,  the  correlation  of 
the  phase  fluctuations  in  azimuth  and  frequency  was  seen  to  follow  approximately  the 
correlation  of  the  incoherent  return. 

To  treat  more  complex  physical  situations,  the  model  was  extended  to  allow 
multiple  layers  of  stratification,  with  the  target  and  random  media  placed  in  arbitrary 
layers.  In  addition,  to  treat  non-spherical  random  scatterers,  non-isotropic  correlation 
functions  were  considered,  leading  to  uniaxial  effective  permittivities.  Results  were 
given  to  show  the  effect  of  correlation  length,  fractional  volume  of  scatterers,  a  uniaxial 
correlation  function,  and  additional  stratification  layers  on  the  variance  and  correlation 
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statistics.  Both  longer  correlation  lengths  and  larger  fractional  volumes  were  seen  to 
increase  the  coherent  loss  of  the  random  region,  causing  greater  attenuation  of  the 
coherent  return.  For  the  incoherent  return,  this  loss  was  oifset  at  least  in  part  by 
stronger  scattering  in  the  random  media.  The  correlation  of  the  scattered  field  was 
shown  to  be  relatively  insensitive  to  the  random  media  correlation  length,  while  higher 
fractional  volumes  were  seen  to  cause  a  slower  decorrelation  through  the  associated 
increase  in  the  coherent  loss  and  reduction  in  the  size  of  the  scattering  region  within 
the  random  slab.  A  non-spherical  correlation  function  was  seen  to  lead  to  a  greater 
disparity  in  the  scattering  characteristics  of  the  HH  and  VV  polarizations,  caused 
principally  by  the  corresponding  disparity  in  effective  permittivities  and  coherent  loss 
for  TE  and  TM  waves.  Addition  of  other  layers  of  stratification  was  seen  to  create  the 
potential  for  strong  boundary  reflections,  causing  sharp  oscillation  of  both  coherent 
and  incoherent  returns  with  changing  elevation  angle  or  target  depth.  In  addition,  the 
presence  of  the  interference  pattern  caused  by  the  point  target  and  its  image  was  seen 
to  lead  to  a  more  rapid  decorrelation  of  the  scattered  field. 

To  treat  more  realistic  targets,  two  additional  models  were  developed  for  the 
cases  of  electrically  smaU  and  large  perfectly  conducting  structures.  For  electrically 
small  targets,  an  integral  equation  formulation  and  numerical  Method  of  Moments 
solution  was  used  to  determine  the  target  scattered  fields.  For  electrically  large  targets, 
a  high  frequency  Physical  Optics  approximation  was  apphed  instead.  In  both  cases, 
the  incoherent  field  scattered  by  the  random  media  was  found  again  using  the  first 
order  distorted  Born  approximation.  Results  for  the  coherent  scattered  power  and  for 
the  variance  and  correlation  of  the  incoherent  scattered  field  were  illustrated  for  the 
simple  case  of  flat,  square  plate  targets.  The  coherent  response  was  seen  to  have  the 


expected  sinc-like  angular  dependance,  attenuated  by  loss  in  the  obscuring  layer.  In 
contrast,  the  target  and  random  media  were  shown  to  combine  in  corner  reflector-like 
behavior  to  produce  an  incoherent  multi-path  response  with  little  elevation  or  azimuth 
angle  dependance.  The  correlation  of  the  incoherent  field  was  seen  to  depend  on  plate 
size,  with  a  larger  plate  reflecting  more  power  in  the  specular  direction,  illuminating  a 
smaller  region  of  random  media,  and  leading  to  a  slower  decorrelation  in  azimuth. 

Finally,  to  illustrate  the  effect  of  the  random  media  on  the  detection  and  clas¬ 
sification  capabihty  of  an  imaging  sensor,  the  models  developed  were  applied  to  the 
analysis  of  a  synthetic  aperture  radar  system.  A  simple  SAR  processing  scheme  was 
adopted,  and  the  processor  output  in  the  presence  of  the  random  media  was  shown  to 
include  a  blurring  term  formed  by  convolving  the  Fourier  transform  of  the  multi-path 
field  correlation  with  the  coherent  response.  Hence,  it  was  seen  that  the  effect  of  the 
random  media  was  significant  only  when  both  the  variance  of  the  incoherent  response 
is  comparable  to  the  power  of  the  coherent  field  and  the  correlation  of  this  response  de¬ 
clines  rapidly  over  the  synthetic  aperture  and  system  bandwidth.  This  later  condition 
is  equivalent  to  requiring  that  the  region  of  random  media  contributing  to  the  multi- 
path  response  be  large  compared  to  the  resolution  of  the  SAR,  such  that  the  impulse 
response  will  be  spread  over  a  region  larger  than  the  resolution  cell  of  the  system,  and 
blurring  will  occur.  This  condition  is  consistent,  since  it  was  shown  earlier  that  a  large 
scattering  region  leads  to  a  sharper  decorrelation,  which  is  seen  to  produce  greater 
blurring  of  the  image,  which  is  the  expected  result  since  the  system  is  now  imaging  a 
distributed  target. 

Range-cross  range  images  were  formed  for  a  point  target  beneath  a  random  slab, 
and  were  compared  with  the  ideal  freespace  response.  Effects  of  the  obscuring  layer 
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were  shown  to  include  not  only  the  blurring,  but  also  a  mean  attenuation,  and  a  bias 
of  the  peak  response  in  range.  Polarization,  bandwidth,  and  integration  angle  were  all 
seen  to  affect  the  degree  of  blurring,  and  a  coupling  between  the  range  and  cross  range 
processing  was  observed  in  which  blurring  in  either  dimension  depends  on  both  the 
system  bandwidth  and  integration  angle. 

Qualitatively,  the  results  of  the  modeling  and  analysis  performed  here  is  sufficient 
to  understand  that  through  interaction  of  the  target  and  its  environment,  the  problem 
of  predicting  the  scattered  field  becomes  one  of  predicting  the  signature  of  a  new,  larger, 
distributed  target.  The  size,  shape,  and  scattering  characteristics  of  this  distributed 
target  depend  on  many  geometrical  and  physical  parameters,  including  those  of  media 
structure,  permittivity  correlation  properties,  and  real  target  size,  shape,  orientation, 
and  positioning,  which  have  been  considered  here.  The  variance  and  correlation  statis¬ 
tics  of  the  environmentally  altered  signature  depend  on  the  structure  of  this  distributed 
target.  Hence,  physical  insight  into  the  the  scattering  mechanisms  determining  the  dis¬ 
tributed  target  allows  insight  into  the  effect  of  the  above  and  other  parameters  on  the 
scattered  field  statistics,  and  perhaps  more  importantly,  allows  insight  into  the  effect 
of  the  distributed  scattering  on  attempts  to  image  the  original  target. 

While  providing  considerable  capabihty  for  modeling  the  interaction  of  the  de¬ 
terministic  scatterers  and  random  media,  the  efforts  here  are  clearly  not  exhaustive. 
Many  of  the  capabilities  of  the  models  presented  here  also  have  not  been  fully  ex¬ 
ploited.  The  formulation  for  the  point  target  statistics  is  quite  general,  allowing  a 
bistatic  angle  between  the  incident  and  scattering  directions,  and  permitting  exami¬ 
nation  of  cross-polarized,  HV  or  VH,  returns,  as  well  as  the  correlation  between  two 
differing  polarizations.  Also  formulated  was  the  problem  in  which  the  point  target  is 


located  in  the  same  layer  as  the  random  media.  For  the  more  realistic  plate  target, 
arbitrary  geometries  may  be  treated,  but  only  that  of  a  single  square  plate  was  consid¬ 
ered  in  the  results  shown.  Hence,  further  insight  may  be  obtained  by  exploiting  more 
completely  the  models  existing  here. 

In  addition,  there  are  numerous  ways  in  which  the  existing  models  may  be  ex¬ 
tended  or  other  models  developed  to  treat  more  complex  physical  situations  for  which 
the  above  models  are  too  limited.  While  the  problem  in  which  the  target  is  truly  buried 
in  a  layer  of  random  media  is  treated  for  the  point  target,  the  models  for  a  more  com¬ 
plex  conducting  plate  assume  the  target  and  random  media  are  in  different  layers.  The 
random  media  correlation  function  was  generalized  to  treat  non-isotropic  scatterers, 
but  azimuthal  symmetry  was  still  required.  Phase  fluctuations  were  considered  for  the 
simple,  two-layer  point  target  geometry,  but  not  for  the  multi-layer  case  or  for  the  plate 
targets. 

All  of  the  models  considered  here  have  used  a  continuous  random  media  approach 
in  representing  the  stochastic  environment  of  scatterers  surrounding  the  target.  For 
some  natural  scatterers,  such  as  forest  tree  trunks,  the  large  size  of  the  scatterers  make 
application  of  the  continuous  random  media  model  difficult  because  the  assumption  of 
an  electrically  small  correlation  length  is  violated.  For  these  situations,  it  is  desirable 
to  instead  use  a  discrete  scatterer  random  media  approach  in  modeling  the  natural 
environment.  It  would,  therefore,  be  useful  to  repeat  the  modeling  and  analysis  per¬ 
formed  here,  using  a  discrete  random  media  approach,  and  to  develop  a  hybrid  model 
which  allows  selective  use  of  both  continuous  and  discrete  random  layers  to  represent 
the  target  environment. 

The  SAR  processing  considered  here  was  a  very  simple  single  channel,  single 
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look  processor.  The  effects  of  the  random  media  on  imaging  with  a  fully  polarimetric 
system,  or  with  one  where  multiple  looks  are  averaged  to  reduce  speckle,  still  needs 
investigation.  In  addition,  this  thesis  has  addressed  only  the  problem  of  determining 
how  severely  the  induced  degradation  affects  imaging  capability,  but  has  not  at  all 
attempted  to  suggest  methods  for  reducing  this  blurring  effect.  In  the  presence  of  the 
phase  noise  of  the  type  experienced  here,  the  matched  filter  processing  scheme  is  not 
optimal,  and  a  degree  of  mismatching  should  improve  performance.  For  a  polarimetric 
system,  it  is  also  possible  to  exploit  the  correlation  properties  between  polarizations 
and  to  design  a  filter  which  reduces  blurring.  With  the  analysis  and  modehng  developed 
here,  hopefully  processing  schemes  such  as  these  may  now  be  analyzed,  and  methods 
created  to  overcome  the  degrading  effects  of  a  random  environment  on  the  capability 
of  SAR  and  other  microwave  sensors. 
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Index  of  Notation 


a 

a 


a' 

/3 

7 

7 

S 

S 


^XX  5  ^ZZ  J  ^Xz 


A  coordinate  direction  variable  (x,  y,  or  z). 

Point  target  curreid  densi^  multiplier  defining  the  freespace  tar¬ 
get  cross  section  (Jx  =  otEi^) . 

Related  to  a  (second  definition)  by  a'  =  iu>ij,a . 

A  coordinate  direction  variable  (x,  y,  or  z). 

The  bandwidth  of  the  SAR  processor. 

Frequency  variable  of  the  spectral  function  representing  the 
Fourier  transform  of  the  correlation  function. 

Perpendicular  (transverse)  component  of  /3 . 

Vertical  component  of  . 

A  coordinate  direction  variable  (x,  y,  or  z). 

The  imaginary  portion  of  the  complex  phase,  representing  am¬ 
plitude  fiuctuations  introduced  by  the  random  media. 

Variance  of  the  renormalized  scattering  source,  ^(r) . 

Complex  variance  of  the  renormalized  scattering  source,  ^(r) . 

Variance  or  correlation  of  components  of  the  renormalized  scat- 
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tering  source  tensor,  ^(r) ,  for  the  case  of  a  non-isotropic  corre¬ 
lation  function. 

-  Complex  variance  or  complex  correlation  of  components  of  the 
renormahzed  scattering  source  tensor,  ^(r) ,  for  the  case  of  a 
non-isotropic  correlation  function. 

^(r)  -  Unit  impulse  function. 

-  Complex  permittivity  in  region  n. 

€q  -  Complex  permittivity  of  region  0. 

€o  -  Freespace  permittivity. 

Ceffjteff  -  Effective  permittivity  calculated  using  Strong  Fluctuation  the¬ 
ory. 

-  Effective  permittivity  of  region  1. 

Cm  -  Unit  vector  of  the  local  coordinate  system  of  the  mth  plate, 
defined  to  lay  in  the  plane  of  the  plate. 

0  -  Elevation  angle,  measured  from  vertical. 

6d  -  Difference  between  elevation  angles  for  two  fields. 

A  -  Wavelength. 

Ac  -  Wavelength  of  the  SAR  center  frequency. 

H  -  Complex  permeability,  assumed  to  be  that  of  freespace  through¬ 

out. 

^(r),^(r)  -  Renormalized  scattering  source  calculated  from  Strong  Fluctua¬ 

tion  theory. 

C(^i»^2)  -  Dyadic  mass  operator  of  the  Dyson’s  equation  for  the  mean  field 

in  the  random  media. 

^(ri  — r2)  -  Bilocally  approximated  dyadic  mass  operator  of  the  Dyson’s 

equation. 

\rn  -  Unit  vector  of  the  local  coordinate  system  of  the  mth  plate. 


/>»-L  - 

P  - 

<7 

(Tt-T 

Cc-C  - 

O’TC-TC 

CCT-CT 

<^TC-CT 

(Tt^T 

^TC-TC  - 

^CT-CT  - 

o-tc-ct  - 

0’‘tptp  “ 

<!>  - 
4>a  - 
$  - 


defined  to  lay  in  the  plane  of  the  plate. 

Refering  to  the  horizontal  or  transverse  portion  of  any  quantity. 

A  coordinate  direction  variable  (x,  y,  or  z). 

A  variance,  correlation,  or  radar  cross  section. 

Correlation  of  the  target  field  for  one  aspect /frequency  pair  with 
that  at  a  second. 

Correlation  of  the  clutter  field  for  one  aspect /frequency  pair  with 
that  at  a  second. 

Correlation  of  the  target/clutter  multi-path  field  for  one  as¬ 
pect/frequency  pair  with  that  at  a  second. 

Correlation  of  the  clutter/target  multi-path  field  for  one  as¬ 
pect/frequency  pair  with  that  at  a  second. 

Correlation  of  the  target/clutter  multi-path  field  for  one  as¬ 
pect/frequency  pair  with  the  clutter /target  multi-path  field  at 
a  second. 

Complex  correlation  of  the  target  field  for  one  aspect /frequency 
pair  with  that  at  a  second. 

Complex  correlation  of  the  target/clutter  multi-path  field  for  one 
aspect /frequency  pair  with  that  at  a  second. 

Complex  correlation  of  the  clutter/target  multi-path  field  for  one 
aspect /frequency  pair  with  that  at  a  second. 

Complex  Correlation  of  the  target / clutter  multi-path  field  for  one 
aspect /frequency  pair  with  the  clutter/target  multi-path  field  at 
a  second. 

Correlation  of  the  phase  fiuctuation  for  one  aspect  / frequency  pair 
with  that  at  a  second. 

Azimuth  angle. 

Difference  in  azimuth  angle  for  two  fields. 

Complex  phase  fiuctuation,  reflecting  the  presence  of  the  random 
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media. 

Spectral  function  defined  as  the  Fourier  transform  of  the  corre¬ 
lation  function  for  the  renormalized  scattering  source. 

4(?)  - 

Spectral  function  defined  as  the  Fourier  transform  of  the  complex 
correlation  function  for  the  renormalized  scattering  source. 

^  - 

Real  part  of  the  complex  phase,  giving  the  phase  fluctuations 
resulting  from  scattering  in  the  presence  of  the  random  media. 

(j) 

Angular  frequency  of  the  illuminating  wave. 

a,  a' 

Subregion  variables  (+/-)  for  the  bitriangular  subdomain  basis 
function. 

(m) 

“i 

Slope  of  the  line  co-incident  with  the  j  th  edge  of  the  m  th  polyg¬ 
onal  plate,  in  the  coordinate  system  local  to  the  plate. 

- 

Areas  of  the  two  triangular  subdomain  regions  of  the  bitriangular 
basis  function. 

^rn  intercept  of  the  line  coincident  with  the  j  th  edge  of  the  m  th 
polygonal  plate  in  the  coordinate  system  local  to  the  plate. 

'Bn{r)  - 

n  th  basis  function  in  the  expansion  of  the  target  surface  current. 

Cq 

Freespace  speed  of  light. 

h 

Position  of  the  j  th  corner  of  the  m  th  polygonal  plate,  as  defined 
in  the  global  coordinate  system. 

Position  of  the  centroid  of  the  mth  polygonal  plate,  as  defined 
in  the  global  coordinate  system. 

(m)  (m) 

Coordinates  of  the  j  th  corner  of  the  m  th  polygonal  plate  in  the 
coordinate  system  local  to  the  plate. 

• 

Correlation  function  of  the  renormahzed  scattering  source. 

^q(^)  - 

Defined  as  k*C({r) . 

# 

d  - 

Thickness  of  the  random  media  in  the  two-layer  geometry. 
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dm  -  Depth  of  the  interface  below  region  m  in  the  multi-layer  geom¬ 
etry. 

D  -  Singularity  portion  of  the  spectral  form  of  the  dyadic  Green’s 
function. 


Ei 

En, 


Ei^ 

EJE 

EJM 

E, 

b1”> 


Et 

Ec 

Etc 

Ect 

Etct 


E 


E’ 


Incident  electric  field. 

Incident  electric  field  in  region  n . 

Incident  electric  field  at  the  target. 

Amplitude  of  the  TE  portion  of  the  incident  electric  field. 
Amplitude  of  the  TM  portion  of  the  incident  electric  field. 
Scattered  electric  field. 

Mean  or  zeroth  order  scattered  electric  field. 

First  order  scattered  electric  field  calculated  by  the  distorted 
Born  approximation. 

Direct  target  scattered  electric  field. 

Direct  electric  field  scattered  by  the  random  media. 

Target/clutter  multi-path  electric  field. 

Clutter/ target  multi-path  electric  field. 

Target/clutter/target  multi-path  electric  field. 

Incident  electric  field  in  region  n  for  the  first  aspect /frequency 
pair. 

Incident  electric  field  in  region  n  for  the  second  aspect /frequency 
pair. 

Incident  electric  field  in  region  n  propagating  in  the  s 

(up/down)  direction,  for  the  first  aspect/frequency  pair. 

Incident  electric  field  in  region  n  propagating  in  the  s 

(up/down)  direction,  for  the  second  aspect /frequency  pair. 
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(up/down)  direction,  and  with  polarization  w  (TE/TM),  for  the 
first  aspect/frequency  pair. 

-  Incident  electric  field  in  region  n  propagating  in  the  a 
(up/down)  direction,  and  with  polarization  w  (TE/TM),  for  the 
second  aspect/frequency  pair. 

/  -  Frequency  of  the  illuminating  wave. 

/  -  Region  number  of  the  layer  containing  the  random  media. 

/, /v  -  Fractional  volume  of  scatterers  in  the  random  media. 


fd  -  Difference  in  frequency  between  two  fields. 


ntni^ 


(fcx) 


=(v) 

F 

nmiq 


{i<±) 


=(v) 

F 

mCiiq 


(kx) 


nmiq 


(kx) 


Kernel  of  the  spectral  form  of  the  dyadic  Green’s  function  for  the 
i  (up/ down)  propagating  electric  field  in  layer  n ,  arising  from 
the  q  (up/down)  propagating  radiation  of  an  electric  current 
source  in  region  m . 


Kernel  of  the  spectral  form  of  the  dyadic  Green’s  function  for  the 
I  (up/down)  propagating  and  v  (TE/TM)  polarized  electric,  field 
in  layer  n  ,  arising  from  the  q  (up/down)  propagating  radiation 
of  an  electric  current  source  in  region  m . 


Kernel  of  the  spectral  form  of  the  dyadic  Green’s  function  for 

the  i  (up/down)  propagating  and  v  (TE/TM)  polarized  elec¬ 
tric  field  in  layer  m ,  arising  from  the  q  (up/down)  propagating 
radiation  of  an  electric  current  source  in  the  same  layer,  where 
the  observation  point  is  above  the  source. 


Kernel  of  the  spectral  form  of  the  dyadic  Green’s  function  for 
the  I  (up/down)  propagating  and  v  (TE/TM)  polarized  elec¬ 
tric  field  in  layer  m,  arising  from  the  q  (up/down)  propagating 
radiation  of  an  electric  current  source  in  the  sathe  layer,  where 
the  observation  point  is  below  the  source. 

Kernel  of  the  spectral  form  of  the  dyadic  Green’s  function  for 
the  £  (up/down)  propagating  and  v  (TE/TM)  polarized  mag¬ 
netic  field  in  layer  n  ,  arising  from  the  q  (up / down)  propagating 
radiation  of  an  electric  current  source  in  region  m . 


H} 

Gnm{r,r') 


Gomiry) 


Gmn{r,r') 


Gmu{r,r') 


G{x,f) 


Gnm{r,r') 


h 


m 


h 


H QmpiJ^Xs  ) 


Fourier  transform  of  a  quantity. 

Dyadic  Green’s  function  for  the  electric  field  in  region  n  arising 
from  an  electric  current  source  in  region  m  . 


Far  field  form  of  the  dyadic  Green’s  function  for  the  electric  field 
at  a  distant  point  in  region  0,  arising  from  an  electric  current 
source  in  region  m . 

Dyadic  Green’s  function  for  the  electric  field  in  region  m  aris¬ 
ing  from  an  electric  current  source  in  the  same  layer,  where  the 
observation  point  is  below  the  source. 

Dyadic  Green’s  function  for  the  electric  field  in  region  m  aris¬ 
ing  from  an  electric  current  source  in  the  same  layer,  where  the 
observation  point  is  above  the  source. 

Real  antenna  gain  as  a  function  of  radar  location,  x  ,  along  its 
flight  path,  and  frequency,  /  . 

Dyadic  Green’s  function  for  the  magnetic  field  in  region  n  arising 
from  an  electric  current  source  in  region  m  . 

Vertical  height  of  region  m . 

Polarization  vector  for  the  TE  electric  field. 

Kernel  of  the  far  field  dyadic  Green’s  function  for  the  electric 
field  at  a  distant  point  in  region  0,  arising  from  the  p  (up/down) 
propagating  radiation  of  an  electric  current  source  in  region  m . 


Kernel  of  the  far  field  dyadic  Green’s  function  for  the  u 
(TE/TM)  polarized  electric  field  at  a  distant  point  in  region  0, 
arising  from  the  p  (up/ down)  propagating  radiation  of  an  elec¬ 
tric  current  source  in  region  m . 

Incident  magnetic  field  in  region  m . 


s  (up/down)  propagating  portion  of  the  w  (TE/TM)  polarized 
incident  magnetic  field  in  region  m  for  the  first  aspect /frequency 
pair. 

s  (up/down)  propagating  portion  of  the  w  (TE/TM)  polar- 
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h{x^t) 


h(x,f) 

In 

I 

7 

Ip.o.i) 


Jt 

Jmir) 

J^{r) 

ki 

kai 

kffi 

ks 


kba 

k± 

kz 

"mz 


ized  incident  magnetic  field  in  region  m  for  the  second  as¬ 
pect/frequency  pair. 

Two  dimensional  filter  over  aperture  position,  x ,  and  temporal 
response,  t ,  for  the  SAR  processor. 

Temporal  Fourier  transform  of  h{x,t)  . 

Weight  of  the  n  th  basis  function  in  the  expansion  of  the  target 
surface  current  for  the  MoM  formulation  of  the  scattered  field. 

Vector  of  basis  function  weights. 

Identity  matrix. 

Physical  Optics  integral  over  a  polygonal  plate  facet. 

Impulse  electric  current  density  of  the  point  target. 

Electric  current  density  in  region  m . 

Surface  current  on  the  target. 

Incident  wave  propagation  vector. 

Incident  wave  propagation  vector  for  the  first  aspect /frequency 
pair. 

Incident  wave  propagation  vector  for  the  second  aspect /frequen¬ 
cy  pair. 

Scattered  wave  propagation  vector. 

Scattered  wave  propagation  vector  for  the  first  aspect /frequency 
pair. 

Scattered  wave  propagation  vector  for  the  second  aspect /frequen¬ 
cy  pair. 

Perpendicular  (horizontal)  component  of  the  wave  vector. 
Vertical  component  of  the  wave  vector. 

Vertical  component  of  the  wave  vector  in  region  m  . 
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kxa  -  Perpendicular  (horizontal)  component  of  the  wave  vector  for  the 
first  aspect /frequency  pair. 

Perpendicular  (horizontal)  component  of  the  wave  vector  for  the 
second  aspect/frequency  pair. 

Vertical  component  of  the  wave  vector  in  region  m  for  the  first 
aspect/frequency  pair. 

Vertical  component  of  the  wave  vector  in  region  m  for  the  second 
aspect/frequency  pair. 

AjXai  -  Perpendicular  (horizontal)  component  of  the  incident  wave  vector 
for  the  first  aspect /frequency  pair. 

Perpendicular  (horizontal)  component  of  the  incident  wave  vector 
for  the  second  aspect /frequency  pair. 

Vertical  component  of  the  incident  wave  vector  in  region  m  for 
the  first  aspect /frequency  pair. 

Vertical  component  of  the  incident  wave  vector  in  region  m  for 
the  second  aspect/frequency  pair. 

Perpendicular  (horizontal)  component  of  the  scattered  wave  vec¬ 
tor  for  the  first  aspect /frequency  pair. 

Arij,  -  Perpendicular  (horizontal)  component  of  the  scattered  wave  vec¬ 
tor  for  the  second  aspect/frequency  pair. 

kmza,  -  Vertical  component  of  the  scattered  wave  vector  in  region  m  for 
the  first  aspect /frequency  pair. 

kmzt,  -  Vertical  component  of  the  scattered  wave  vector  in  region  m  for 
the  second  aspect /frequency  pair. 

■  Vertical  component  of  the  wave  vector  in  region  m  for  u 
(TE/TM)  polarized  waves,  and  for  the  first  aspect /frequency 
pair. 

■  Vertical  component  of  the  wave  vector  in  region  m  for  u 
(TE/TM)  polarized  waves,  and  for  the  second  aspect /frequency 
pair. 

^mzai  ~  Vertical  component  of  the  incident  wave  vector  in  region  m  for 
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mzf,i 


A:(“) 

^mza$ 


ki^) 

rnzf,g 


£,£' 


"  £  £ 


u  (TE/TM)  polarized  waves,  and  for  the  first  aspect /frequency 
pair. 

Vertical  component  of  the  incident  wave  vector  in  region  m  for  u 
(TE/TM)  polarized  waves,  and  for  the  second  aspect /frequency 
pair. 

Vertical  component  of  the  scattered  wave  vector  in  region  m  for 
u  (TE/TM)  polarized  waves,  and  for  the  first  aspect /frequency 
pair. 

Vertical  component  of  the  scattered  wave  vector  in  region 
m  for  u  (TE/TM)  polarized  waves,  and  for  the  second  as¬ 
pect/frequency  pair. 

Up/ down  wave  propagation  direction  variables. 

Correlation  lengths  of  the  random  media. 

Length  of  the  common  edge  of  the  n  th  bitriangular  subdomain 
basis  function. 


^SAR 

T(o) 


4'^ 


Mr,, 

rh{f) 

flm 

P,7>' 

Pa 

Pb 

P 


Length  of  the  SAR  integration  aperture. 

Mean  scattered  field  arising  from  a  unit  ampUtude  current  excit¬ 
ing  the  n  th  basis  function  mode. 

First  order  multi-path  scattered  field  arising  from  a  unit  ampH- 
tude  current  exciting  the  nth  basis  function  mode,  calculated 
using  the  distorted  Born  approximation. 

Number  of  corners  on  the  mth  polygonal  plate. 

Frequency  response  of  the  temporal  pulse  for  the  SAR  system. 

Surface  normal  to  the  front  side  of  the  m  th  polygonal  plate. 

Up/ down  wave  propagation  direction  variables. 

Receive  polarization  vector  for  the  first  aspect /frequency  pair. 

Receive  polarization  vector  for  the  second  aspect /frequency  pair. 

Power. 


Pr  -  Received  power. 


?>9' 

Q{r),Q{r) 


Up /down  wave  propagation  direction  variables. 

Defined  by  Q{r)  =  • 

Position  of  the  point  target. 

Positions  of  the  centroids  of  the  r"*"  and  T~  subregions  in  the 
nth  bitriangular  subdomain  basis  function. 

Positions  of  the  isolated  corners  of  the  r+  and  T~  subregions 
in  the  n  th  bitriangular  subdomain  basis  function. 


7*  ’  V 

rrin  ’  rrin 


r(x,t) 


f{x,f) 


rs 


rs 


Re{} 

s,s' 

sinc(®) 

s{h,k) 


Positions  of  the  shared  corners  of  the  r+  and  T~  subregions  in 
the  n  th  bitriangular  subdomain  basis  function. 

Demodulated  received  signal  in  the  SAR  system  as  a  function  of 
radar  position,  x  ,  and  time  delay,  t . 

Demodulated  received  signal  in  the  SAR  system  as  a  function  of 
radar  position,  x  ,  and  frequency,  /  . 

Minimum  separation  distance  between  the  radar  and  the  point 
target. 

Fresnel  reflection  coefficient  for  incidence  of  the  S  (TE/TM)  po¬ 
larized  wave  on  region  j  from  region  i  . 

S  (TE/TM)  polarized  multi-layer  reflection  coefficient  for  reflec¬ 
tion  from  the  upper  boundary  of  region  m . 

S  (TE/TM)  polarized  multi-layer  reflection  coefficient  for  reflec¬ 
tion  from  the  lower  boundary  of  region  m . 

Real  part  of  a  quantity. 

Up/down  wave  propagation  direction  variables. 

Defined  by  sin(a:)/a: . 

Simple  shadowing  function  equal  to  1  for  n  •  ib  >  0 ,  and  zero 
otherwise. 
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8(®,  t)  -  SAR  received  signal  as  a  function  of  delay  time,  t ,  at  each  radar 
position,  X . 

s{x,  f)  -  SAR  received  signal  as  a  function  of  radar  position,  x  ,  and  trans¬ 
mit  frequency,  / . 

^T{x,f)  -  Component  of  5(®,/)  arising  from  direct  target  scattering. 

sc{x,f)  -  Component  of  s{x,f)  arising  from  direct  clutter  scattering, 

STc{x,f)  -  Component  of  5(®,/)  arising  from  target/clutter  multi-path 

scattering, 

5cr(®»/)  -  Component  of  S(®,/)  arising  from  clutter/target  multi-path 

scattering. 

t  -  Region  number  of  the  layer  containing  the  target. 

T+,r~  -  The  two  triangular  subregions  of  the  nth  bitriangular  subdomain 

basis  function,  where  a  positive  surface  current  flows  from  the  -|- 
region  to  the  —  region. 

T+ ,  T“  -  The  sub-triangles  within  and  T~  ,  respectively,  which  are 
entirely  above  or  below  (vertically)  an  observation  point  having 
a  vertical  location  within  the  vertical  range  spanned  by  the  sub- 
domain  region. 

u, u'  -  Polarization  (TE/TM)  variables. 

-  Polarization  vector  for  the  S  (TE/TM)  polarized  wave. 

u{x,t)  -  Output  of  the  SAR  processor  as  as  function  of  cross  range,  x , 

and  time  (range),  t. 

U{}  -  General  shadowing  function. 

v, v'  -  Polarization  (TE/TM)  variables. 

V  -  Polarization  vector  of  the  TM  electric  field. 

V  -  Excitation  vector  in  the  MoM  solution  for  the  target  surface  cur¬ 

rent. 

Vm  -  m  th  component  of  the  excitation  vector  in  the  MoM  solution  for 

the  target  surface  current. 
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w,w’ 

Wm{r) 

W{x) 

'  im— 


Zt 


Mean  portion  of  the  m  th  component  of  the  excitation  vector  in 
the  MoM  solution  for  the  target  surface  current. 

First  order  portion  of  the  m  th  component  of  the  excitation  vec¬ 
tor  in  the  MoM  solution  for  the  target  surface  current,  calculated 
using  the  distorted  Born  approximation. 

Polarization  (TE/TM)  variables. 

m  th  testing  function  in  the  MoM  solution  for  the  surface  current. 

SAR  synthetic  aperture  weighting  function. 

Multi-layer  transmission  coefficient  for  propagation  of  the  S 
(TE/TM)  polarized  wave  from  layer  m  down  to  layer  n  . 

Multi-layer  transmission  coefficient  for  propagation  of  the  S 
(TE/TM)  polarized  wave  from  layer  m  up  to  layer  n . 

Vertical  location  of  the  target. 


Z  -  Impedance  matrix  in  the  MoM  solution  for  the  target  surface 
current. 


Zmn  -  Element  of  Z . 

Z^l  -  Mean  portion  of  the  element  of  Z . 


^mn  -  First  order  contribution  to  the  element  of  Z ,  as  calculated  by 
the  distorted  Born  approximation. 
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